VORONOi SUMMATION FORMULA FOR THE GENERALIZED DIVISOR
FUNCTION o (n)
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ABSTRACT. For a fixed z € C and a fixed k € N, let o) (n) denote the sum of z-th powers
of those divisors d of n whose k-th powers also divide n. This arithmetic function is a
simultaneous generalization of the well-known divisor function o (n) as well as the divisor
function d™ (n) first studied by Wigert. The Dirichlet series of ot (n) does not fall under
the purview of Chandrasekharan and Narasimhan’s fundamental work on Hecke’s functional
equation with multiple gamma factors. Nevertheless, as we show here, an explicit and elegant
Voronoi summation formula exists for this function. As its corollaries, some transformations
of Wigert are generalized. The kernel H *)(z) of the associated integral transform is a new
generalization of the Bessel kernel. Several properties of this kernel such as its differential
equation, asymptotic behavior and its special values are derived. A crucial relation between
H™ (z) and an associated integral K{*(z) is obtained, the proof of which is deep, and
employs the uniqueness theorem of linear differential equations and the properties of Stirling
numbers of the second kind and elementary symmetric polynomials.
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1. INTRODUCTION

The summation formulas of Poisson, Voronoi, Lipschitz as well as the Euler-Maclaurin
and Abel-Plana summation formulas have been studied for a long time in view of their
enormous applications in the mathematical sciences. Out of these, the Voronoi summation
formula is the pierre angulaire of number theory because of its use in estimating the summatory
functions of certain arithmetic functions and, in particular, due to the instrumental role that
it plays in the Gauss circle problem and the Dirichlet divisor problem.

The celebrated result of Voronoi [55] associated with d(n), the number of divisors of n, is
given by

Z din) =z(logz + (2y—1)) +

n<x

+Vz Z ( Yi(dmy/nz) — Kl(4wm)) (1.1)

Here, Y, (¢) and K, (&) denote the Bessel and modified Bessel functions of the second kind
of order v ¢ 7Z respectively defined by [58, p. 64, 78, eq. (6)]

Ju(§) cos(mv) = J - (§)

V() = sin v ’ (1.2)
K, (§) = gw (1.3)
where
X 1ym ) 2m-+v
2O =3 Cre oy < (14)

e 2™, (e2™E), if —w <argé < T,
I,(§) == 3.rui _35 .
e2™"J, (e 2™¢), if § <argl <,
are the Bessel and modified Bessel functions of the first kind respectively [58] p. 40, 77].
When the order of the Bessel functions in (1.2) and (1.3) is an integer, say, n, then we define

Yn(f) = lim,_,,, Y,,(f) and Kn(f) = lim,_,,, Kl,(g)
The infinite series in (1.1) is the error term A(z) in the Dirichlet divisor problem, that is,

=z Z ( i ( 47rm>—K1(4me>)

The general form of the Vor0n01 summation formula involving a test function f, given by
Voronoi [55], is

B
> dnsn) = [+ logt) (o)

a<n<f
+27r2d / ( Ko(4nv/'nt) — Yo(4nv/nt )> (1.5)

where f(t) is a function of bounded variation in (a, f) and 0 < a < . Mathematicians
have worked with several different versions of the Voronoi summation formula differing in
the conditions put forth on f and catered to a particular problem they have been interested
in. See, for example, Dixon and Ferrar [24], Koshliakov [33], Wilton [62] etc. Voronoi also
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claimed a formula corresponding to for 72(n), the number of representations of n as
sum of two squares. This was subsequently proved by Hardy [31] and Sierpinski [51].

Today Voronoi summation formulas are known to exist for coefficients of various L-
functions, for example, the L-functions associated with modular forms, Maass forms, and
more recently, with automorphic forms as well. See, for example, [16], [41] and [42]. The
reader is encouraged to read the excellent survey [40] on the Voronoi (also, Poisson) summation
formulas. As mentioned in this survey, summation formulas can be used to obtain functional
equations for various L-functions, and, likewise, the properties of the L-functions, in turn,
can be used to derive the summation formulas.

In fact, consider the following setup due to Chandrasekharan and Narasimhan [9].

Let a(n) and b(n), 1 < n < oo, be two sequences of complex numbers which are not
identically 0. Let

o(s) == Z a)(\?), Re(s) > o4; P(s) = Z b(?z), Re(s) > o}, (1.6)
n=1 n n=1 n

where {\,} and {p,, } are two sequences of positive numbers, each tending to oo, and o, and
o, are, respectively, the abscissae of absolute convergence for ¢(s) and v (s). Suppose that
¢(s) and v (s) have analytic continuations into the entire complex plane C and are analytic
on C except for a finite set of poles, which we denote by S. For some § > 0, suppose that
©(s) and 1 (s) satisfy a functional equation of the form

X(s) := (2m) " T(s)p(s) = (27)*°T(8 — )1p(5 — s). (1.7)

Chandrasekharan and Narasimhan [9] p. 6, Lemmas 4, 5] showed that the functional equation
(1.7) is not only equivalent to the ‘modular” relation

o) 2 § o0
Za(n)e_/\”x = <7r) Z b(n)e_47r2“”/m + P(z), Re(z) > 0, (1.8)
n=1 z n=1
where
1 —z
P(zx) := o C(27T)Zx(z)x dz,

where C is a curve, or a set of curves, encircling all of S, but also to the Riesz-sum identity

1

/ ) 1\? P (0+p)/2
T 1) 2o M=) = (zﬂ) > b(n) () Tsip (4 /i) + Qplx), (1.9)

An<z n=1 Hn

where z > 0, p > 20} — § — %, Jy(z) is defined in (1.4), and

_ 1 [xEent
)= 5ei Je Tlor1+2)

with C defined as before. The prime / on the summation sign on the left-hand side indicates
that if p = 0 and = € {\,}, then only }a(n) is to be taken into account. The restriction
p > 20; — & — 3 can be replaced by p > 20% — § — 3, subject to certain conditions, as
enunciated in [9, p. 14, Theorem III]. The ‘modular’ relation in (1.8) is due to Bochner [6]].

Later, Chandrasekharan and Narasimhan [10] considered a more general functional equation

than (1.7), namely,

)

Als)p(s) = A0 = s)v(d — s), (1.10)
where § > 0, A(s) := vazl I'(ajs+ Bj), with N > 1, 8; € C, and o; > 0 with Zjvzl a; > 1.
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As described in [4, p. 3800], most versions of the Voronoi summation formula for an
arithmetic function a(n), and associated with a test function f require to first hold
for p = 0, and which has to be established separately as one cannot put p = 0 in (1.9). This
is inherent in the nature of the proofs of these versions. The only exception to this that we
know of is the method of Koshliakov (see [4, p. 3800] for more details) although it requires
f to be analytic.

But this suggests an important thing. If an arithmetic function a(n) falls into the purview
of the aforementioned setting of Chandrasekharan and Narasimhan, then the Voronoi summation
formula for it, and involving a test function f (not necessarily analytic), would automatically
hold, provided holds for p = 0.

In this paper, among other things, we obtain the Voronoi summation formula associated
with a generalized divisor function that does not fall into the purview of the setting of
Chandrasekharan and Narasimhan from [10] except in two special cases. This arithmetic
function is defined for k € N,z € C by

o (n) = " d. (1.11)

dk|n

It is easily seen that the Dirichlet series associated to o) (n)is ((s)((ks — z), that s,

g"gzim:as)c(ksz) (Re<s>>max{1,1“ze<z>}>, (1.12)

The form of the Dirichlet series implies that the setting of Chandrasekharan and Narasimhan
will not be applicable here unless £ € Nand z = % or unless £ = 1 and z > —1. This is

explained in detail at the beginning of the next section. In our Voronoi summation formula
for agk) (n), we will also encounter another divisor function, defined by
1+z 1

SPn):= Y dyt . (1.13)

d’f do=n

One can easily show that

i ) _ C(ks)C (s 1ot Z Z) <Re(s) > max{]i, HI;WD . (114)

ns
n=1

Observe that o (n) = S (n) = o.(n).

The earliest mention of the function " (n), defined slightly differently, occurs in a paper
of Crum [17] although he obtains just the Dirichlet series representation (1.12) in his work.
Later, Berndt, Roy, Zaharescu and the first author [5, Section 10.2] briefly studied this function.

Robles and Roy [50] obtained asymptotic estimates for the summatory function of oM (n).

The special case z = 0 of ng) (n) was studied in detail by Wigert [60] as early as in 1925.
Note that

[e%e] N oy o0 TLZ
Zlag )(n)e ™ = Zl T (1.15)

On page 332 of the Lost Notebook, Ramanujan considered the above series for £k € N and
any even integer z — k. Although he did not give any transformation for this series for
general values of z and k& mentioned above, he did give it for = = 0 and k& = 2 [49, p. 332],
which certainly shows that he considered studying these series an important task. Recently,
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the first and the second authors [20, Theorem 1.2] generalized Ramanujan’s famous formula
for ((2m + 1) by obtaining a transformation for the series in forz = —2m —1,m € Z.

Various number-theoretic constructs are also intimately connected with the function o) (n).
An explicit appearance of the function oM (n) occurs in a result of Cohen [12]. To state it,
consider the generalization of the Ramanujan sum defined by him [12] to be

Zk

2mibn
cop(n) == Z exp (?k >,

b=1
(b k) =1

where the condition (b, ¥);, = 1 means there is no prime p such that p|¢ and p*|b. Then the
Dirichlet series of ¢, ;(n) satisfies [12, Theorem 4] (see also [38, p. 163])
— cek(n) k
Cs) Y =5 = o1 (),

s
35
(=1

for s > k. The case k = 1 of this identity was given by Ramanujan [48].

Moreover, let pi(n) denote the number of power partitions of an integer n, that is, the
number of partitions of n into parts which are k-th powers. These partitions were studied
by Hardy and Ramanujan in their famous work [32]. In the new proof of the asymptotic
expansion of py(n) as n — oo using the saddle-point method given by Tenenbaum, Wu and

Li [53, Equation (2.4)], the series ) o,gk) (n)e™™ makes its appearance.
n=1

Tz

For Im(z) > 0, the Dedekind eta function is defined by 7(z) := e12 [] (1 — €2™). It

=t

1
satisfies the modular transformation

n(=1/z) = V—izn(2). (1.16)

In his recent study in the context of power partitions, Zagier [65] generalized this property.
Consider the generalized eta-function 7s(z) defined by

[e. 9]

ns(z) := exp (—mwi(—s)z) H(l —exp (2min®z)) (2 € H,s € RT).
n=1
Then for k € N, he proved [65, Equation (6)]
me(—1/2) = @m)*V2V=iz T myw(w). (1.17)
weH
whk=42

Clearly, (1.17) reduces to (1.16) for £ = 1. In [3], the authors show the equivalence of (1.17)
with one of the corollaries of their general result by starting with

e—any

log i (iy) = mG(~k)y — Y o () —
n=1

for Re(y) > 0. Thus, we see that the function a,ik) (n) is intimately connected with power
partitions. We note here that the transformation for 7,(z) was first obtained in an equivalent
form by Ramanujan [49, p. 330], and was then rediscovered by Wright [63]. Kratzel [36]
further generalized Ramanujan’s result.

The extended higher Herglotz function recently studied in [19] has an integral representation

with the integrand consisting of the sum > ° | a(f\li) (n)e=2™; see [19], Equation (2.8)]. Cohen
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and Ramanujan-type identities associated to o¥(n) and K, (¢) were recently obtained in [2].

This shows frequent appearance of oM (n) in various topics in number theory.

As mentioned before, Wigert worked with the special case z = 0 of ogk)(n), which he

denoted by d¥)(n). For the infinite series

o]

Li(w) ==Y d®(n)e™™  (Re(w) > 0),

n=1

he obtained the following result [60, p. 8-10].

Theorem 1.1. For an even k > 1, we havﬂ

k) | Y1) oL
Li(w) = >~ Fil+ o k)1
k(w) o TWE T2 \k) T
L]
(_1)571 27[_ %2 im(2j41) (k—1) — 27'(' % _ (2j+1)mi
+T - e 2k Lk 27T - € 2k
w = w
+ e‘%fk <27T <27T> : 6W> }, (1.18)
w

[e'¢) 1
where Lj(w) = Z # For an odd k > 1, Li(w) admits the following asymptotic
3
formula:

p = et (14 e (3) + o= () (o (3))

k1 i G2k — ki (2] =) ojy 1y (%)i

==

+4(—1)T + —

o (27r)2(k+1)j—k+1 k w
b
2 z‘m‘(kfl)z 9 2T % _imj —z‘m‘(k*l)z 9 2 % inj O(N
k _ k — k P k
xjgo e (27 (7, e e k27 e +O(N),
(1.19)
where
k—1 .
o (27r)k (_DT /1+p+zoo w s LS .
O(N) := ” = i (2m)iT (cot 5 :Fz) [(ks —k+ 1)((ks — k+ 1)((s)ds
= Opn (Jw]*),

as w — 0 in the region |arg w| < A < w/2.

In the special case k = 1, the asymptotic expansion of the Lambert series >-°° ; d*) (n) exp(—nw)
was previously obtained by Wigert himself in [59] (see also [54, p. 163, Theorem 7.15]). In
a follow-up paper [61], Wigert also obtained a Riesz-type identity for d*)(n), of the type in

(1.9), for any p > 1.

1Wigert simplifies this result in the special case k = 2 in the footnote on p. 9 of [60]. However, this result was
already known to Ramanujan. See [49, p. 332].
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Koshliakov [34) Equation (4)] obtained the Voronoi summation formula for d*)(n) given
below. He took & to be even in this result since he later wanted to give its special case for
f(w) = e™™, which gives an exact formula only for even k (see above), however, the
result itself is true for any k& € N.

Theorem 1.2. Let 0 < o < Sand o, B & Z. Let k > 1 be a natural number. Let f(x) be an analytic
function defined inside a closed contour containing [, 5]. Then

> d®(n)f(n) = /ﬁ (((k) + %c (,1) yi*) f(y)dy

a<n<f o
o0 /3 )
+42m)t Y sBm) / P (2m) () VE ) £ )y, (1.20)

n=1 @

where S®) (n) := S (n) and H{ () := [ cos(1/t*) cos(at)tdt,

Remark 1. Although the results in Koshliakov's paper [34] are correct, we warn the readers of many
typos. For example, in the arqument of the function L™¥) in his version of the above result, the

expression (2r) %~ should be replaced by (2r) %,

Remark 2. Using the fact that
. 1L (1Y) 1_
iy 6(5) + 3¢ () o =21+ 1og(o)
s—1 S S

Theorem [1.2| can be easily modified to accommodate the case k = 1. Indeed, this gives upon
using (2.4) below.

One can extend Theorem [I.2] by letting &« — 0 and 3 — oo but with the obvious need of
putting further restrictions on f. This is, of course, permitted when f(z) = e™*",z > 0,
Re(w) > 0, (because of the exponential decay), and results in Wigert’s (1.18) as a corollary.

In this paper, we prove Voronoi summation formulas for the generalized divisor function

o (n) defined in (I.IT). We give two such formulas, one of which applies with a test
function f analytic in an interval [a, ] (see Theorem below), while the other is not
truncated to any interval and can be applied with a test function belonging to the Schwartz
class (see Theorem [2.4). Thus, our first version of the Voronoi summation formula is a
generalization of Theorem [1.2]of Koshliakov. There are instances in Koshliakov’s paper [34]
where the results are but merely stated and not proved at all, for example, [34, Equation (6)].
Our generalization of his Equation (6), which is given in Theorem rigorously proves
his Theorem given above as a special case of our Theorem As can be seen, the
proof of Theorem [2.1is quite non-trivial and requires the uniqueness theorem of the linear
differential equations [11} p. 21, Section 6] along with properties of combinatorial objects
such as the Stirling numbers of the second kind and the elementary symmetric polynomials.
Also, we later derive as a special case of a more general result, namely, Corollary

In addition to obtaining the Voronoi summation formulas for o) (n), this paper is equally

devoted to developing the theories of the new special functions H. % (x) and K *) (x) that
arise in this context and are defined in and respectively.
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2. MAIN RESULTS

We first show that the generalized divisor function o (n) defined in (1.11) and its Dirichlet
series in (1.12) are not covered by the setting of Chandrasekharan and Narasimhan in [10]
unless £k € N and 2z = % or unless ¥ = 1 and z € R. To that end, first note that the

symmetric form of the functional equation of ((s) reads [54, p. 22, Equation (2.6.4)]

7T (%) ((s) =201 <1_3) C(1—s). 2.1)

2
Along with (1.10) and (I.12) and the Dirichlet series defined in (1.6), this implies that if
a(n) = 726F (n) =b(n), Ap= ralbtly = fn (2.2)
so that

then we must have, for some ¢ > 0,

A(5_8)2F<1;S>F<1—Zs+z>7

It is easy to see that this will be true only if z = #7! fork € Nand § = lorifk = 1,z € R

and § = z + 1. (We get these same conditions if we work with S *) (n) rather than oM (n) in

(2.2).) Thus, our Theorems [2.2] and 2.4 are covered by the setting of Chandrasekharan and
Narasimhan only in the aforementioned two special cases which force either z to be rational
or k to be 1. On the other hand, our Theorems and hold for any k£ € N and any
complex z such that —1 < Re(z) < k.

Before stating Theorem we define the functio H Z(k) (z) for k € Nand x > 0 by
> 1
H®) (z) = / t*~* cos(xt) cos <t’€> dt. (2.3)
0
In Theorern it is shown that H" (x) converges for —1 < Re(z) < k.

For k = 1 and z = 0, this integral was evaluated by Hardy [58, p. 184, Equation (4)] who
showed that

i (2) = Ko(2v/7) — 3 Yo(2v/2). (2.4)

Also, the integral H(()k) (z) appeared in Koshliakov’s result (1.20). Hence we call the integral
Hék)(x) as the Hardy-Koshliakov integral. Theorem below generalizes for any z
satisfying —1 < Re(z) < 1.

As is shown in [25, Equations (1.14), (4.1)], the function H Z(l) (x) is a special case of a kernel

of Watson [57] given by
o0 1Y dt
@y (2Y) = $1/2/ Jo(t) I <t) t’
0

2The notation here does not mean k-th derivative of some function H. (z). This notation is used to comply
with that used by Wigert [60] and Koshliakov [34] for the associated arithmetic as well as special functions and

is retained throughout the paper for other functions as well. For the ;™ derivative of, say, H *) () with respect
to =, we use the notation %H k) ().
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namely, Hz(l)(x) = g:n_z/zwiq
o

z—1 (). This follows from the fact that J_; j5(x) = 4/ 2 cos(z).

2

However, for £ > 1, our kernel Hik) () is new. In Theorem we show that H Z(k) (x)

. . . k+1,0 {} x \2k :
essentially equals the Meijer G- function Gy 5, < b, bk ‘ 1 (&) ) with the parameters
bi, -, bopto defined in 2.7) below. A similar Meijer G-function acting as a symmetric

Fourier kernel was studied by Narain [43, Equation (1.5)], however, it is different from ours.
We will also need an auxiliary integral in the proof of the Voronoi summation formula for

oM (n). This integral is defined for = # 0 by

k 1 s s—1—=z ds
KW (z) = 3 o I'(s) cos <?> r (k: + 1> s (2.5)
where k£ € Nand max{0,1 —k+Re(z)} < Re(s) = ¢ when |arg(z)| < 7/(2k), and max{0, 1 —
kE 4+ Re(z)} < Re(s) = ¢ < H;ffl(z) when |arg(z)| = 7/(2k). (Note that the latter strip
is non-empty when we additionally assume —1 < Re(z) < k, which will be the case in
most of our results.) The integral is absolutely convergent in |arg(z)| < m/(2k) but only
conditionally convergent for | arg(x)| = 7/(2k). While the former is easily established using

Stirling’s formula (see below), the latter requires some work, and is hence proved in
detail at the end of the proof of Theorem As a function of z, K *) (x) is analytic in
|arg(x)| < 7/(2k). Also, as a function of z, it is analytic in C, provided |arg(z)| < 7/(2k);
when |arg(z)| = 7/(2k), it is analytic in —1 < Re(z) < k.

The functions H." (z) and K W) (x) are related to each other by means of the following
important identity.

Theorem 2.1. Let x > 0 and k € N. For any z such that —1 < Re(z) < k,

L@m(x)::;{exp(””Uﬁgél—Z>);;g>(e%a).+exp(‘””0i;;1—20>1;g>(e;x)}

T k+1.0 {} ’1 x \ 2k
_ : (E 2.
ﬁ2h£zG0,2k+2<bl7... 7b2k+2 4 <2k) ’ ( 6)

where the parameters bj, 1 < j < 2k 4+ 2, are given by

= if 1<j<k,
LMz f k41
=42 27)
2+ 50, ifk+2<j<2k+1,
1— L2 if j=2k+2,
and Gok;rklfz < by, - { ,}ka P H (232)%> is the Meijer G-function defined in (3.7).

This result will be crucially used in the proofs of Theorems 2.2] and A proof of this
result is offered in Section 4 using the uniqueness theorem of linear differential equations.

Compare with {#.43) by means of Lemma

We are now ready to give our first version of the Voronoi summation formula for oM (n)
which involves H" (x), the aforementioned generalization of the Hardy-Koshliakov integral.

Theorem 2.2. Let 0 < o < fand o, ¢ Z. Let k € Nand z € C with —1 < Re(z) < k and
z # k—1. Let Stk (n) be defined in (L.13) and let f(x) be analytic inside a closed contour containing
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> ot = [ 50 (k-2 + e (L) ) ar

14z i B 142 1 1
+202m) 5 1Y s m) / FErFE -t ((%)z“(m)%) dt. (2.8)
n=1 @

If z=k —1, then
+ + 0og

a<n<f

o B
+23° 5% (n) / Fy P, ((%)éﬂ(nt)%) dt. (2.9)
n=1 @
As a corollary of the above theorem, we obtain the well-known Voronoi summation formula
for o,(n) [5, Theorem 6.1].

Corollary 2.3. Let 0 < a < Band o, B ¢ Z. Let f denote a function analytic inside a closed contour
strictly containing [, 5]. Assume that —1 < Re(z) < 1,z # 0. Therﬂ

B
S o ()IG) = / (C(1+ 2) +t77C(1 — 2) () dt

Lo i ot [ ’ oo (2ramvin) - vianvin)

x cos (= — J.(47v/nt) sin T2 L, (2.10)
(%) (3)]

Moreover, if we let k = 1 in (2.9), then using (2.4), we get (1.5).

Also, letting z = 0 in Theorem readily gives Theorem [1.2l Thus, Theorem is a
simultaneous generalization of Koshliakov’s result in Theorem [1.2)and Corollary

Throughout the sequel, F'(s), or M(f)(s), will always denote the Mellin transform of a
function f. Let .”(R) denote the space of Schwartz functions on R, that is, those functions
f which satisfy f € C*°(R) and all of whose derivatives (including f itself) tend to 0 faster
than any power of |z| as |z| — oco. See [13, p. 177]. Our next result is the “infinite” version
of Theorem 2.2 for Schwartz functions f.

Theorem 2.4. Let k € N, z € C be such that —1 < Re(z) < k,z # k— 1. Let f € Z(R). Then we

have
> 1 e 1 142 142
S o) = —0-2) 0%+t —2) [ swars g () ¢ ()
o)D) -2 & = i
+ 2n) :2( ! ZSQ“)(H)/O HP ((2m)1 1% () /7))y,
n=1

2.11)

3In [5, Theorem 6.1], it was assumed that —1 /2 < Re(z) < 1/2. However, we see here that the result actually
holds for —1 < Re(z) < 1.
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where S (n)and H ®) (x) are defined in (1.13) and respectively. Moreover, when z = k — 1,

>l - ~5¢a=mroh+ [~ (“" i log“)) at

o o)y [ ) Py
300 [ A (0w ) s

Remark 3. Ifwe let = = 0in (2.11), then one can obtain the aforementioned extension of Koshliakov’s
Theorem [1.2} that is, the one obtained by letting o — 0 and 8 — oo in it.

Define B(z, b) by

¥ cost
B = ——dt. 2.12
)= [T 12)

This integral converges only in the region —1 < Re(z) < 2, where it is also given by [44,
p- 43, Equation (5.8)%

7b*~1  coshb z 3—2z|b?
B = I'(z —1)si 2)1Fo | 1:1 — —_— .
(2:8) = T gy + (e = sin(es/ 21 ( 2 4) 213)
7b*~1  coshb T > b2n
= — 2.14
2 cos(mz/2) 2cos(mz/2) 1;) r'2n—z+2)’ @14
where 1 F, (a;b,¢|z) == 300 (b)(Z)(Z)n Z+ is the 1 Fy-hypergeometric sfunction with (a), =

I'(a 4+ n)/I'(a) being the shifted factorial. Here, b € C with b # +iy for any real number y.

Remark 4. At first glance, it appears that the right-hand side of has singularities at every
odd integer. However, in Section [p|we show that the odd positive integers are removable singularities
whereas it has poles at all odd negative integers. Thus the right-hand side of provides meromorphic
continuation of B(z, b) to the whole complex plane with simple poles at z = —1,—3, =5, - - -

As a special case of Theorem 2.4, we obtain the following result.

Theorem 2.5. Let k € N,z € C be such that —1 < Re(z) < kand z # k — 1. Let B(z,b)

be deﬁned in @.12) and R.13). Let a = 27 (2“”)1/k, where Re(w) > 0 and A; = ¢{2PEY,

= ( 4i k)2 ), where (4, is the primitive 4k-th root of unity. For k > 2 even,

00 1+z 1+z kg 2422
Wy e $(=2) | C(k—2) 1T (55) () | (=1)27'(2n)*"s
n=1 o= (n)e B 2 + w % k w(Hz)/’€ + w2kw?/k
g
XZS nk Z AB(zasz 1)+AB(Z aC4(2J 1) , (2.15)
j=1

and for k > 1 odd,

S5 e — €2, Qo) ADCE)CE) | (o) e
n=1

2 w ko w+a)/k 2 kwl/k

“Thereis a typo in the stated formula in [44] in that b~ * should be replaced by b ~.
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k=1
v isgk)(n)n—z/k B(Z + 1’a) + i |:Bj B (z + 1,(1(313;) +§j B <Z + I,GC&(QJ.)> }] .
n=1 Jj=1

(2.16)
Letting z = 2m in , we obtain a generalization of Wigert’s identity (L.18).

Corollary 2.6. Let k > 2 be an even integer and m be a non-negative integer with 0 < m < k/2.
For Re(w) > 0, we have

)3 [exp <2k(1 k +2m)(2j 1)) Lhom (gﬂ < a > )
)
+ exp (—;2(1 — k4 2m)(2) — 1)> Toom (27T <2£> i e—;,:mj—n) ] |
where
Ly..( i SW) (1) exp(—n'/*w). o1

When m = 0, the above corollary reduces to Wigert’s identity (1.18). Letting z = 2m —1in
(2.16) leads to the odd counterpart of Wigert’s identity. We note here that our result below
is an exact formula as compared to the asymptotic formula (1.19) of Wigert.

Corollary 2.7. Let k > 1 odd and m be an integer with 1 < m < k“ . For Re(w) > 0,

o0 <m 2m _ % m a\ &
Zgggfl(n)e_nwzig(l_Qm)+<(k_2m+1>Jrlr(k)C(k) (== + <2 >

2 w ko w@m)/k k

1 1
— & 2 o T ini
x [Lk,m_l (% (2”> ) £ [exp <J( k:+2m)> Liam 1 (27r (2”> ek”>
w — k w
or\ ¥
[ — ™ _inj
2 2m) i (2” () > ]]-
where Ly, . (w) is defined in (2.17).

Theorem 2.2 indicates that it may be possible to derive the following asymptotic formula
for agk)(n) fork >1land —1 <Re(z) <k,z# k—1:

1 142\ =

> oBm = (k- e+ ¢ (55 ) o F 4 Al

n<x

L.

where the error term A ;,(2) can be expressed in the form

Aeste) = 350 [(HFTHD (0o k) a

0

n=1
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Also, when z = k — 1, we have

Z oL % y(k+1) —1+1log(z)) + Ap—1 (),

n<x

with
Apopo(z Zsk N / a® ((%)%H(mﬁ)%) dt.

If we show that A, x(z) < xl/ 3(log z)?, then this would not only yield the asymptotic
formulae given by Theorem 1.4 of Robles and Roy in [50], but also extend them to larger
ranges of z as well as to & > 4. It may also be possible to determine better upper bounds for
A, ;(x) by obtaining non-trivial estimates for the integral H ® (z) defined in (2.3).

This is a delicate task, which we relegate to a future work.

3. PRELIMINARIES

Here we state some known results which will be useful in the sequel. For 0 < Re(s) < 1,
the Mellin transform of cos(z) is given by [28, p. 1101, Formula (3)]

/ cos(z)z*dx = T'(s) cos <7T—S> , (3.1)
0 2
so that by Mellin inversion theorem, we have, for 0 < ¢ < 1,
1
o o I'(s) cos (%8) x~ %ds = cos(x). (3.2)

c—i—zoo

Here, and in the rest of the paper, f © will always denote the line integral f .
Stirling’s formula for I'(s), s = o 4 it, in a vertical strip C < ¢ < D is given by [15, p. 224]

T(s)| = 2m)2 e 227 (1+o(‘1‘)) (33)
as [t| — oc.

Theorem 3.1 (Parseval’s formula). [46] p. 83, Equation (3.1.13)] Let F'(s) and G(s) be the Mellin
transforms of f(x) and g(x) respectively. If F/(1 — s) and G(s) have a common strip of analyticity,
then for any vertical line Re(s) = c in the common strip, we have

o | COFP1=sds= [~ fog(o)ar (3.4)
271 () 0
under the assumption that the integral on the right-hand side exists and the conditions
t“Lg(t) € L[0,00) and F(1—c¢—it) € L(—00,00) (3.5)

hold.

An extension of Parseval’s formula due to Vu Kim Tuan [56] is given in the next theorem.
This result allows application of Parseval’s formula in situations where the first condition in
does not hold, albeit with an additional restriction. We will require this in the proof of
Theorem 4.4} Before we state this extension though, we define the concepts needed to do so,
namely, a new function space and a certain class of functions.

Let M ~1(L) denote the space of functions f(z) which are inverse Mellin transforms of
functions F(s) € L (f — i00, § + i00) over the contour Re(s) = 1/2 with norm || f|loy-1(r,)

equal to [;°|F (5 +it)| dt.
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We let K be the set of functions g(x) integrable on any segment [¢, E],0 < € < E < oo, and
such that the improper integral
1

Mlg(a)is) = Go) = [ a*lgaydn,  Re(s) = 3.

converges boundedly, that is, there exists a constant C' > 0 such that for almost all ¢, E > 0
and t € R, we have ‘fEE 12 (x) dx‘ < C.
Then the extension of Parseval’s theorem [56, Lemma 1] is as follows.

Theorem 3.2. Let f(z) € M~(L) and g(x) € K. Then the following convolution formula holds:
/0 gl(xt)f =5 / G(s)F(1 —s)x™%ds. (3.6)

Remark 5. Using Cauchy’s residue theorem, we note that (3.6)) can be extended to any vertical strip
containing the line [1/2 — ico,1/2 + ioco] as long as it does not contain any poles of the integrand
and the integrals along the horizontal segments of the rectangular contour tend to zero as the height
of the contour tends to oco.

Remark 6. As mentioned in [56, Corollary 1], the cosine function belongs to the class K and hence
the extension of Parseval’s formula, that is, holds with g(x) = cos(x) and f € M~L(L). It is
this fact that will be employed in the proof of Theorem

These results are also given in [64] p. 15-17].
The next result, which gives the evaluation of a Mellin transform of a certain rational
function, will be used in the sequel.

Lemma 3.3. For —k — Re(z) < ¢ = Re(s) < k — Re(z),
1 / mttds  2kthTE
27 Jioy cos (& (2 +s)) R 41

Proof. Employ the change of variable ¢ = v'/(?%) in the integral below so that
/oo s ) oktktz gt — /oo U(s+2kk+Z) -1 o — T B T
0 12k 1 0 v+1 _Sin(ﬂ'(%—i—g—f))_cos( (z+s))’
since —k < Re(s + z) < k. The result now follows from the Mellin inversion theorem [39),
p- 341]. O
Next, we define an important special function called the Meijer G-function [45, p. 415,
Definition 16.17]. Let m,n,p, ¢ be integers such that 0 < m < ¢, 0 < n < p. Letay,--- ,q,

and by, - - - , by be complex numbers such that a; —b; € Nfor 1 <i <nand1 < j <m. The
Meijer G-function is defined by

G}%n<al, ,ap ) — / ’U)) H] 1F(1 QJ+Q)X dw. (37)
b1, bg 2mi Hg Cm T =0+ w0) TG T(ay — w)
Here L goes from —ico to +ioco separating the poles of I'(1 — a; + s) from the poles of
I'(b; — s). Note that the integral converges absolutely if p + ¢ < 2(m + n) and |arg(X)| <
(m+n— p+q)7r In the case p+¢ = 2(m+n) and arg(X) = 0, the integral converges absolutely
if (Re( )+ ) (g — p) > Re(v)) + 1, where ¢ = ijl ;i — E?:l aj.

The following result elucidates the asymptotic behaviour of the Meijer G-function G,/4"(X)
when the argument is large.
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Proposition 3.4. [37, Theorem 2, p. 190] If 1 < m < g, then for | X| — oo, we have
GmO(X) ~ A™O H,, (Xe”@*m)) Lifm<q—1,6 <arg(X) < (m—p-+1)r—68,0>0;
G;”q’o(X) ~ Am’g H,, (Xe*”(q*m)> dfm<qg—1,0—(m—p+1)r <arg(X) < —0,6 > 0;
where [37, p. 183, Equation (2)]
1 v q
R £0) e

j=m+1

A™Y is obtained by replacing i by —i in B.8), and the function H, ,(X) is defined by [37, p. 180]

(c—1)/2 o
%exp (—axl/a) XS M x e, (3.9)
k=0

witho =q—p, 0 =1 (1*7" += - Al), where =, = 23:1 bjand Ay = Z§:1 aj. Here My =1

g

and M|s are independent of X.

Hp,q(X) =

Lastly, we define certain mathematical objects which will play an important role in the
proof of Theorem Consider the monic polynomial (w — z1)(w — x2)--- (w — =) and
let X, = {21,292, -+ ,z,}. Forall n,k € N, the elementary symmetric polynomial e;(X,,) is
given by [26] p. 24]

1
er(Xy) = Z H Ly - (3.10)

1<j1 <<je<nm=1

It is well-known that

Zej(Xn)tj = H(l + zjt).
=0

j=1
Forall n, k € N, the Stirling number of the second kind S(n, k) is the number of set partitions
of {1,2,--- ,n} with exactly k non-empty parts. Clearly, S(n, k) = 0 for n < k. By convention,
5(0,0) = 1. See [8] p. 204, Chapter V] for more details.

4. A GENERALIZATION OF THE HARDY-KOSHLIAKOV INTEGRAL Hék) (:L’)

4.1. Convergence of H ®) (). We begin with determining the values of 2 for which the
integral ¥ (z) in converges.

Theorem 4.1. Let z > 0 and k € N. Then H." (x) converges in —1 < Re(z) < k. Moreover, when
x =0, it converges in —1 < Re(z) < k — 1.

Proof. Let e > 0be small and M be a large positive real number. For simplicity letv = k — 2.
We split the integral into three parts, namely,

) € M oo 1 dt
H¥(x)= | + + cos { % cos(xt)t—y, =: 11 + I + I3 (say).
0 € M

It is easy to observe that I is finite since the integrand is a continuous function on the closed
and bounded interval [¢, M]. In the first integral I3, replacing 1/t* by T gives

1 o X v—1_4q
I = k/e cos(T) cos <W) T * dT.

—k
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Using the series expansion of cosine, we have

I 1 e .’E2 .1‘4 x2m v-1_q
1= /Ek cos(T) [1 ~ Sk + ATk -+ 0 <(2m)!T2m/k>] T % —dT
1 [ v=1_y x? [ v=3_4 ol v=5_4
=z /ek cos(T)T *® —dT — M cos(T)T *® —+dT + % ) cos(T)T ® —dT

[L‘2m o0 V*(2m+1)_1

The first term above is convergent for Re(“1) < 1, the second for Re(”T_?’) < 1 and so on.
The final term is convergent for Re(%) < 0. These conditions hold simultaneously if
Re(rv) < min{k+1,k+3,...,2m + 1}. Choosing m large enough so that 2m+1 > k+ 1, we

see that I; converges for Re(v) < k + 1. Turning to I3, we similarly have

& 1 dt
I3 = / cos <k> cos(zt)—
" t t

oo 1 0o
B / cos(at)t! =V dt — / cos(wt)t—r—2H+D-1gy
M 2 I

cos(zt)t VW gr 4.4 0 <1/ t(”zm’”l)ldt) .

1
i @m)! Sy

A Jur
Similar to the discussion for I;, the conditions for convergence are Re(v) > 0,Re(v) >
—2k,...,Re(v) > —2mk + 1. As k > 0, choosing m sufficiently large yields that I3 is
convergent for Re(r) > 0. Combining the conditions for convergence of /; and I3, we have
that HF) (x) converges for 0 < Re(v) < k + 1, thatis, —1 < Re(z) < k, as needed.

Now let # = 0. Employing the change of variable ¢t = u~'/* in (2.3), we see that for
—1<Re(z) <k-1,

H®(0) = ]1/ u T cos(u) du = %F <l<:—]1—z> cos <72T (kz—i—z)) ;o (41
0

where in the last step we used (3.1). O

42. Differential equation satisfied by H\*) (z). Hardy [30] proved by finding a fourth
order differential equation for H, (()1) (x). In what follows, we adapt Hardy’s method to derive

the differential equation of order 2k +2 for H. *) (x). This will play a crucial role in the second
proof of Theorem 2.6}

Theorem 4.2. Let x > 0, k € Nand —1 < Re(z) < k — 1. The function a® (x) defined in (2.3)
satisfies the homogeneous linear differential equation of order 2k + 2 given by

) d2k+2w d2k+1w d2k

+ (22 +k+3)z b+ D)tk + DS (—DFRw =0, (42)

x dx%

dx2k+2 dw2k+1

Proof. Replacing t by 1/t in (2.3), one can see that H *) (2) can be equivalently written in the

form
HP) (z) = /000 cos (%) cos (tk) tz—dilirz
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Let us define the following two functions:

Ji = Ji(z,8) == /000 cos (%) cos (tk) %,

Iy = I (x, s) := /000 sin (%) sin (tk) %

Since Ji(z,z —k+2) = o) (x), Theorem4.1{implies that J;, convergesin 1 —k < Re(s) < 2.
In a similar vein, one can show that I, converges in —k < Re(s) < k + 2. First suppose that
0 < Re(s) < 1. Observe that for any k& € N, both Jj, and I}, converge in this strip.

From [7, p. 433], one can see that J;, (and also I;) are uniformly convergent with respect
to x in any interval 0 < zp < = < z1. Hence differentiation under the integral sign with

respect to z yields
dJp < B dt
dx—‘ﬂst%m@)ﬁﬂ~

We cannot directly differentiate the above integral with respect to x under the integral sign,
for, the resulting integral becomes divergent. However,

/OOO (1 — cos(tk)) sin (%) t?% = % /OOO sin (%) tsdfl

_ L opg s (T
= + 27 °T'(s) sin ( 5 ) , 4.3)
where the last step resulted from the well-known identity
/ utLsin(zu) du = 27¢T(€) sin (?) (=1 < Re(¢) < 1). (4.4)
0

(Note that in our case, we have assumed 0 < Re(s) < 1, thus permitting us to use the above
evaluation.) Now we can differentiate (4.3) under the integral sign thereby obtaining

d2
—daik — 275 (s + 1) sin (g)

= /OOO (1 — cos(tk)) cos (%) tsd%

o0 — cos(tF x
:—iﬂuﬁﬁnimﬂﬁdt

—cos(th))  z Oo * sz — cos(tF)
Zirltf”%m@>o+iésm@>i<uﬁt)>ﬁ

_k s dJy el . (TS
—;I}C(ﬂf73+1_k)—ga—x F(S—I—l)Sln(?),

where, the last step follows from (4.4) and the fact that the condition 0 < Re(s) < 1 renders
the boundary terms zero. Hence

d2Jk S dJk k

— + —— =1 1—-k). 4.

de2  zxdr = k(@5 + k) (4.5)
Similarly, one can derive that

&I, sdl, k
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Multiply both sides of by z and then differentiate the resulting equation with respect
to = to get

d3J;, > J; d
. N—"=k—1 1—k). .
xd$3-+(s+ )dm? kdx k(x, s+ k) 4.7)

Now multiply both sides by x and differentiate once again to see that

d*Jy, d3 Jy,
d? Ik(a: s)

where we used the fact
to x, we arrive at the equatlon

= —Ii(z, s+2). Differentiating (4.8) £ — 3 times with respect

dk-l—l Jk dk Jk

k+3
T +(s+k—1)—1 Tk = (=1) 2 klx(z,s) 4.9)
for k odd, and at
d*L,, dk.J,, 2 d
rm Ttk —r = (1) Tk Iy(z, s — 1) (4.10)
for k even. Similarly,
dFLT, dr 1y, ks
xdaﬁkﬂ +(s+k—1)—1 Ik =(-1)2 kJg(z,s), fork odd, (4.11)
dk+1[k dkfk k+2 d
T +(s+k—-1)—- Tk (—1) =2 k%Jk(a:,s —1), fork even. (4.12)

Now applymg the differential operator D := 27— d - T+ (s+k— 1) < on both sides of (4.9),
utilizing [@.11) and substituting s = z — k + 2, we derive the differential equation in {.2) for

k odd. However, when k + 1 is odd, one needs to use the differential operator x% + (s +
k— 2);:}%1 on both sides of (¢.10) so that we can employ (4.12), with s replaced by s — 1, to
obtain

2d2k+1 Jk;
L e

d** Jy

d2k:—1J d
dr2k b (s — 2).

F(s+k—2)(s+2k—2)

Finally, differentiating once again and observing M —Ji(x, s + 2), we arrive at (4.2)
again upon replacing s by z — k + 2.
Our assumption 0 < Re(s) < 1 implies k — 2 < Re(z) < k — 1. But from Theorem

HY (2) itself converges for —1 < Re(z) < k. Hence holds for £ € N and all z with
—1 <Re(z) <k-—1.
U

Remark 7. We note in passing that (£.5), (4.6) and the above analysis show that

_ = (T (B sin (%) Y [T g i (-
Ii(z, z k:—|—2)—/0 Sln(t)81n<t>tz—’f+2_/0 t sm(xt)sm(tk dt (4.13)

also satisfies the same differential equation given by (4.2).



VORONOI SUMMATION FORMULA FOR THE GENERALIZED DIVISOR FUNCTION ai’“) (n) 19

4.3. The auxiliary integral K ®) (x). We derive some properties of the integral K *) (x) defined
in (2.5). The first one expresses it in terms of a Meijer-G function.

Theorem 4.3. Let k € N. Let X = 1 (£)**, where | arg(z)| < 7/(2k). Then

2k
1 {}
KW®(z) = ————qgk120 ( ’ ‘X) (4.14)
VE 2 O by, 21<:+2
where
B if1<i<k,
k—1—2z e
L fj= 1
b; = 21@27’917; 1 ] il (4.15)
ST if j =k+2,
2D 4f |43 < j <2k +2,

and where we additionally assume —1 < Re(z) < k if | arg(x)| = 7/(2k).

Proof. Invoke the variant of Euler’s reflection formula, namely cos (%) = m,
2

2
5\)9s—1
the duplication formula F{fﬂ) _ G \;; in (2.5) and then replace s by 2ks so as to get
2

upon simplification

1 D (ks)T (25 4 E=l=z) /9 2ks
K(k)(:c):ﬁr ( )r (1 p ) <) ds. (4.16)
T (5%) (3 —ks) z

Again use the duplication formula for I (25 + %) followed by the Gauss multiplication
formula [52, p. 52]

-1
H (w + ) = (2%)%(m_1)m%_mwF(mw) (m e N) (4.17)
]:
for I'(ks) and I (3 — ks) to arrive at

X

1 1 / H;?ZIF(S—F%)F(S—F]“ 1= Z)F(S—i—%;%) <2k>2k;s48d
= — S
P \/EQII 2mi (£) H§:1F(%_3>

1 1 / H;?:lf(s—l—j_l)F(S—Fk1Z)F(s+2k2,iz)X_Sd
_= 71+27 57
VE 275 2T ) (5) H?Iﬁlizsr (2] 2215 ° 5)
where X = (%) . Replace s by —s to obtain
k —1 k—1—z 2k—1—z
K®)(z) = 1 szlr(]T_s)F( o —5) T (%5 _S)Xsds.
z \/E 21-]2—2 27 (—i) H?k_};3_3r (2] —2k—5 + S)
(4.18)

Comparing this with the definition (3.7) of the Meijer G-function, we see that m = k + 2,
n=p=0,q=2k+2and the b;. are as defined in (4.15).
One can check that Z?i? b;- = 1+ k— 12 Since p+ ¢ < 2(m + n), the integral

representation (4.18) of K *) (x) converges absolutely for | arg(X)| < , thatis, for | arg(z)| <
7/(2k), and can be expressed as the Meijer G-function given on the right-hand side of (4.14).
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Now let |arg(z)| = n/(2k). Then we show that K ) (x) is conditionally convergent,
provided max{0,1 — k + Re(2)} < Re(s) = ¢ < lfifl(z). We will prove this in the case
arg(z) = m/(2k). The result can be similarly obtained in the other case, that is, when

arg(x) = —7/(2k). Let z = re'™/(K) r > 0. Then
KW () = — / I'(s) cos (7;8) r <S_;_z + 1> e B ro ds

2mik

T . c+it—1—z _im(etit)  dt
=57 {/ / /} (c+1it) cos(2(c+zt))1“<k+1>e E

where 7' > Im(z) is large enough. The integral from —7 to T is clearly finite. We now
consider the integral from 7 to co. From [18, p. 73], as |s| — oo in the angle —7 + § <
arg(s) < m — ¢, for any fixed 6 > 0,

I'(s) = V27 exp ((s ;) log(s) — ) <1+0 (;)) .

With 6 = tan—1(¢/c), this implies that as t — oo,

T(c +it) = exp <(c _ 1) log(t) — 16 — c> cexp (if1 (1)) (1 40 <1>> , 4.19)
where fi(t) = tlog(t) + 0 (c — 1) — t. Next,
cos <7T(62+Zt)> - % < exp ( ;T(c+ zt)) + exp (i;r(c+ it))) . (4.20)

Letc; = 1+ £(c — 1 —Re(z)) and t; = 1(t — Im(z)). Clearly, ¢; > 0 and ¢t; > 0. With
01 = tan~1(t1 /cy), this implies that as t — oo,

1 1
[(c1 +it1) = exp <<01 - > log(t1) — 1161 — 01> ~exp (if2(t)) <1 +0 <t>> ;o (421)
where f5(t) = t1 log(t1) + 601 (01 — 5) — t1. Also,
TS\ . Tt
exp <_2k‘) = exp <2k(lm( z) — zc)) exp <2) (4.22)
Moreover, since tan~!(z) + tan~!(1/z) = 7/2 for z > 0, we find that as t — oo,
T 1
b=5-3170 (w) !
1
91:”—01+O<). (4.23)

Now let f(t) = fi(t) + f2(t). Hence using from {@.19)-(4.23) and observing that f’(¢) ~ log(t)
and f”(t) < 1/t ast — oo, we see that

> . U . c+it—1—=z _im(etit)  dt
/T ['(c + it) cos (5(0 + zt)) r (k 4 1> e~ 3k —t7

~ vt [ oy o U0 — x| w0 ([Teerar) ).
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where a, ;.. is a constant. Here, in the last step, we performed integration by parts on
the first integral. Thus the integral will be finite only if ¢ + ¢; < 1, which implies that
¢ < (14 Re(z))/(k + 1). One can similarly show the existence of the integral from —oo

to —T. This shows that K (x) is conditionally convergent on the ray arg(xz) = w/(2k),

provided max{0,1 — k + Re(2)} < Re(s) = ¢ < %el(z) Proceeding as in the first part of the
proof, we see that (4.14) holds for | arg(z)| = 7/(2k) as well.

g

Remark 8. In |arg(x)| < 7/(2k), K (x) is an analytic function of x as can be seen from [52)
p- 30, Theorem 2.3] or, with the help of Theorem 4.3} from [47, p. 618].

For z > 0, K (x) has a representation as an integral of a real variable given in the following
theorem. This will be instrumental in proving Theorem

Theorem 4.4. Let K\¥)(z) be defined in 2.5). For x > 0 and Re(z) < k, we have

& 1 dt
K" (2) = /0 exp <_tk> cos(xt)tk—_z. (4.24)
Proof. We first prove the above result for Re(z) < k£ —1/2 and then extend it to Re(z) < k by
analytic continuation. As mentioned in Remark [6] we can take g(t) = cos(t) in Theorem
Then, from B.I), G(s) = I'(s) cos (%) z7°. Moreover, if f(t) = t* % exp (—t~*), then, with

the change of variable t = w 'k itis easy to see that

Fls) = %r (lﬁ_z_z> (Re(s) < k — Re(=)).

Now for f to be in M~1(L), we must have 1/2 < k — Re(z). This explains the condition
Re(z) < k — 1/2 that we initially need to impose.
Invoking Theorem [3.2] with the above choices of k and f, we see that

o0 1 dt 1 T\p (sl ds
/O exp ( tk?) COS(-%'t) tk,_z 2ri /(‘%) (8) Cos ( 2 > ( k * ) kxs

- K0(e),

where in the last step we used Remark [5|and the fact that the line [1/2 — ico, 1/2 4 io0] lies
in the half-plane max{0,1 — k + Re(z)} < Re(s). This proves for Re(z) < k —1/2.
Next, using the techniques of Theorem it is easy to see that the right-hand side of
is convergent in Re(z) < k and is analytic in this region. Along with the discussion
following (2.5), we see that by analytic continuation, holds for Re(z) < k. O

Koshliakov [35, Equation (9)] has shown that for n € Nand = > 0,

Ky (4776%\/@) + Ky (4%6_%\/ﬂ> = 1 /( IW(ZS.

27i 3) (2m)23(nx

An easy application of the residue theorem after shifting the line of integration from Re(s) =
3/2toRe(s) = ¢,0 < ¢ < 1, and then comparing with yields

K(gl)(47r2na:) = Kp <47re%r \/@) + Ky <4W€_%W) .

More generally, we have
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Theorem 4.5. Let K, (£) be the modified Bessel function of the second kind defined in (1.3). For
x>0,n¢€NandRe(z) < 1,

KW (4n?ng) = (2n/nz)~* {e*’%Kg (4776% m) teTK, (47767%% )} . (425
Proof. For Re(s) > 4+ Re(z) and Re(a) > 0, we have

/ 2 K, (ax) dr = 2°7%a°T (s _ Z) r <8 + z> .
0 2 2

Replace s by 2s, 2 by \/z and then let a = 4re*™/4,/n so that for Re(s) > £ Re (%),

/OO K, (47reim/4\/%> de = 2%51 (47reim/4\/ﬁ> _2SF (s — f) r (s + E) .

0 2 2

Therefore,
/OOO 571 {emTzKZ (4%6”“%) + e_mTZKZ (4776_”/4\/%)} dx
= (4n°n)~°T (s - %) r (s + g) cos (g (% - s)) .

Hence by the Mellin inversion theorem [39, p. 341], we have with ¢ =Re(s) > + Re (%),

271m' © r (s — %) r (s + g) cos (g <§ — 3>> (4n2na) = ds
- ei?Tsz (47T€i7r/4\/ﬁ> + e_i%Kz (471'6_“—/4\/%) .

Now replace z by —z in the above equation and use the well-known fact K_.(y) = K.(y) so
as to get for Re(s) > = Re (%),

% o r (s — ;) r (s + g) cos (g <% + s>> (4m’nz) =% ds
= e_iTTZKZ (47?6”/4\/%) + eiTTsz (471'6_“7/4\/%) . (4.26)

Finally, replace s by s — z/2 in (4.26) so that for max {0, Re(z)} < ¢/ = Re(s),

1 2. N\z/2 / s 2 N\—s
= — T e
57 (4m“nx) » [(s— 2)T(s) cos( 5 ) (4r“nx)”*ds
= e_i?;TZKZ (47Tei”/4\/nx) + eiTTZKZ (47re_i”/4\/nx) .
Upon adding the restriction Re(s) < 1 and observing (2.5), this leads us to (4.25). O

4.4. Relation between H." (z) and K *) (x). The integrals H. *) (z) and K *) (x) defined in
and respectively are related by means of the identity in Theorem [2.1] of which
we now give a proof. Note also that neither Parseval’s formula nor its extension
in is capable of handling the integral H. ® (x) since the integrand of H ® () cannot
be decomposed in any way into functions f and g so that they satisfy the conditions of
Theorems 3. or

We prove Theorem [2.1| using the uniqueness theorem in the theory of linear differential
equations [11} p. 21, Section 6]. But before that, we need the following lemma.
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Lemma 4.6. Let Xopio = {b1,b2,- - ,bogta} where bj,1 < j < 2k + 2, are defined in (2.7). Let
e¢(Xog42) denote the elementary symmetric polynomial defined in (3.10) and let S(n, k) denote the
Stirling numbers of the second kind defined in Section|3| Then

1, if m = 2k + 2,
2k4+2—m .
j 22+ k+3, ifm=2k+1
—2kYe; (X S(2k 4+ 2 — /, — ’ ’ 4.07
]Z:% (2h)e;(Xak2)S( Jrm) (z+1D(z+k+1), ifm=2k, (4.27)

0,ifl <m<2k—1.

Proof. The result holds trivially for m = 2k + 2 since S(2k + 2,2k +2) = 1.
Now let m = 2k + 1. Using the fact

2k+2 14
e1(Xoppo) = Y bj=1+Fk— o (4.28)
7j=1
as well as the result [8, p. 227]
S(n,n—1)=n(n—-1)/2, (4.29)

in the second step, we see that

1
> (—2k) € (Xopy)S(2k + 2 — j, 2k + 1) = S(2k + 2,2k + 1) — 2key(Xop42)S(2k + 1,2k + 1)
7=0

1
= (k+1)(2k+1) — 2k <1+k— ZZ)
=2z+k+3.
Now let m = 2k. Then substituting (4.28), (4.29) and the identity [8] p. 227]

S(n,n—2) = in(n —1)(n—2)(3n—5)

in the second step below, we have

(—2k) e;(Xokt2)S(2k + 2 — j, 2k)

g

= S(2k + 2,2k) — 2key (Xopy2)S(2k + 1,2k) + 4k%en(Xop12)S (2K, 2k)

1 1+
= 57 (2k +2)(2k + 1)(2k) (6k + 1) — 2k (1 k- Z) (k(2k + 1)) + 4k?ea(Xopi2).
(4.30)
Using (2.7), we now show
e2(Xopp2) = > bibj = 241<;2 (12k* + 16K — 3k2(7 + 82) — k(7 + 62) + 6(1 + 2)?) .
1<i<j<2k+2
(4.31)

To that end, observe that

i —1)(i—1 2k+2 k i—1 2k+1 3_ 95
> - 3 RO S (3 J(Z 2+ ;ﬂ))

1<i<j<2k+2 2<i<j<k i=2 i=2 j=k+2
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3— 92 3-92j AR
4 Z <2+ ? ) (2+ I<: ) + bok1o Z bi — bi+1bag+2,

k+2<i<j<2k-+1 i=2
(4.32)

where the last expression on the right was subtracted since it was considered twice, once in
bri1 Zfﬁf bi, and again in boj 12 2222451 b;. Now it can be seen that

i~ 1) —1
> ”(j) 24k(3/<:3 10k% + 9k — 2),

2k+2
142\ (1 1+ 2
b’““zb <2_ 2k )(2““_ 2k )
i““ﬁl 5, 32 _ Kk—1)
—~ k ) k 4
2k+1
1+2 142
b by = k—
53 (1-57) (- 55).

1 1+=z 14z
bpt1bokt2 = (2 Y ) <1 - on ) : (4.33)

Substituting in and simplifying, we arrive at (4.31), and substituting (4.31), in
turn, in gives for m = 2k upon simplification.

It remains to show the validity of inthecase 1 < m < 2k — 1. To that end, we
represent S(2k + 2 — j, m) using the identity [8] p. 204, Theorem A]

m) = Qi(—l)m-” ()

and then interchange the order of summation consequently obtaining

2<i<j<k

2k+2—m )
Z (—2k) e;j(Xak+2)S(2k +2 — j,m)

j=0
S (8 () o

n=1

)

Now it is important to observe that forany 1 < n < mand any 1 < m < 2k — 1, the
product H% 2 (1 — 2:b,) equals zero since there is precisely one factor in the product which

vanishes.

Indeed, for any odd n of the form n = 2¢ — 1, where 1 </ < k, we have 1 — Q—:b%_Hg =0
as can be seen from (2.7). Similarly, for any even n of the form n = 2/, where 1 < ¢ < k — 1,
the expression 1 — 28, = 0. This proves in the remaining case 1 < m < 2k — 1 and
completes the proof. O
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Proof of Theorem We initially prove the result for —1 < Re(z) < k — 1 and later extend
it by analytic continuation to —1 < Re(z) < k. Define

1 in(k—1—2) i —in(k—1—2) i
(k) — = VT AT <) (k) . R 7<) (k) ,
A () - 5 {exp( ok ) K, <e 2kx> —|—exp< % K (e?h’r) .
(4.34)
We first show that for —1 < Re(z) < k — 1, the identity in (2.6) holds for z = 0, that is,

1 k—1—=2 T (k—1—=z
F®E ) = AR (Q) = T k10 { T Kl T(k=1-23\
SO = AT = D Coania -, ‘0 z )2 k(4 2

—~

From (4.36), for -1 < Re(z) < k —1,

HP(0) = %F <k_;_z> cos (;T (’“_;_2» . (4.36)

Invoking Theorem 4.4 and employing again the change of variable t = u~'/¥, we see that

forRe(z) < k—1,
1 [ k=1-: 1 k—1-—
Kék)(o) = k/() Uk ’i 7167u du = EF <kz) ’

which when substituted in (4.34) yields

AB(0) = %F <k_;_z> cos (g (l‘;_;_z» . (4.37)

Next, we prove the last equality of (2.6). To that end, note that by Slater’s theorenﬂ [37,
p- 145, formula (7)],

G 10 <b1,--{} ‘ > _ . Hfi% ['(b; — b1)

1

j=k+2

k j 1
B Hj:lr<%>r(§_ 2k
Tk 1
szlF(ﬁJrT)F(l;?f)
1 I(3-5¢

where the last step results from applying twice, once with w = 1/k and m = k, and
the second time with w = 1/(2k) and m = k. This implies that

m k+1,0 (bl,“{} ’0) _ kﬁ L (3 - 5%)

\/E21+Tz 0,2k+2 . 7b2k+2 2% N (12—22)

1 k—1—=2 T (k—1—=z
= %F (k: >cos (2 <k: )), (4.38)

SIn general, Meijer G-function has a complicated branch point at + = 0. However, since by = 0, b; > 0 for
2 < j < k, and Re(bg+1) > 0 because of the condition —1 < Re(z) < k — 1, Slater’s theorem is applicable,
thereby giving the non-trivial value of the Meijer G-function.
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as can be seen by specializing the identity [18, p. 73],

L) = 217577210 (5) cos (%8>

with s =1 — (1 + 2)/k. From (4.36), (4.37) and (4.38), we have proven (4.35) in totality.

We next show that for z > 0,

By — T E+1,0 2k
AW (x) \/EQWGWH(M ] 4( %) ) (4.39)

To that end, using (2.5) and making a note of the discussion following it, it is easy to see that

1+Re(z
for max{0,1 — k + Re(z)} < Re(s) =c < %1() ,

| 11— 11— d
AP () = — ()F(S)cos (?)F(Skz+1> cos (;r (8k2+1>> k; (4.40)

Proceeding along the similar lines as in the proof of Theorem 4.3} we see that for

max{0, #}je(z)} < Re(s) =¢ < ;Z(Il{ce-ﬁg’

Ui w1 LT (s+ 5T L) (4(2)™) as
Agk)(a:)zﬁﬁ 1t k+2% y J H§:1F( o 1) ( — )

Now replace s by —s and use (3.7) and (2.7) to arrive at (4.39).
Our next task is to show that for =z > 0,

By T k+1,0 {} 2k
H7 (@) VEE Cozn2 <51, s bag12 ‘4 <2k) : (4.41)

This is achieved by invoking the uniqueness theorem of linear differential equations [11,
p- 21, Section 6]. To that end, note that in Theorem the differential equation satisfied by

q¥ () was found. Hence we must first show that the right-hand side of (4.41) also satisfies
the same differential equation. Since the expression in front of the Meijer G-function in (4.41)
is independent of =, we do not bother about it while showing this.

Itis well-known [45, p. 417] thatw = Gy (Cgl’ o ’Zp ‘f) satisfies the differential equation
1L by

((—1)”"”‘”5(9—@1+1)'~(0—ap+1)—(H—bl)-‘-(ﬁ—bq))wzo,

where § = fd%. With ¢ = 1 (—) , this implies that Gég’jf?(bl {}bZk , H (2"’;)%) satisfies
+

the differential equation

g\ 22 g\ 21 g\ 2
[ <§d§> — e1(Xary2) (£d§> + ea(Xog2) <£d§> —

+ (=1)*"2eg; o (Xopra) + (—1)k€] w =0,

where Xop1o = {b1,b2,- -+, bapy2} with b; defined in (2.7) and e;(X2j2) is the elementary
symmetric polynomial defined in (3.10), or, written more compactly, the differential equation

2k+2 } g\ 22— .
Z (—1)€;(Xok+2) <§d§> + (=1 |w=0.

Jj=0
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¢
Since ¢ = 1 (21/,{:)211C implies (f d%) (w) = (%%)Z (w), the above differential equation, upon

snnphflcatlon, takes the form

2k+2 d 2k+2—3j
o2k Z 2]4; 6] X2k+2) < dx) + (—1)kk‘2 w=0.

Now employ the well-known identity [8, p. 157]

£ 4 m
<$Zc> (w) =" S(e, m)xm%, (4.42)

m=1

where S(¢, m) denote the Stirling numbers of the second kind defined in Section 3} to write

L k2= 7 as a sum and then interchange the order of summation while noting S 0,m)=20
dx g g
to derive

2k+2 gm 2kE2om ‘

Z m= 2k — > (—2h) e (Xoer2)S(2k +2 = jm) + (-1)FE? | w=0.  (443)

J=0

Invoking Lemma we are led to (4.2). This proves that both sides of satisfy the
same differential equation in (4.2).

Therefore, to prove (4.41), it only remains to show that the 4™ derivative of both sides
with respect to x evaluated at + = 0 match for j = 0,1,---,2k + 1. In view of and
(4.39), it suffices to show that for 0 < j < 2k + 1,

J
a0 (4.44)

=0

In what follows, we show that for 0 < j < 2k + 1,

j k 1—2 T k—7—1—2 ep ..
2] 2| (T (=)o (5 (). e
dx 2=0 T dad 2=0 0, if 7 is odd.

(4.45)
We first establish (4.45) for %H ®) (x)’ o Differentiating (2.3) under the integral sign j
times with respect to z, we arrive at -
ﬂ ) (2) = (—1);{ t27+% cos(at) cos (;5) dt, if j is even, (4.46)
da (—1)7z [;° 7 F i sin(at) cos () dt, if j is odd.

(k)(

Now clearly, for j odd x) o = 0. For j even, we employ the change of variable

Id_j
t =y /k ontherlghthand51deofsothatfor—]—1<Re( )< —j—1+k,

dJ
7 opgk)
= H (z)

(—1)%/ w1 cos(u) du
0

i (S (7 (B2,
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Next, we show that (4.45) holds for %Agﬂ () . This time, we differentiate (4.24) under

=0
the integral sign j times with respect to « so as to obtain for z > 0,

J z—k+j dt. if 7 i
ing) (2) = (—1 Hf t ’ cos(xt) exp (— tk)l i j 1.s.even, (4.47)
dx? (—1)=2 [oS = *HIsin(at) exp (=55 ) dt, if j is odd.
Moreover, if we let y = xei%, where z > 0, then the chain rule implies
d] i ing dj
& (k) + — ot L (k)
e K, (J:e 2k) = e~ 2k ay K (y). (4.48)

Note that from [14), p. 68-69], the function K (k) () and its successive derivatives are continuous
at z = 0, so also the derivatives %K ;k) (y),j > 0, are continuous at y = 0, where y = zetan,

Hence approaching the origin along the ray arg(y) = +4; or through the positive real line
arg(y) = 0 does not alter their limit. This, along with (4.47) and (4.48), implies that for
Re(z) < —j —1+k,

& pew (we*%)

i d
ol (k)
]. K
2k leOII lyJ z ( )

_ eizzm (— 1)5_+llimy_>o+ Jo 7 t77F 4 cos(yt) exp (— ) dt, if j is even,
et (1) lim, o+ [y~ t*" sin(yt) exp (—tik) dt, if j is odd
_ { jE%(—l)% Jo 77 i exp (—15) dt, if j is even,
if

=0

S O

j is odd
_ eigr*]( )ﬂ‘(w), if j is even,
0 if 5 is odd,

where, in the penultimate step, we used the fact that the integrals are continuous functions

of y. Therefore,
5 | (HOUAE (20 (5 (25)) e
dx? =0 0 if j is odd,
which proves (4.45) for —j — 1 < Re(z) < —j — 1 + k.
This completes the proof of Theoremfor —1 < Re(z) < k— 1. Since K ) (x) is analytic

in Re(z) < k as can be seen from the discussion following and HM (z) is analytic in
—1 < Re(z) < k, by analytic continuation, the identity holds for —1 < Re(z) < k.

=

U
4.5. Asymptotics of H. ®) (x). We first obtain the asymptotic behavior of H. ®) (r)asz — 0.
Theorem 4.7. Let H'"(z) be defined in 2.3). Then ¥ (z) = 0(1) as z — 0+,

Proof. Note that in (@&36), it was shown that H{"(0) is a finite quantity. Using Abel’s and
Dirichlet’s tests for umform convergence of infinite integrals [7], it can be seen that H. (k)( )
is continuous at z = 0 whence H." )( y=0(1)asz — 07, O

The behavior of H.*) (x) as x — oo is derived next.
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Theorem 4.8. Lety > 0, k € Nand —1 < Re(z) < k. Asy — oo,
1 142
2k 4(k+1) T 2k(k+1)
k(k+1) 2% 1 4 \2k ' '
Proof. Letting x = yei% ,y > 0,1in Theorem we get, with Y = 1 (&
K® (ei;;;y L k20 <b W ‘ tiry
1y

) NG e 0,2k+2

Employ the asymptotic expansion of the Meijer G-function from Proposition 3.4{to get

2k+2
1 1 ;
(k) I _ im(k+1)
K; <€2k y) 7 E= < 2m,> exp 277] EkJer Ho oi42 (Ye ) . (4.50)

From (4.15) one can easily check that Z?Sﬁs b;- = k/2. Taking the leading term, the definition
of Hy ,in (3.9) gives

HP (y) ~

‘ (2k+1)/2y/6

in(kr)) _ (2m) s 1/(2k+2)
Ho 2p42 <Ye ) NGTE) exp ( i(2k +2)Y +im(k + 1)0) ,  (451)

where 0 = 4(,61“) — (k+1) Substituting (4.51)) in (4.50), as y — oo,
(2k+1)/2y60 1 \* ik
K (efiy) ~ (2m) (-) ex (- —i(2k +2)Y VD yn(k 41 9>
( y> Gt 2 \ 2m) TP\ ( ) ey
0
YT (—z’(2k + )YV 1)9) . (4.52)

k(k+1) 2%

Similarly, it can be seen that

—iT Ye
KK (eWy> ~ k;(kfn o e <i(2k +2) YR i 1)9) . (4.53)

Finally, making use of (4.52) and #.53) in Theorem 2.1} we obtain after some simplification,
YG
HP (y) ~ ﬁ __ cos (E + (2K + 2)Y1/2k+2> .
k(k+1) 27% 4
Substituting the values of Y and ¢ in the above formula, we arrive at (4.49). O
Remark 9. When k = 1 and z = 0, Theorem [4.8|implies that as x — oo,

H(gl)() 2\/\}COS< +2f)

This can also be verified from the asymptotic formulas of Yo(z) and Ko(x) upon using (2.4).

4.6. The special case g (x). In this section, we explicitly evaluate H Z(l)(w) in terms of
Bessel functions. This will be required while proving Corollary 2.3}

Theorem 4.9. Let H¥ )( ) be as defined in R.3) and let M, (z) = 2K, (z) — Y, (z). For —1 <
Re(z) < 1 and x > 0, we have
T

HW (z) = §x_§ (cos (3m2) M.(2v/z) —sin (372) J.(2V/2)) . (4.54)
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Proof. From the first equality in Theorem 2.1} (4.34) and (4.40), we have, for max{0,1 — k +

Re(2)} <c< %el(z),

1 s s—1—-=z m({s—1—=z2 ds
HF) :/F — ) 'f——+1 —|—+1) ) —. 4
=@ =5 @ () cos ( 2 ) F ) g P ) ) e @9
Letting k£ = 1, replacing s by w + z/2, we then use the formula 2 cos(A) cos(B) = cos(A4 +
B) + cos(A — B) in order to get for [Re (%) | < ¢ = Re(w) < 3,
xfz/Z

HM(z) = =—— /( ) r (w — %) r (w + g) (cos(ww) + cos (%)) Y dw. (4.56)

47y

From [22, Lemma 5.1], for [Re (%) | < ¢ = Re(w) < 3/4, we have

oo [ (o= 30 (4 3) et on () a2

= cos (3mz) M. (4m/ty) — sin (372) J.(dm\/Ty). (4.57)
Employing (#57) with ty = x/(47?) on the right-hand side of (#.56) and noting that H W (x)
converges for —1 < Re(z) < 1 as proved in Theorem 4.1} we arrive at (4.54). O

5. VORONOI SUMMATION FORMULA FOR o\ (n)

Armed with results in the previous section, we are now all set to prove the Voronoi
(k)

summation formula for o."/(n) for an analytic function f in a closed contour containing
the segment [, ], where 0 < o < fand «, 3 ¢ Z.

Proof of Theorem First, let us define
o0

u(a;z) = €Y SW KD ((@m)F+ (na)} ), (5.1)
n=1

where C' = Cy(z;2) = 2(27ra:)1+TZ_1. Using [52] p. 30, Theorem 2.3] and the discussion
following (2.5), it is clear that K ) ((271’)%+1(nx)%) is analytic in Re(z) > 0. One can
establish the uniform convergence of the above series in (5.1) for Re(z) > 0 in a manner
similar to that proved by Koshliakov in [34] p. 125-126]. Hence by Weierstrass’ theorem on

analytic functions, we see that ®;(x; z) is analytic in Re(z) > 0.
Employing (2.5), one can write the above series representation of ®(x; z) as

q’k(x%z):%(zkgsgk)(n)/(c)r(s)ws(gs)F(S_;_ZJrl) ((%) ds

o S
%H(n:v)%)

where ¢ > max{0,1 — k + Re(z)}. Moreover, we need Re(s) = ¢ > max{1,1 + Re(2)} to

take the summation inside the integration as the Dirichlet series associated to sk) (n) will
be absolutely and uniformly convergent in this region. Therefore, using (1.14), we get

e =5 ks () (=)< (5= ) oy
(5.2)
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The asymmetric form of (2.1) is given by

C(s) = 2575 I0(1 — 5)¢(1 — ) sin (%3) . (5.3)
To simplify further, we shall use in the form
1—35 9s—1.s
Ps)c(s) = 2T 64
cos (Z£)
Use twice in to obtain
1— z+1—s

2mik J) sin (g (57]1672)) 4(2W)1+Tz—1x%.
Now we substitute z+1—s = ks’. This implies that the new line of integration Re(s’) = ¢’ <
min {O, RGT(Z)} since Re(s) = ¢ > max{0,1 — k + Re(z)}. Upon simplification, becomes

C 1 ks —2)
Az (2mz) % 1 2mi Jiy  sin (T5)

Here we note that in the current line of integration Re(s’) = ¢/, one can not use the series
definition of ((s")({(ks’ — z), so we would like to shift the line of integration to a new line

Dp(x;2) = 2 ds. (5.6)

Re(s’) = ¢’ with 2 > ¢’ > max {1, %’3(2)} as ((¢')((ks' — z) is absolutely and uniformly
convergent in this new region. To do that we consider the following rectangular contour C
defined by [¢’ —iT, " +iT,c 4 iT, ¢ — iT]. In the process, we encounter simple poles at
s = 0,1, 2= inside this contour. Applying Cauchy’s residue theorem, we get

k: — /
/ S : Z) 2® ds' = Ry + R + Rus=, (5.7)
sm k

where R, denotes the residual the term corresponding to the pole at s’ = p. Letting 7" — oo,
one can easily show that the horizontal integrals go to zero. Therefore, (5.7) reduces to

i ((s")¢ (ks — ) 25 ds = 1 C(s")C(ks" — 2) 25 ds'

/ - . 7 - R R Riz 3 5.8
271 (c’) sin (%) 271 (c”) sin (%) < 0+ 1+ 1chr ) ( )

where the residual terms are the following expressions

1tz 142
((==) z+ C(H57)
Ry=—>—", Ri=(k—2)2z, Rif: = —F—=F~. 5.9
0 T 1 C( Z)l' 1: k‘SlIl(2 (1_]|€_Z)) ( )
Now using the Dirichlet series representation (1.12) of a(k)( ), one can write
1 ! '— 2 1
L[k =) _Z” / () 4 (5.10)
274, (e sin (%) 27TZ 2) sin (%)
It is well-known [46), p. 91, Equation (3.3.10)] that forany 0 < d < 2,
1 x 2 1
— ——ds=——. 5.11
2mi /(d) sin (Z£) Tt a2 ©-11)
In view of (5.10) and (5.11), reduces to
/ r ) 2,2 X gk)
L[Sk = 2) g 20T ozn) (Ro+Ri+ Russ ). (5.12)
271 () sin (%) T — n“—+x k
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Now substituting (5.12) in (5.6), we obtain

c 222 & oth) (n)
@ . — - _ — z . .
k(23 2) to(2na) { i D e (Ro + R1 + R%) (5.13)
Substituting the residual terms from (5.9) in (5.13)), we see that
O (x;2) = Uiz 2), (5.14)
where
1+2 2 0o k;)
((—2) (k-2 o+ () 2 0P 0)
V(s 2) = - - — : 1
k(3 2) oy 5 o (3 (E5)) +W;n2+x2 (5.15)

One can easily check that ¥y (z; z) is analytic, as a function of z, in the entire complex plane
except on the negative real axis and at + = +in,n € N U {0}. Thus, ¥(izx; z) is analytic
on C except on the positive imaginary axis and at integers. Similarly, ¥ (—iz; z) is analytic
on C except on the negative imaginary axis and at integers. The combination of these two
facts implies that Wy (iz; z) + Wi (—iz; 2) is analytic on C except on the imaginary axis and
possibly at integers. But

1 1
i iz 2) = — ok ' —iz;2) = ——ck)
Jm (@ Fn)Up(iz;z) = 5—0z"(n), and  lim (z F n)¥k(-iz;2) = —5 03" (n),
which implies that the function W (iz; z) + Uy (—ix; 2) is analytic in Re(z) > 0. Observe that
for x lying inside an interval (u, v) on the positive real line not containing any integer in its

interior, we have, using (5.15),

Uy (iz; 2) + Ui (—iz; 2) = —((k — 2) — %x%z—lg (1;:Z> . (5.16)
However, both sides of are analytic in Re(z) > 0, and hence, by analytic continuation
we see that holds in Re(z) > 0.

Now let us consider f(x) to be analytic function of x inside a closed contour v that
intersects the real line at @« and 3, where 0 < m —1 < a < m <n-1< 8 < nand
m,n € N. Let 7/ and 7" denote the upper and lower portion of the contour, respectively.
This means that a7/ and a~y” 3 denote the paths from « to 5 in the upper- and lower- half
planes respectively. By Cauchy’s residue theorem,

1 1
57 av//ﬁy/af(x)\llk(zx,z)dar E ;lilgl(x n)f(x)W(iz; 2) 57 E oy (n)f(n).
a<n<f a<n<f
(5.17)
Now

/ f(x)¥y(ix; 2) doe = / f(x)Vy(ix; 2) dox — / f(x)Wy(iz; 2) dx. (5.18)
ay” By ay"p ay'f

Thus from (5.16), (5.17) and (5.18),

> i = [ s [ i

ay'B

+ f(fv)<C(/~c—z)+xl?f—1g<l+ Z))d:z: (5.19)

ay'B
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Again, utilizing Cauchy’s residue theorem, one can instantly observe that

el 1+z A 1 142 1+z2
Wf(m)(ak—zw — (4 )) to= ["r (cr-0+ T () ) o
(5.20)

From the discussion following and and (5.15), it is clear that holds for —m/2 <
arg(x) < mw/2. Thus, Vi (ix;z) = Pr(ix; z) holds for —7 < arg(z) < 0, and Yy (—ix;z) =
P (—ix; z) holds for 0 < arg(z) < 7. Employing these two facts and together with (5.20),
becomes

Y. oBm)fn) :/ f(@)®p(iw; z) dw + F(@)®u(~iz; 2) du
a8

a<n< ay'B

+/jf(t) <<(kr —2)+ %tli“lc <1zz>) dt.

From the discussion following (5.1I), we know that the series defining @y (iz; z) and @ (—iz; 2)
are uniformly convergent in —7 < arg(z) < 0 and 0 < arg(z) < 7 respectively. Thus
using these series representations in the above identity and then interchanging the order of
summation and integration, we arrive at

a;ﬁggk)(n)f(n) = /j f(t) (C(k —2)+ ltliz—lg <1 Z Z)) dt
ECURR LD /

# [ @RS (ent it ) (o) 'E e,

ay'B

T

142

Fz)K® ((2#)%“(@%33)%) (i) F 1 dz

v’ B

Here we use the residue theorem twice to obtain

’8 1+2 1+2 >
S smom = [0 (k- o)+ g F o (FE) ) de2em 'Y s )
a<n<f « n=1
B 1+2 —1 — — i
></ fe)t i _l[exp <m<k12)> KW ((277)%“(7%)%6%) dt
. 2k
i exp (lﬂ'(k ;kl — Z)> ng) ((2F)%+1(nt)%67%) dt:| .
Finally, invoking Theorem 2.1} we arrive at (2.8). This completes the proof.
O
Proof of Corollary Letting k = 1 in Theorem 2.2 gives
B ° B
> ) = [ (60 =)+ 1 ) O+ 20207 Y o) [ D At

a<j<p n=1

Now invoke Lemma {4.9 with z = 472nt, simplify and then replace z by —z to arrive at
(2.10). Here, we have made use of the elementary fact o_.(n)n*/? = o,(n)n"*/? as well as
the fact [5), p. 842] that cos (§72) M.(2/x) — sin (372) is invariant under the replacement
of z by —z, which, in fact, is an easy consequence of the definition in and the identity

K_.(§) = K.(8).
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g

Proof of Theorem[2.4, We first prove the result for z # k — 1. Using the inverse Mellin
transform of F(s), one can write

iagk) (n)f(n) = i o) (n)21/ F(s)n™*ds = i F(s)((s)C(ks — z)ds, (5.21)
n=1 n=1 T J(e) T J(e)

where ¢ > max {1, %e(z)} . Since f € .7(R), its Mellin transform F(s) is holomorphic on

Re(s) > 0. Moreover, integration by parts gives the following identity for M(f)(s):

- /0 @ e = M) s ).

Hence

s(s+ 1) (s+i)F(s) = (1) T M(FOI) (s +i + 1),
This proves that F'(s) has an analytic continuation to the whole complex plane except for
possible simple poles at s = 0,—1,—2,--- . We know that ((s){(ks — z) has simple poles at
1 and 2. To transform the line integral in (5.21)), we shall consider the following contour
C:=lc—iT,c+iT, N+ iT,\ —iT], where

k

Choose 7' large enough so that | Im(z) /k| < T. Now employing the Cauchy residue theorem,
we have

A = —e, with max {o, —Re(z)} <e<l1. (5.22)

i, F(s)((s)((ks —z)ds = Ro + R1 + Ri+=, (5.23)
271 C k

where the residues are given by

—2 00 . +
Ro = lim sF ()G ks — 2) = p M) = 52 [ prgpay = - SE,

o = lim(s = DF)C(sIC (ks = 2) = FOGE—2) = ¢k =) [ f)dy,
S— 0

Rigs = lim <s ! Z Z) F(s)C(5)C (ks — 2) = %F (1 J]g Z> ¢ (1 Z Z) . (5.24)

Now let " — oo in (5.23)). It can be checked that the integrals along the horizontal segments
go to zero whence

L[ R c(s)chs — 2)ds = Ro+ By + Rowe + 1, (5.25)
271 (c) k
where .
I:= 3 o F(s)((s)C(ks — z)ds. (5.26)

We would like to write I in terms of an infinite series involving the function sk (n). To that
end, using twice, we have
(27.‘.)(16—&—1)5—7;
C(s)C(ks —z) = ———T(1—5)C(1 —s)I'(1 —ks+2){(1 — ks + z)

2

X sin (%) sin <g(k:s = z)) .
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Substituting this expression into the right-hand side of (5.25) and employing the change of
variable s = 12 — w, we have

(k+1) ( Lz fw) —z
. 1 (2m) k F(1+Z—w>F<w+1—1+2)(<w+1—1+z>

T 2mi (—as L) 72 k k k

x T(kw) ¢ (kw) cos (g (w 411 Z Z>> cos <”2w> duw.

From (5.22), we have —1 < A < min {O, Re,gz)} which implies Re(kw) > 1 as well as

Re(w 41— 1£2) > 1. Hence, invoking (I.14) and interchanging of the order of summation
and integration (which is justified by the absolute and uniform convergence), we have

14z o

(27r)(k+1)( - a : / L+z (k) k1, \ 7Y
I— 1 . e 2
2 ;Sz (TL) 271 <—>\+%€<2)) A w 2 (’w) << 7T) TL) dw

1tz 00
(2m) (D (5) == Ky L / 1+2-8&\ v (€ 1 1\~ dE

where
1+2 s 1+2 m
(k) — _ = T _ °
NP (w) : F(w—l—l ? )cos<2 <w+1 k ))F(kzw)cos(Qk:w),

and where in the last step we employed the change of variable w = £/k so that Re(§) =
—kX+ 14 Re(z).

Observe that max{0,1 — k& + Re(z)} < Re(&). We also need Re(§) < 1ERe(2) for reasons

k+1
to be clear soon, however, we unfortunately have Re(§) > 1 > lfiel(z) at this stage (since

A < Re(z)/k). To circumvent this problem, we shift the line of integration to max{0,1 — k +

Re(z)} < " =Re(§) < %ﬁ(z) and apply Cauchy’s residue theorem. Since —1 < Re(z) < k

and Re(§) > 0, we do not encounter any poles of the integrand in this process. (There is no

pole at { = 1 as well because the possibility of F (H;_E) giving rise to it arises only when

z = 0, since —1 < Re(z) < k, and even if that is the case, cos (5 (1 — %)) = 0 there.) Also,
the integrals along the horizontal segments tend to zero as the height of the contour tends
to oo. Hence

_ (27T)(k+1)(lzz)*z 0 ) 1 14+2—-¢ () 13 141 1 =€ d¢
1= B S sy [ (R w0 () (et T
(5.27)

with max{0,1 — k + Re(z)} < ¢’ = Re(¢) < %ﬁ(z)

Now insert the integral representation of /', namely,

F<1+Z_§> :/O g f () dy

in (5.27), then interchange the order of integration which is permissible due to the decay of
F (since f € . (R)) so that

142 o'
- (2m) D)~ (k) /OO N * (& 141
I= — ;Sz O SR (OF = (G (2m)*in

el

7dy

¢ d¢
) %
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)-s . L
(k) H*) ot % L d 5.28
I A G Rl P UL .29

where, in the last step, we invoked (4.55)). Note that we had to shift the line of integration to
Re(£) = ¢” to be able to use [@.55).

From (5.21), (5.24), (5.25), (5.26) and (5.28), we are led to (2.17).
Now when z = k—1, the only difference is that the poles of the integrand of (5.23) at 1 and

(14 z)/k coalesce giving a double pole because of which Ry = [;° f (M) dt. O

_ em

2

6. A GENERALIZATION OF THEOREM [1.1]OF WIGERT

This section begins with certain lemmas which will play a crucial role in proving Theorem
2.5 We first evaluate special values of the function B(z, b) defined in (2.12) and 2.13).

6.1. Special values of B(z, a). The nextresultevaluates B(z, a) at non-negative even integers.

Lemma 6.1. For m € NU {0},

B(2m,b) = %lﬂmg_b(—l)m'
Proof. To prove this lemma, we use the identity (2.14) so that
lim B(z b) ( 1)mb2mfl COSh(b) _ z(—l)mi p2n
z—2m 2 9 —~ F(Qn “om & 2)
— E(_l)mb2m—1 COSh(b) _ z(—l)m i b2n
2 2 £~ T(2n—2m +2)
T T ©  p2m+2i
:f_lmemfl hib) — (1 ym R
2( ) cosh(b) 2( ) > T@ii D)
= g(—l)m[ﬂmfl cosh(b) — g(—l)m[ﬂm*l sinh(b) = g(—l)mb%ﬂ*le*b'

Similarly, one can prove that

Lemma 6.2. Form € N,

B(~2m,b) = ~p=2m(

2b

m—1 b2j+1
T(2] +2)

j=0

The proof of this lemma is similar that of Lemma|6.1|and is hence omitted. The next result
evaluates B(z,b) at positive odd integers.

Lemma 6.3. For m € NU {0},
. 2m _
B(2m+1,b) =0 E I‘ 2n+ Y(2n+1) —logb).

Proof. At first glance, it seems from (2.14) that B(z,b) has singularities at odd integers.
However, we show that at positive odd integers, they are removable.
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We write down the Laurent series expansions of the terms in (2.14). A bit of calculation
implies that for m > 0,
7b*~1  coshb a_q
= O(lz—(2 1 6.1
2 cos(mz/2) z—(2m—i—1)+a0+ (Il = @m+ 1)), 1)
where a_1 = (—1)™"16*" cosh(b), and ag = (—1)™ 16> log(b) cosh(b). Here we have used
the fact that

C-1
z—(2m+1)

where c_ 1 2(—1)™*!. Now we shall try to find the Laurent series expansion of the second

term in (2.14), i.e.,

sec(mz/2) = +O0(lz—(2m+1)|), (6.2)

T oo b2n
5 sec(mz/2) > NeTp— (6.3)

n=0

at z = 2m+ 1. We need to find the Laurent series expansion for the entire function m
at z = 2m + 1. Note that the sum over n in (6.3) will run from n = m to infinity since the

first m terms are zero. One can check that

r(2n—12+2) =do+di(z=(2m+1)) + 0 (|z = Cm+ 1), (6.4)

. . 1 T d 1 _ Y(2n—2m+1)
with dy = T@n—2mTT) and di = lim,_,(9;5,41) &= TEn—2msl) = T(n—am+1) for n > m, where

1 (z) denotes the logarithmic derivative of the gamma function. Thus, combining (6.2) and
(6.4), the Laurent series expansion of (6.3) becomes

T
2

<z—(c2_7rlz+l) +0(z—(2m + 1))) > 6 (do+di(z— (2m+1))+ 0 (]2 — 2m+1)).

n=m

Substituting c_1, do, d; and simplifying, one can find that the coefficient of m is

oo b2n
and the constant term is
m+1 = 2n —2m + 1) m+1b2m > n,(p 27’L + 1)
3 i Sl e

Finally, combining (6.I), (6.5) and (6.6), we can easily see that B(z,b) has a removable
singularity at z = 2m + 1 and adding constant terms we complete the proof. O

Remark 10. In particular, letting m = 0 in Lemmal6.3] we see that

C>o15(:ost
B(1,b) = »(2 1) —1 .
=[5 me ¥(2n+ 1) ~logh)

This result was recently established in [23, Lemma 3.2]. The integral in the above identity is known
as Raabe’s consine transform. The reader is encouraged to see [23, Section 3] for more details on this
integral.

The next three lemmas offer interesting partial fraction decompositions of some algebraic
functions.
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Lemma 6.4. For k > 1 odd,
k

_ > Gy (6.7)
2k 2% 2 .
“"+a j:1t2_<ailjc 1)
and for k > 2 even,
k 2j—1
tk: C2, IC J
. —9q E A (6.8)
2k 2k 2>
e =12 (o)

k)(2j—1)

_ 1— am
where Coj_1 = 5-a "“Cik and Cuj, := ek,

Proof. For any k > 1, one can easily check that roots of 2! + a?* = 0 are t; = a f,]fl for
0 Sj < 2k — 1. Note that tp = —to,tk+1 = —t1,  ,lop—1 = —tp_1. Thus,

128 0 = (b —to)(t+to)(t —t1)(E+t1) - (E —tp_1)(t + tr_1)

= (1* = @G — a*C) - (1 — PG,
Utilizing the method of partial fraction decomposition, one can write

tk i Coj—1 &
t2k+a2kzz<t_ac2g 1+t+a<,2g 1 (6.9)
with

alfk alfk( l)kfl
Cyi1=——+——,and Cy; = ———~——— (6.10)

J kC4k 1)(25-1)° J 2k<4k 1)(25-1)"
When k > 1 odd, Cyj_1 = C3j and when k > 2 even, Cy;_1 = —Cy;. Substituting these
values of Cy;_1 and Cy; in (6.9), we obtain and (6.8). O

Lemma in turn, leads to the following partial fraction decompositions, the second of
which was obtained by Koshliakov [34, pp. 124-125].

Lemma 6.5. For k > 1 odd,

k—1 L= —
tF -1)za' k| 1 - B; B,
t2k+a2k:( )Qka Zra j2 2+ ; 23\ |’ (6.11)
=112+ (a 4,1) t2 + (a 4‘,3)
where Bj = ¢ ii_k)@j ) and B is the conjugate of B;, and for k > 2 even,
k

1k _1)5-12-k 2 A A

+a — ( - 1) 24 (agj%”)
(2—k)(2j-1)

where Aj = (4, and Aj is the conjugate of A;.

Proof. We prove the result only for k odd. The proof for even k is similar. From (6.7),

2 k
Coiq 2tCY, Coiq
=2t J + + 2t é,
t% +a? ]z; t2 — (a 2= 1)2 t? — GQCEIQC 4_;3 2 — (a 2j—1)2
4k j=5t 4k
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where Cy;_1 are defined in (6.10). The term corresponding to j = (k +1)/2is

k—1
2t ~1)zalk ¢
G _(ZD)7e . (6.13)
12 — aQCf,’;’ k t2 + a?
Also,
k=1 _ .
” 2 Chii Cal R (k-1)/2 Cillc*k)@rl)
5 =
j=1 12 — (a Z{c 1) & j=1 2+ (a zfc = k)
where we used (2 1 = —1. Changing the variable 2j — 1 — k by —2.J yields
k-1, (B=1)/2  —27(1—k)
-1 1 k‘t
Ch > o Car (6.14)

AT
& J=1 t2+ (a@f‘])
The sum from j = (k+3)/2 to k is treated in the same way. Mainly, we replace 2j — 1 — k by
2J to have
k (_1)%&_% (k=1)/2 Cz;;] (1—k)

oy et D e

2 2J
j=kis 12 — (a 2 1) = 2+ (acq)”

Finally, combining (6.13), (6.14), and (6.15), we derive (6.11). To prove (6.12), we use

and separate the sum in two parts, the first from j = 1 to k/2, and then the second from
j =k/2+ 1to k. The details are similar. O

The above partial fraction decompositions permit us to obtain an elegant explicit evaluation
of an integral:

(6.15)

Lemma 6.6. Let k > 2 be an even integer and m be an integer such that 0 < 2m < k. Then the
following identity holds:

k/2

oo 4k+2m _1)e4m—1
/0 " cos(t) L, _ m(=1)2 L2m- k+1z [exp (%(1 —k+2m)(2j — 1) — aes (- 1)>

t2k 4 g2k 2k

+ exp <—;Z(1 —k+2m)(25—1) — ae$(2j1)> ] .

oo tk-l—z t
Proof. LetZj 4(2) := / tQ]HC_OaSZ(IJ dt. It converges in —1 — k < Re(z) < k. Employ (6.12)
0

to see that

k
. E_l 2—k 2 (e’ z _ o0 z
Ty (2) = (-1)27'a ZAJ/ t* cos(t) : dt+Aj/ t* cos(t) i,
’ k , 0 2j-1) 0 42 —(2j-1)
j=1 (GC4 ) e+ (aCsz )

where A; and A; are defined as in Lemma 6.5| ﬁ Note that the above identity holds for —1 <
Re(z) < 2 since the integrals on the right side are convergent in this region only. Invoking
Lemma 2, we obtain

—(_1)7_1 o iA B (z aC42] 2 ) —1—/1]-3 (z,a{EQj_l)) .

7=1

Ik:,a(z) =
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At this juncture, we use Remark |4 to analytically continue the above identity in the region
—1 < Re(z) < k. Now let z = 2m with 0 < m < k/2, in the above identity and then utilize
Lemmal6.1] to derive

T
Ik,a(zm) — ( 1) +m 1 2m k+1 Z
2k =

A C42m 1)(25-1) eXp( GC42] 1))

A emDEY (—aC;C@j_l))].

Finally, substituting values of A;, 4; and simplifying, one sees that the proof is complete. [

Proof of Theorem[2.5] We first prove the result for w > 0 and then extend it by analytic
continuation to Re(w) > 0.

Substituting f(x) = exp(—zw) and F(s) := M(f,s) = T'(s)/w® in Theorem [2.4] and
simplifying, we get

((=2) [ C(k—z) 1T (4 1+
;a n)exp(—nw) = — 23 + wz +kw(S+Z)/)k<< kz)

) z OO oo z
> 8 (n) / HY ((%r)””’“(ny)l/’“)ﬁ*lexm—yw)dy, (6.16)
n=1 0

(27‘()(k+1 (
2

where S (n) and H & (x) are defined in (1.13) and respectively. Our main aim is to
simplify the integral

° 14z
18wy = [ O (g )y el (617)
where o = (2m)1+Y/kpl/k Assume first 51 < Re(z) < k — 1/2. Now write gk (ay/*)

as an integral using (4.55) and interchange the order of integration using Fubini’s theorem
(which is justified because of the presence of e™¥") to get, for max{0,1 — k + Re(z)} < ¢ =

Re(s) < 121131(2),

1 TS s—1—2z2 T (s—1—=z2

9 = g [ s (F)1 (S 1 eon (5 (1) o
x/ yHZis_le_ywdyds
0
1 _a+» s s—1—=z Tm(s—1—z
e o (1)
1+z-s YA
><F< 2 >(aw ) ds.

Using the reflection formula

A e ]

and then simplifying, we arrive at

%) (n) = — w“ZZ)/ Ls) cos (’;))
(©

Zw Amik
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Note that our assumption % < Re(z) < k — 1/2 ensures that the line Re(s) = 1/2 lies
inside the strip max{0,1 — k + Re(2)} < Re(s) < %el(z) Hence we now employ Theorem
.w1th G(s) = T(s) cos (%) (while keeping in mind Remark@ and (3.2)) and F'(s) =

m anduseLemmasoastoget for k 1 <Re( )< k‘—l/2,

. 0o tk:—i—z k—z—1 00 k+z
1) () = w5 ——— oS (ozufl/kt) dt =& COSE::) dr,  (6.18)
’ o tP+1 w 0 a4 oy

where, in the last step, we employed the change of variable 2 = aw~!/*t. Now observe using
Theorems [4.7] and that the extreme left-hand side of is analytic in Re(z) > —1
whereas the extreme right-hand side is analytic in Re(z) < k. Hence by analytic continuation,
holds for —1 < Re(z) < k.

We now find an explicit evaluation of the integral on the extreme-right hand side of
for any complex z with —1 < Re(z) < k. For simplicity, let a = o/w'/*.

First, consider the case k > 2 even and let —1 < Re(2) < 2. Employing the partial fraction
decomposition and using the definition of A; from Lemma 6.5, we have

o0 g+ cos(x) (_1)5—1 2-k _2 z)d oo 2 cos(z) d
¥ cos(x a x* cos(z) dx x* cos(x) dx
dr = Aj; A
/0 22k g2k M L Z / 2]12+ j/o 2
a ak )

(o)

A;B(z,al3™ Y + A;B(z,a¢ Y )]. (6.19)

Il
—~
|
—_
SN—
MBS
Eo
—
IS
T
ol
=

J=11

By analytic continuation (see Remark 4), holds in —1 < Re(z) < k, where B(z,b) is
given in (2.14). From (6.16), (6.17), (6.18! and (6.19), we arrive at for w > 0. Since both
sides of are analytic in Re(w) > 0, the result holds for Re(w) > 0.

We now turn to the case £ > 1 odd. Assume initially —1 < Re(z) < 1. We use the partial
fraction decomposition thereby obtaining for —1 < Re(z) < 1,

k—1
oo 2+l cost dt 2 oo ¢rtlcost
/ 2 + a2 t2 Bj/ 2
0 i 0 424 (aélui)
o o] tz—i—l t
b, [Tt dt}].
0 t2 + (ag&f])

Proceeding along the similar lines as in the case when k was even, we can see upon using

(2.14), we have, for —1 < Re(z) < k,

2 1 g2k ' k

/°° th+2% cos t (—1)162;1(114C
0

k-1

B(z+1,a) + XT: [BjB <z + 1,a<j,{;) +B;B (z + 1,a@fﬂ') }] .

J=1

2y g k

/°° th+2 cos t p (—1)%(11*]C
0

(6.20)

From (6.16)), (6.17)), (6.18) and (6.20), we arrive at (2.16) for w > 0. By analytic continuation,
the identity holds for Re(w) > 0.

O
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Proof of Corollary[2.6] Let z = 2m with 0 < m < k/2 in Theorem [2.5/to obtain

> —2 k—2 1T (H2m) ¢ (H2m
Zggg(n)e_nw:_a 2m)+C( . m)+k (% (1+)2€ng/kk )+P2(k)( L (621)
n=1

where, with a = a/w'/* = 27(27n/w)V/*,

E_ 2_ 9,y 00 k
P® (w) = (—1)z ' (2m)? 2 S () 2 2 4B (2m ac2i 1) +AB <2m acf(ijl))
2m = 7T2kw2/k 2 1: 2m E . j 5 GG 4,
n= 1=

1+2m 0o k;

_ (—1)§+m*1 ( ) ZSQ Z[ (1—k+2m) (25— 1)exp (—271- <27Tn> C42J 1)
k — a w

1
—(1—k+2m)(2j— 2 (25—
MY (_% (T) e 1>)]7

where we used Lemma [6.1| in the last step. The result now follows from substituting the
above expression of Pz(f,g(w) in (6.21) and defining Ly, .(w) := > o2, S (n) exp(—n'/Fw).

U
Proof of Corollary2.7} The proof is similar to that of Corollary [2.6/and is hence omitted. [

7. CONCLUDING REMARKS

The focus of this paper was obtaining the Voronoi summation formula associated with
the function o) (n). Two versions were achieved. The first one was in Theorem [2.2| for the
finite sum >, _, 5 o) (n)f(n), where f is analytic, and another, in Theorem for the
infinite series > - ; oM (n)f(n), where f is a function from the Schwartz class. It might be
interesting to find appropriate conditions on the non-analytic functions f for which Theorem

is still valid, and the non-Schwartz functions f for which Theorem 2.4]still holds.
A considerable part of the paper was devoted to obtaining properties of the functions

H¥(z) and K (2) defined in and respectively. The proof of the crucial relation
between them which was established in Theorem necessitated an application of the
uniqueness theorem from the theory of linear differential equations and required properties
of elementary symmetric polynomials and the Stirling numbers of the second kind. The
initial value problem for the uniqueness theorem was solved by proving for0 <j <
2k + 1. Since holds, a worthwhile thing to do would be to show that for 0 < j <2k +1,

Vi dad 02k by b2k+2 4 2k 0
_ %(—1)%1“ (7k_j;1_z) coS (2 (7’c Jkl Z)) , if 7 is even, 7.1)
0, if j is odd,
where b; are defined in (2.7). We enlist some steps which may aid in proving (7.1).
2\ 2k k+1,0 {}
Let& =4 (&%) and let G(¢) == G, 2k+2<b1, e bors ‘f) From [8| p. 157],

xﬁcj;;‘; — f: s(¢,m) (xjx)e (w),
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where s(¢,m) are the Stirling numbers of the first kind. Hence

) § m
i e = Y stim) (:):Cfx) G(6)

X

s(j,m)(2k)™ Y~ S(m, n)E" ——G(&), (7.2)

where, in the last step, we used (4.42). Employing the result [47, p. 621, Formula (38)] (note
that b = 0)

egmeo-cems(, U )

d&n ny:--- 7b2k+2
in (7.2), we get
di 1< _ - — n~k+1,0 i} L a2k
2708 = l,jmz::ls(.%m)(%) ;S(m,n)(—l) G0,2k+2<n7...  bopro ’1 (%) ) - (7.3)

While this suggests an application of L'Hopital’s rule as the next step towards obtaining
(7.1), we are unable to obtain this way.

We now mention an interesting thing we observed. Note that proving is equivalent
to proving in view of (2.5). If one formally applies Parseval’s formula to the

right-hand side of (4.55), it still evaluates to H Z(k)(x)! This suggests that perhaps there exists
a grand generalization of Parseval’s formula which encompasses Vu Kim Tuan’s extension
given in Theorem 3.2 to accommodate the case where both functions f and g are highly
oscillatory and neither one has its Mellin transform absolutely integrable on [0, co).

It would also be interesting to see solutions of the differential equation in Theorem
other than A" (z) and the integral in Remark [7l This is particularly important in light
of or, more generally, (4.54). Differential equations analogous to the one in Theorem
have played an important role in number theory and special functions. We note two
studies in this regard. The first one is by Wigert [61] and is concerned with our work in
a forthcoming paper [21]. The other is by Everitt [27, Equation (2.6)] who considered a
differential equation having as one of its solutions a generalization of the Bessel function of
the first kind denoted by J, ;. ().

Finally, it may be important to study the integral

00 . 1
/0 tz-‘,—l 23’“ Ju(ﬁt)!],/ (tk> dt,

where J,(€) is the Bessel function of the first kind defined in (1.4). Indeed, for p = v =
—1/2, it reduces (except for a constant in front) to H *) (z) in view of the relation J_; 5(z) =

\/ = cos(z). Similarly, for u = v = 1/2, it essentially reduces to the integral in #I3) since

Jija(w) =/ 2 sin(z). For k = 1, this integral was studied by Hanumanta Rao [29] (see also
[58, p. 437]) and appears in his work on self-reciprocal functions [57] and which has led to a

large amount of research; see the survey on p. 5 of [25].
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