VORONOI SUMMATION FORMULAS, OSCILLATIONS OF RIESZ SUMS, AND
RAMANUJAN-GUINAND AND COHEN TYPE IDENTITIES

SHASHANK CHORGE AND ATUL DIXIT

ABSTRACT. We derive Voronoi summation formulas for the Liouville function A(n), the M&bius function
w(n), and for d?(n), where d(n) is the divisor function. The formula for A(n) requires explicit evaluation
of certain infinite series for which the use of the Vinogradov-Korobov zero-free region of the Riemann zeta
function is indispensable. Several results of independent interest are obtained as special cases of these
formulas. For example, a special case of the one for u(n) is a famous result of Ramanujan, Hardy, and
Littlewood. Cohen type and Ramanujan-Guinand type identities are established for A(n) and o4 (n)os(n),
where os(n) is the generalized divisor function. As expected, infinite series over the non-trivial zeros of
¢(s) now form an essential part of all of these formulas. A series involving o4(n)os(n) and product of
modified Bessel functions occurring in one of our identities has appeared in a recent work of Dorigoni and
Treilis in string theory. Lastly, we obtain results on oscillations of Riesz sums associated to A(n), u(n) and
of the error term of Riesz sum of d*(n) under the assumption of the Riemann Hypothesis, simplicity of
the zeros of ((s), the Linear Independence conjecture, and a weaker form of the Gonek-Hejhal conjecture.

CONTENTS

L Tntroduction]. .. .....oooi 2
2. Main resultsl . . . oo e 7
2.1. Results on the Liouville function A(n) |.............oooiiiiii i 7
2.2. Results on the square of the divisor function d*(n)|..............oiiiiiiiiiiii ... 9
2.3.  Results on the Mobius function pu(m)|.......ooooeii 10
2.4. Cohen and Ramanujan-Guinand type identities for og(n)op(n) ...t 10
3. Preliminaries]. . . ... 13
[4. Proofs of the results on A(n)|. ... ... 14
4.1.  Infinite series evaluation using the Vinogradov-Korobov zero-iree region|................. 14
4.2.  The Voronoi summation formula for A(n)l............ ..o 17
4.3, Corollaries of the Voronoi summation formulal............. .. o o i 21
4.4.  Cohen type identity for A(m)]. ... . ..o 25
4.5.  Ramanujan-Guinand type identity for A(n)].............oo 26

5. Proofs of the Voronoi summation formula for d*(n)|................cooiiiiiiiiii .. 27
6. Proofs of the results on o, (n)op(1n)]. oo o v 32
6.1. Cohen type identity for oq(1)on(17)]. .o oo v 32
6.2. Ramanujan-Guinand type identity for o, (n)op(n) ..o 35
[7._Proofs of Theorem [2.9|and Ramanujan’s identity (LI)[.......................oo.l. 36
illati 1ESZ SUIIIS. « « v v vttt ettt 37

9. Concluding remarks|. . . ... e 42
REfETENCOS . ... 43

2020 Mathematics Subject Classification. Primary 11M06, 11M26; Secondary 33E20.
Keywords and phrases. Voronoi summation formula, non-trivial zeros of the Riemann zeta function, Vinogradov-Korobov
zero-free region, oscillations of weighted sums, Cohen type and Ramanujan-Guinand type identities.
1



2 SHASHANK CHORGE AND ATUL DIXIT

1. INTRODUCTION

Two of the famous unsolved problems in number theory are the Gauss circle problem and the Dirichlet
divisor problem. Let d(n) denote the number of positive divisors of n. The Dirichlet divisor problem
aims at finding the optimal error bound on ), ., d(n).

Almost all of the improvements on the error term of » _ d(n) rely on a formula of Voronoi [63],
now bearing his name, and specifically known as the Voronoi summation formula. For example, Voronoi
himself used his result to improve the error bound from O(y/z) to O(z'/3log(z)). A more general version
of this formula, studied by Voronoi himself, involves a test function ¢ satisfying certain conditions, and
is a representation for the sum ) _ d(n)¢(n). Putting further restrictions on ¢, one can even obtain
a Voronol summation formula for the infinite series > > | d(n)#(n) in which case the formula takes the
form

> d(n)é(n) = / (2y + log(t))p(t)dt + 277261 / ( Ko(4mv/nt) — Yo(sz)) (1.1)
n=1 0
where v is Euler’s constant and Y, () is the Bessel function of the second kind of order v defined by [64
p. 64, Equation (1)]

1 = 2D o) < I8

for v ¢ Z, and by Y, (§) = lim,_,,, Y,,(§) for n € Z, and where J,,(§) is the Bessel function of the first kind
of order v defined by [64] p. 40]

X 1\ym 2m+v
a9 =Y COEIEL g < o, (12)
m=0

Moreover, K, (§) is the modified Bessel function of the second kind of order v defined by [64], p. 78, eq. (6)]

Ky(é.) = E (I—V(g) — Il/(g)) (I/ € C\Z),

2 sin(mv)

K(©) = lim K, (6) (ne2) (1.3

where I,,(£) is the modified Bessel function of the first kind is defined by

e_%””iJl,(e%”if), if —mr<arg{ <73
e%m’in(e_%“{), if § <argé <.

The reader is referred to the excellent survey articles [9], [48] on this topic.
Different authors have obtained different conditions of varying generality and applicability under which
is valid, for example, holds if ¢ : R — C is a smooth compactly supported function on (0, 00).
A generalization of for the generalized divisor function og(n) := >, d* can be obtained by

lettinﬂ B — oo in [0, Theorem 6.3], thereby obtaining

© B
5o m)oln) = ~3604C6) + [ (61 8)+ 47700 s))ole)
n=1
S B S
—|—27TZO‘ n2/ F?gb(){( s(dmv/nt) — Y(4mvn ))

X COS (7; ) Js(4mv/nt) sm( 5 > }dt (1.5)

1The interchange of the order of limit and summation can be justified under certain extra hypotheses on ¢ than the ones
given in [0, Theorem 6.3]. For example, it is definitely valid for ¢ belonging to the Schwartz class.
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where —1/2 < Re(s) < 1/2 and ¢ satisfies certain conditions, for example, see [6, Equation (6.9)]. This

formula, in turn, was recently generalized in [23, Theorem 2.4] for o (n) := >4k, d°; where k € N, and
where ¢ is a function belonging to the Schwartz class.

Besides playing a vital role in improving the error estimates in the lattice point problems such as
the Dirichlet divisor problem, the Voronoi summation formulas and are also useful in ob-
taining some important modular transformations. For example, the special case of when ¢(x) =
e ™ Re(y) > 0, and s is an odd integer, encapsulates the modular transformations satisfied by Eisenstein
series on SLo(Z) and their Eichler integrals; see [22] for more details. Also, the case ¢(x) = e™*¥ of
is used in the study of moments of the Riemann zeta function ((s); see [II] for the same.

A formula of the type or for the series Y 7 | a(n)¢(n) (or, for that matter, for 3 a(n)d(n)),
where a(n) is some arithmetic function, ¢ satisfies certain hypotheses, and whose right-hand side involves
an infinite series of an integral transform of ¢ is called the Voronoi summation formula for a(n). Today
such formulas are known to exist for a large class of arithmetic functions. The reader is referred to the
excellent survey [42] on this topic as well as for a recent survey [7].

Among other things, this paper aims at obtaining Voronoi summation formula for an arithmetic func-
tion whose Dirichlet series evaluates to a quotient (or reciprocal) of the Riemann zeta function in a certain
half-plane. It is clear that the non-trivial zeros of the zeta function ought to then play a vital role. In
Theorems and we obtain such formulas for the square of the divisor function d?(n), the Mdbius
function p(n) and the Liouville function A(n) respectively. Let n = pi*p3? - - - pi*, where p;, 1 < i < k are
distinct primes. Then the latter two functions are defined by

1,  ifn=1,
pn) =< (=DF ifay =--- =ap = 1,
0, else,

)\(n) = (_1)a1+a2+~~~+ak'

For Re(s) > 1, the Dirichlet series of A(n), u(n) and d?(n) are respectively given by

A C(2s)  pm)(n) 1 o~ () _ ¢*(s)
7;1 n a C(S), 7; ns o C(s)’ Z ns - C(QS) (16)

The formula for d?(n) respects the operation of squaring in the sense that the kernel associated to the
integral transform of the test function ¢ contains two copies of 2 =Ko (4f ) Y0(4\/E) in its triple integral
representation; see Theorem- 8 below. The corresponding formulas for A(n) and p(n) given in Theorems
1 and 2.9 have simple kernels involving the sine function.

As far as the Mobius function is concerned, certain identities of such kind are known. For example.
let ¢(z) and ¢)(x) be pair of reciprocal functions in the cosine kernel, that is,

- 2 [ - I
P(z) = ﬁ/o o(u) cos(2uz)du, ¢(x) = ﬁ/o ¥ (u) cos(2ux)du. (1.7)

n=1

Let

1 1

26) = 55 /O T ey dn,  Zo(s) = 5 /0 T e () da (1.8)

be the normalized Mellin transforms of qg and 1[1 respectively. Then an identity indicated by Ramanujan
to Hardy and Littlewood [30} p. 160, Equation (2.535)] reads
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where a8 = 7, and where p denotes a non-trivial zero of ((s). The special case ¢(z) = P (x) = e,
again due to Ramanujan, and discussed in [30, p. 158, Equation (2.516)], which has received a renewed
attention in recent years [21], [38], [1], [16], [28] is

o = Me—ﬂoﬂ/nQ o = Me—ﬂﬁ2/n2 _ 1 F((l - P)/2) af
Vel VILT el )

1 T2,
TTAALT )

Here, the series over the non-trivial zeros are not yet known to be convergent in the usual sense. For
m € Z, let py, := Bm + iYm denote the m'™ non-trivial zero of ¢(s), where p_,, = By — Ym. If we bracket
the terms of the series in such a way that the terms for which

[m = V| < €xp (—cym/ log(vm)) + exp (=, / 1og(Vh,)) »

where ¢ > 0, are included in the same bracket, then the series converges; see [61, p. 220]. It is believed
that the series are not merely convergent but rather rapidly convergent and so bracketing may not be
required. However, this is unproven as of now even upon the assumption of the Riemann Hypothesis

(RH). The bracketing requirement can be expressed by rephrasing the series > p W&P in the form
m7, 00 Dy, 1< T Wupm, where, {1} is a sequence tending to infinity such that |1}, — | >

exp (— A%/ log(ym)) for every ordinate v, of a zero of s [61] p. 219].

The Voronol summation formula for u(n) that we obtain in Theorem gives (and hence (2))
as special cases. This formula as well as most of our results in this paper involve infinite series over
the non-trivial zeros of ((s) for which we use the same notation, that is, limz, Z|7m| -, to indicate
bracketing with {T,,} being a certain sequence.

While both the infinite series occurring contain the same arithmetic function d(n) (and likewise,
o_s(n) in the case of (L.5)), this is not true in general. In the case of A\(n), the corresponding function
we get is the function ¢(n) defined by

. ¢(n) ((2s—-1)
> =) (1.10)

where Re(s) > 1. The series is absolutely convergent in this half-plane. It is easy to see that

n=1

c(n) = mu(k) if n = m2k, where k is squarefree. (1.11)

Moreover, since |u(k)| = p?(k), in the same half-plane, we have

m?k)s ¢(2s)

m=1 p prime

Z'fﬁ)'— B _cgs o1y [ (14p) = 822D (1.12)
n=1

In the course of proving the Voronoi summation formula for A(n), that is, Theorem we need to
evaluate certain infinite series involving ¢(n). For example, we prove that

ZCS:L):; ZC(”):’W:_; (1.13)

n=1 n=1

An interesting feature here is that one needs to make use of the Vinogradov-Korobov zero-free region
for ((s) [62], [36] to evaluate them. The standard zero-free region is not sufficient. See Theorems
and Note that both series in are conditionally convergent. Several interesting corollaries of
the Voronoi summation formula give interesting transformations for series involving ¢(n) and A(n). See

Corollaries 2.2 - 2.5
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Also, in the expression for Y °° ; d?(n)$(n) that we obtain in the Voronoi summation formula for d?(n)
that is, Theorem we encounter another arithmetic function b(n) which is defined by

> n 4 S
> b;s) = Cés(_)l) (Re(s) > 1).

n=1

As shown in Lemma b(n) is multiplicative and for n = p¥, where p is a prime and k > 0,

bp*) = (k : 3) —p(’“ : 1). (1.14)

In his seminal work, Voronoi obtained the identity [63, Equation (5), (6)] (see also [55) p. 254])

2Zd ) Ko(dmyim) = 5 3 dimlog(z/n) _ 7 _ (1 42 ) log(z) — 1082 (1.15)

x2 —n? 2 4 Ar2y o2m2a

n=1
where ]arg(x)\ < 7. It can be derived from (1.1)) by letting ¢(t) = Ko(4mv/tz). An application of this
identity is in obtaining the following identity of Koshliakov [37, Equation (5)], which is, in turn, used to
derive a simpler proof of the Voronoi summation formula for d(n) [37]:

2id(n) <K0 <47re%\/%> + Ko (47‘(’67%\/%)) =—y— flogac e Z $2 + 2, (1.16)
n=1

47Tx

where z € C\{z € C : Re(z) = 0}. Soni [58] proved that both (1.15]) and ( are equivalent to ((1.1f).
Another important identity associated with d(n), and termed as K oshliakov’s formula [10] (see [37]), is

~log (4 ) +4Zd VKo(2mnz) = ; (v ~ log(472) ~|—4id(n)K0 (T)) , (1.17)

n=1 n=1
where Re(x) > 0. Observe that the arguments of the modified Bessel function occurring in the series on
the left-hand sides of and involve \/x and z respectively. It is known [58] that is also
equivalent to .
A generalization of in the setting of o_s(n) was given by Cohen [I7, Theorem 3.4] who proved
that for > 0 and s ¢ Z, where Re(s) > 0 El, and k € Z such that £ > [(Re(s) + 1) /2],

877305/220 2K (4my/nz) = A(s, 2)C(s) + B(s,)¢(s + 1)

2 e s—2k s—2k

* S (ns/2) > C2ie2i— 8 42t Y o () | | (1.18)
1<5<k n=1
where
A(s,x) = L — (20)7°T(s), B(s,z) = g(27r)_5—11ﬂ(3 +1)— e
T sin(ms/2) , o w cos (ms/2)

Equation (1.16)) can also be generalized in this setting; see [6, p. 844, Equation (7.3)].
Lastly, (1.17) can also be generalized to get what is known as the Ramanujan-Guinand formula [55]

p. 253, [27], [20, Theorem 1.2], namely, for Re(x) > 0,

(mr)*/20 (§)<<s>+<m>s/2r<> +4za W2 K y(2m)

_ ! ((W/J:)S/ZI’ (3) <)+ (fayrm (;) C(—s) + 4§:a_s(n)ns/21{s/2 <2m>> S (119)

2As mentioned in [I7], the condition o > 0 is not restrictive since K_,(w) = K(w) implies that the left-hand side of
(1.18)) is invariant if we replace s by —s.
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This has a connection with the Fourier expansion of non-holomorphic Eisenstein series on SLs (Z) and
its functional equation; see [I7, p. 60]. Note that Koshliakov’s formula can be viewed as the
Ramanujan-Guinand formula corresponding to d(n).

One may wonder how the underlying strategy for deriving the Voronoi-Ramanujan-Cohen identity

(1.15)) or Cohen’s identity ((1.18|) differs from that used for proving Koshliakov’s formula (1.17)) or the

Ramanujan-Guinand formula (1.19) as all of the identities in these formulas involve infinite series of
the modified Bessel function but with different arguments. The answer is, (1.15) or (1.18)) entail the
asymmetric form of the functional equation of {(w) in their derivations, that is, [6I, p. 24],

T (w)¢ (w) = %(277)%(1 —w)sec () (1.20)

whereas, (1.17) or (1.19)) require the symmetric form of the functional equation, namely,

1—w

7 E (5) Clw) = A <2> C(1—w). (1.21)

For example, using [46, p. 115, Formula 11.1], for ¢ = Re(z) > :E%Re(s),

1
oy r (z - g) r (z + %) (4n°nx)~*dz = 2K,(4n\/nx),
T ()
(where, here, and throughout the paper, by [ (c)» We mean chii;o), we see that

o0

;a_s(n)ns/sz(zlm/ﬁ) = ﬁ /(C) r (z - g) r (z + %) (i ‘W) (4rz)~*dz

A LGS NS HEE I

provided, we now take ¢ = Re(z) > 1 + 1Re(s). In the last step, we used the well-known result

S (o= 3)< (4 3)

The last integral can now be transformed using (|1.20). But if we consider the series occurring on the
left-hand side of (L.19), then performing a calculation similar to the above, for ¢ = Re(z) > +1Re(s),

g:la_s(n)ns/sz/z(anx) = 871”./(0) r (% — Z) ¢ (z - g) T (g + Z) ¢ (Z N ;) (r)~*dz,

which needs for simplifying the integrand.

With this mind, one may obtain new identities of these kinds by working with different arithmetic
functions. Following the terminology in [3] and [4], we call identities of the type or as Cohen
type identities. Also, we term those of the type or as Ramanujan-Guinand type identities.

Our second goal of this paper is to obtain Cohen type and Ramanujan-Guinand type identities, when-
ever possible, for functions whose Dirichlet series can be represented as quotients of Riemann zeta function.
While we again concentrate on A(n) and d?(n), we also obtain such identities for o,(n)oy(n). These can
be seen in Theorems and corollaries and In Remark [4, we explain why
one cannot obtain such identities for u(n).

We emphasize that there are very few studies on infinite series involving o,(n)oy(n). Wigert [67]
undertook a brief study of > 2, 0_1(n)o_q(n)e”"*, where o > 3, and obtained a transformation for
it [67, Equation (8)]. In their recent work in string theory, Dorigoni and Treilis [24, Equation (4.29)]
encountered the series » 7, Ua(n)ab(n)n*(“er)/QKa/z(an)Kb/g(2n:r), which is the exact series that we
transform thereby obtaining the Ramanujan-Guinand identity for o,(n)oy(n). Indeed, the Laplace equa-
tion considered by Dorigoni and Treilis for which the exact solution is the non-perturbative part of the
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Fourier zero-mode sector has precisely this series as its inhomogeneous part [24, pp. 36-37]. This show-
cases the importance of such series not only in number theory but also in physics. It is our hope that
other series such as the ones in will eventually find their use in similar analyses.

We now come to the third and the last goal of our paper, namely, obtaining results on oscillations of
certain weighted sums involving the arithmetic functions p(n), A(n), and of the error term corresponding
to the Riesz-type sum associated to d?(n).

Historically, people have been interested in studying oscillations of functions associated to p(n), A(n)

and d(n), namely, % > < H(N), % > n<z AM(n) and 1/4 (anx d(n) — xlog(x) — (2vy — 1):1:) as r — 00.
For example, Ingham [33] showed that

x%OOT = —o0 and hmm_mo \/5
assuming RH and the Linear Independence Conjecture (LI) which states that the positive imaginary
ordinates of the zeros of ((s) are linearly independent over Q.

Using a method similar to the one that we have used for deriving our Voronoi summation formulas, we
obtain oscillation results on the weighted sums of p(n) and A\(n) where the weights are functions of Riesz
and Schwartz type. For the corresponding Riesz type sum on d?(n), we obtain a result on the oscillation
of its error term. These results are stated and proved in Section [§

lim =00

2. MAIN RESULTS

2.1. Results on the Liouville function A\(n). Let ®(s) be holomorphic in —1 < Res < 2 except for
a possible pole of order two or less at s = 0, and such that

(o +it) < t71 % ast — +o0 (2.1)
for some 6 >0 and -1 <o < 2.

Theorem 2.1. Let A(n) denote the Liouville function and recall the expression for c(n) from (1.11)).
For 0 < o < 2, define ¢(x) := 5= [T &(s)z~5ds, where ®(s) satisfies (2.1) and the condition before

2wt Jo—ioco
@.1). For m € Z, let py := Bm + ivm denote the m™ non-trivial zero of ((s), where p_m = Bm — iYm.
Assume that the non-trivial zeros of ((s) are simple. Then there exists a sequence of numbers {T,}>

with T,, — oo such that

g:lA(n)gz)( 1/ o dx+ Jim Z 4, / ¢(x) P da
+\fz / ¢ si <7r2n:v+z>dx

Remark 1. We allow ®(s) to have a pole at s = 0 in order to accommodate well-known functions ¢
belonging to Schwartz class such as e™* and Ko(z) as well as the functions used to construct Riesz sums.

The condition that ®(s) has at most a double pole at s = 0 can, of course, be relaxed to have a pole
of any order at 0, and the result should remain as above. However, the calculations for justifying this
become increasingly complicated and hence we refrain from doing so.

(2.2)

Corollary 2.2. Let y > 0. Under the assumptions of Theorem we have

S ny_ AT ¢2pm)T(pm) .
nz_:l)\(n)e v 2\f4(% T_m Z y~ "’

/
aoTs ¢'(pm)

Z \/\/4y + m2n2 — 2y+\/\/4y +7T2n2+2y
VA4y? + m2n?




8 SHASHANK CHORGE AND ATUL DIXIT

In addition, if we assume RH and the absolute convergence of the above series over the non-trivial zeros
of ¢(s), then, as y — 0T,

S r-o(l)

Corollary 2.3. Let I;(§) be defined in (1.4) and let y > 0. Under the assumptions of Theorem we
have

oy (yony _ L) 1 C op
Z:)\(”)e '= 4)+2T,£L>m Z " (7)‘74 ’

3/2 2 2 2,2 2,2

7r _n’n ™n ™n

+——) c(n)e 32 (I_l < ) + 1 < >> : (2.5)
4./y nZ:l 1\ 32y 1\ 32y

In addition, if we assume RH and the absolute convergence of the above series over the non-trivial zeros
of ((s), then, as y — 0T,

ZA e =0 (y11/4> (2.6)

Corollary 2.4. Let K4(&) be defined in (1.3|) and let y > 0. Under the assumptions of Theorem we

have

i)\(n)Ko(ny) - \/;gfé)m (451> 4Tn1_>oo Z C/ (7> <2>pm

Yy
o
: 11 1
+7T% C(n) 12F1 77771774_* . (27)
1 V/n(wPn? + 4y?)i 2722 2\/m2n? + 4y

In addition, if we assume RH and the absolute convergence of the above series over the non-trivial zeros
of ¢(s), then, asy — 0T,

Z)\ ) Ko(ny) 0<\}§). (2.8)

Corollary 2.5. Let J4(&) be defined in (1.2) and let y > 0. Under the assumptions of Theorem

1

Z/\ <1—7>

™Y C(2pm) T'(pm) om

e )+ filﬁloohzd o (p,:+3)y

< TS G () (sim (552 oon (F52)) 1 (P2 (s () —oon () }
(2.9)

In addition, if we assume RH and the absolute convergence of the above series over the non-trivial zeros
of ((s), then, as y — oo,

[NIE

3 An (1—7) =0 (V7). (2.10)

n<y
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Remark 2. There exists a transformation for the sum 3, ., A(n)(1 —n/y)*, where k > —1, which
generalizes the above result as the integral inside the series on the right-hand side of can be explicitly
evaluated. However, the evaluation in terms of generalized hypregeometric functions is complicated as
opposed to the elegant Bessel function evaluation in . Hence we refrain from giving the same.

We now obtain Cohen-type identity associated with A(n).

Theorem 2.6. Let z > 0 and let ¢(n) be given in (I.11). For m € Z, let pp = Bm + iYm denote the m*™
non-trivial zero of ((s), where p_py = Bm — iYm. Assume that the non-trivial zeros of ((s) are simple.
Then there exists a sequence of numbers {1}, with T,, — oo such that

—5/2 2 2

_ A — *5/2 *71'71,:6/2 T C 2pm - (2pm — 1)
nzl n(z? + n?) Z \/ﬁ 2v2¢ (3) (%) 22 Tn%oo Z<Tn pm) (27 2)Pm
(2.11)

Remark 3. This identity should be compared with (1.16]).

We conclude this subsection by stating the Ramanujan-Guinand type identity associated with A(n)
and c(n).

Theorem 2.7. There exists a sequence of numbers {T,,}5° | with T,, — oo such that

x 2 1 > 2 2 n? n? ml/4
5o () )
2T = g S et il )+ B8 ) * 2 e )

((2pm) T'(pm) —pm
+ lim lmZ;Tn o) T (pm/2>(\/%x) pm. (2.12)

2.2. Results on the square of the divisor function d?(n). Let ®(s) be a holomorphic function in
the stril:ﬁ —1 < Res < 2 and such that

(o +it) < t7370 (2.13)
as t — oo for some § >0 and —1 <o < 2.

Theorem 2.8. Let d(n) be the divisor function and recall the expression for b(n) from (1.14)). For
~1 < 0 < 2, define ¢(z) = 5= ;_Jr,f;o O(s)x~5ds, where ®(s) satisfies the aforementioned conditions.
Form € Z, let py, := B + ivm denote the m™ non-trivial zero of ((s), where p_pm = Bm — iYm. Assume
that the non-trivial zeros of ((s) are simple. Then there exists a sequence of numbers {T),,}°2 , with

T,, — oo such that

> d(n)g(n) = /O OO(Ao + Ay log(x) + Aglog®(x) + Az log® (2))¢(x)da

p7m
+ lim 2 / o(x B 1dy
Ty—00

|m| T, 2 (2.14)
. % Z / / / ( Ko(4v/7) — Yo(4\/5)> (iKo (4vy) - Yb(‘l\/ﬂ))
- « 2 s <2\/@>dzdxdy,

z TNz

3Unlike in Theorem [2.1 we do not allow the function ®(s) in Theorem [2.8|to have a pole at s = 0 so as to not compromise
on the elegance of the result, but, in principle, this can be done.
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where
Ay = % (247°7 — 72970y + 12789 — 43292727 (2) + 2887%91¢'(2) + 3456772 (2)? — 10368¢(2)?
— 288y7¢”(2) + 17287%¢(2)¢"(2) — 4871¢"(2)),
Ay = % (367%m° — 24754, — 2887’ (2) + 8647%¢'(2)% — 727" (2))

1
Ay = — (1297 = 3677¢(2))
™

1
72’

with 1 being the first Stieltjes constant.

Az = (2.15)

2.3. Results on the Mo6bius function p(n). Let ®(s) be holomorphic in —1 < Re s < 2 except for a
possible simple pole at s = 0, and such that

(o +it) < t7170 (2.16)
as t — +oo for some § > 0 and —1 < § < 2.

Theorem 2.9. For 0 < o < 2, define ¢(z) = ﬁf::l;o O(s)x~*ds, where ®(s) satisfies the afore-
mentioned conditions. For m € Z, let py, := Bm + iym denote the m™ non-trivial zero of ((s), where
Pem = Bm — ©Ym. Assume that the non-trivial zeros of ((s) are simple. Then there exists a sequence of

numbers {1, }22, with T,, — oo such that

- o in 1 o0 R > M o0 B sin?(r /nt)
> uotn) =<2+ Jim 3 — " otayrnia DY o [Tt - (=

Tp—00 !
" |'7m|<Tn C (p

where k is the residue of ®(s) at s = 0.

In Section [7}, we briefly sketch the proof of the above theorem since it is similar to that of Theorem [2.1]
and since the latter is proved in complete detail in Section [4.2]

Corollary 2.10. Ramanugjan’s identity (1.9)) holds.
Remark 4. One does not get Ramanujan-Guinand type and Cohen-type identities for p(n) since the

corresponding integrals 5 f(c) WEZ)C(S) and 5 f(d) % diverge along any vertical line.
2.4. Cohen and Ramanujan-Guinand type identities for o,(n)o,(n). Although we do not Ventureﬂ
into deriving the Voronol summation formula for o,(n)oy(n), we do obtain Cohen-type identity as well
the analogue of Ramanujan-Guinand identity for this arithmetic function.

Before stating the Cohen-type identity for o4(n)os(n), we need to define an arithmetic function C y(n)
occurring in our formulas below. It is defined by means of the Dirichlet series

3 ca;sgn) :: C(s)C(SC—(gc(z—bb)g(s,l)— a—b) (Re(s) > 1) o.17)
n=1
where
n:=max {1,1+ Re(a),1+ Re(b),1 + Re(a+b),1 + Re(a + b)/2}. (2.18)

We now give an expression for Cg(n) as the Dirichlet convolution of two familiar functions. Write the

right-hand side of as
C)Cls — a)(s —b)C(s —a =) _ (()(s—a)(s—D)(s—a=b) _C@s—a=b) o0

((2s—a—-b-1) ((2s —a—0b) C(2s—a—-b-1)

In principle, this can, of course, be done, and a formula generalizing that for d?(n), that is, (2.14) can be derived;
however, it is quite complicated and hence we refrain from going in that direction.
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Now for Re(s) > n, we have [61), p. 8, Equation (1.3.3)],

¢(s)¢(s —a)¢(s = b)¢(s —a—b) _ o~ ga(n)oy(n)
¢(2s—a—D) B Z s '

(2.20)

n=1

Morever, if ¢! denotes the Dirichlet inverse of the Euler totient function ¢, then, for Re(s) > 2, we have

S0 o7 (n)n* = ((s)/¢(s — 1), whence, for Re(s) > n,

((2s—a—0) >
C(QS*a*bfl —
where
a+b —1 ifn = m?2
Fap(n) =4 ¢ (m),ifn=m%, (2.21)
' 0, else.

Thus, from (2.19)-(2.21)), we see that
Cap(n) = (0a0p * Kap) (0). (2.22)

Theorem 2.11. Let —1 < Re(a),Re(b),Re(a — b),Re(a +b) < 1 and = > 0. Let Cyp(n) be given in
[2:22). Let f(s) := [(s)((s). For m € Z, let pm, := Bm + iym denote the m™ non-trivial zero of ((s),
where p_py = B —iYm. Assume that the non-trivial zeros of ((s) are simple. Then there exists a sequence
of numbers {T,,}°°, with T,, — oo such that

>~ oty " N
n=1
= 327rx1%kb sin (%a) sin <7T2b> i Cﬂ) (Ka—l <47r\/%) Ky (47TM>
n=1 T
K (s o (1) + D b (1) K (47 ) - 202
X sin <%a) sin < b) (21: Ry (z) + Rita(2) + Rigs(z) + Ritats(z)) + T}LILHOO Z Ry, ap(® )) )
0 [ym|<Tn

(2.23)

where

—f(a)f(a = b)f(=b)

—f(=a)f(=b)f(-a-b) _ B
Bo(@) = =5 ooy Rale) = =5 5 27) (4r2p)~0,
Ry(w) = _f(zl)}{b(b__(;?ﬁ()—a) (4m%z)7",  Repp(z) = _f;;(l—_l:_)g(_@lf)i(b) (4m?z) b,
Ri(z) = f(1 - a)f(1 - b)(4r’x) ™", Rita(z) = f(1+a)f(1 - b)(dn’z) 7177,
Ripp() = f(L+0)f(L —a)(dn’2) """ Rienp(x) = f(L+a) f(L+b)(An’) 17070, (2.24)
and
Ry apla) = L Pm+ a4 DS+ pm =@+ D)/D((L+ ot a = D)/ (L +pm = 0= b)/2)

20 ()T ) (420) 57 (225)

As a corollary, we get the Cohen-type identity for d?(n).
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Corollary 2.12. Let x > 0. Recall the notation for the non-trivial zeros of ((s) from Theorem and
assume that they are simple. Let Cyp(n) be defined in (2.17), or equivalently, by (2.22). Then there exists
a sequence of numbers {T,,}5° | with T,, — oo such that

2( :clog x/n) 3 K3 (4my/nx)
= 2Ky(4 Ki(4 -
Zd — 2 =87 fz\fCog o(4dmv/nx) Ky (4ny/nx) e
2
=5 |48 )+ AR (x) + lim > Ry.00@) |, (2.26)
o <
where
r (Tp> ¢! (Tp) log? (4m%x)
Rﬂm7070(x) = pmtl Ri(z) = P
2¢" ()T (o) (d722) ™2 ™
and

2

Ro(z) = % + 3log?(2) — 721og(A) + 6(y + 121log(A))(121og(A) — log(27)) + log(w) log(647>)

3
+3 log(z) (4 + 481og(A) — 4log(27) + log(x)) — 61 + 36¢" (—1),
with A being the Glaisher-Kinkelin constant.

Remark 5. The above identity should be compared with (1.15)). Also, for a = b = 0, the arithmetic
function Cqp(n) can be written in an alternative form, namely, Coo(n) = b(n), where b(1) =1, and for

primes p, b(p*) is defined in (1.14)).
We now state the Ramanujan-Guinand identity for o4(n)op(n).

Theorem 2.13. Let a,b € C and x > 0. Let Cyp(n) be defined by (2.17). Let g(s) :=I'(s/2)((s). For
m € Z, let ppy, := B + iy denote the m™ non-trivial zero of ((s), where p_p, = B — iYm. Assume that
the non-trivial zeros of ((s) are simple. Then there ezists a sequence of numbers {T),,}>° , with T,, — oo

such that
8 = Ua(n Ub(n) 2M C,a b( ) 0, %’PT(I’%’ lfgfb 22
ot Z n(a+b)/2 Ky @na) Ky (2na) = 7ra+b+12 n G4,2 1Za-b 3-a=b |24
T2 on=1 n—1 T 0 1

1

+Z ) + Rita(®) + Riyp(2) + Ritatn(T))
k=0

+ > Rpmosn (2 (2.27)

|7m|<Tn

where Gg:% is the Meijer G-function defined in (3.3)), and

Ro(z) = —g(—a)g(-D), Rq(z) = —g(a)g(=b)z™",
Ry(x) = —g(b)g(—a)a™ Raye(z) = —g(a)g(b)a™ ",
_ Vmg(l —a)g(1 —b)g(l —a—1) _ Vmg(l+a)g(1+a—1b)g(l-b)
() = 92— a—by o Rue(@) = 1@ +a Dzt !
Vg(l+0)g(14+b—a)g(l —a) Vrg(l+a+b)g(1+a)g(l+Db)

R = Ritq = , (2.28
1+b(x) (2 +b— CL)ILH) ) 1+ er(x) 9(2 +a+ b)x1+a+b ( )
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and

1 pmt+a+b Pm—a+b Pm+a—D> pm—a—0>
Remsas (@) = = 0 m+a+bg< 2 >g< 2 )9( 2 g 2 ‘
2r (T)C(pm) 2 (2.29)

Remark 6. As mentioned in the introduction, the series on the left-hand side of (2.27)) has recently
turned up in the work of Dorigoni and Treilis [24] in string theory.

The following corollary gives the corresponding Ramanujan-Guinand identity for d?(n).

Corollary 2.14. Under the same hypotheses in Theorem [2.13|, we have

4 (7 — log (%)) + SZdQ n)KZ(2nx)
23/2 o0

Z C'oo (%,

where xRy (x) is a complicated cubic polynomial in log(x).

Remark 7. The left-hand side of Corollary should be compared with that of (1.17)), the corresponding
formula for d(n).

D=

)

NN

1
aga
4

2 _ 4 4
45624) + 4R, (37) + lim Z (pm/4) (pm/2) xfpm/gj
n=m

Timoo £ 20 (%) C'(pm)

Remark 8. While the Meijer G-function occurring in Theorem does not admit a representation in
terms of well-known functions, it can be represented as a double integral involving the modified Bessel
function of the second kind. Indeed, using the basic properties of the Meijer G-function, namely,

1
_  A\B—lpm,n [ Q1,02, " ,Qp _ m, n+1 1—a,a1,a2,‘-'7ap
/0 <1 fE) Gp7q <b17b27”'7b )dm (B)Gp+1 g+l <b1)b27”‘7bQ71_0[_ﬁz>,
and [51), p. 621, Formula (39)], namely, for m < q—1,
i ZquGm,n A1, 5,0, An41,° " ,0p p _ bq 1Gm n at, - ,0n,An+1, " ,04p
dz Pra \ by, by b1, - 5 by Prd \ by, by bt -+ 5 Dg—1, by +1|7

it 1s not difficult to see that
y)

—a —b —a—b
= UGy 5 —’aQb’ £ i
Tl—2) "7 (=0T (a1 , X )
/0 it { T Kap (JtTy) + Zip Kyt (@)}dxdt-

T4
3. PRELIMINARIES

Stirling’s formula for the Gamma function in the vertical strip p < o < ¢ is given by [I8 p. 224]

ID(o +it)| = V2r|t| 227 (1 +0 (,;)) (Jt| = o) (3.1)

Theorem 3.1 (Parseval’s formula). [47, p. 83, Equation (3.1.13)] Let F(s) and G(s) be the Mellin
transforms of f(x) and g(x) respectively. If F(1 — s) and G(s) have a common strip of analyticity, then
for any vertical line Re(s) = ¢ in the common strip, we have

27”/ G(s 1—s)ds:/0 f(t)g(t)de, (3.2)
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under the assumption that the integral on the right-hand side exists and the conditions
t“lg(t) € L[0,00) and F(1—c—it) € L(—o0,0)
hold.

We now define the Meijer G-function [51], p. 617, Definition 8.2.1]. Let m,n,p, q be integers such that
0<m<q,0<n<p. Letay,---,ap,b1,---,b; € Csuch that a; —b; gNfor1 <i<nand1<j<m.
Then the Meijer G-function is defined by

n —w

b1, b, bma1, H] 4l 1 b; w) Hj:n+1 I'(a; +w)
where L goes from —ioo to +ico and separates the poles of I'(1 — a; — w) from the poles of I'(b; + w).
The integral converges absolutely if p + ¢ < 2(m + n) and |arg(z)| < (m+n—2) 7. In the case
p+q=2(m+n) and arg(z) = 0, the integral converges absolutely if (Re(w) + 3) (¢ — p) > Re(¢)) + 1,

where 1) = 231'21 bj — Z§:1 aj.

4. PROOFS OF THE RESULTS ON A(n)

Before proving Theorem we derive some crucial lemmas in the following subsection. These lemmas
are interesting in themselves.

4.1. Infinite series evaluation using the Vinogradov-Korobov zero-free region. Recall the defi-
nition of ¢(n) from (L.10)). In the Voronoi summation formula for A(n) given in Theorem we crucially
require the exact evaluation of the Dirichlet series of c¢(n) at s = 1. If we let s — 1 on both sides of
and formally interchange the order of limit and summation on the left-hand side, we do get a
correct evaluation. However, the rigorous justification of this result is delicate and requires the use of the
Vinogradov-Korobov zero-free region. This is exactly what is done next.

Theorem 4.1. Let ¢(n) be given by (1.11)). We have

Proof. From (|1.10]), we have

=, () _ ((1+20)
nzz:lnHw (1 +w)

for Rew > 0. From [43, p. 140, Corollary 5.3], for T' large enough, 1 < x < T, and g > 0 (to be chosen

later),
1 oo+iT 2

ZC(”):./ A+2w)a®, " e (4.2)

—n 270 Joo_ir C(14+w) w
where

x 490 4 g0
R 1
< ¥ (1) + S
x/2<;b§2w

Now we first approximate the error term R. Using (1.12]), we see that

(1+00)¢(1+200) 1
Z n1+oo o C(2+ 20y) < ;8

as o9 — 07. As ¢(n) < /n,

S (1, o Ve w3

n T|x —n|
z/2<n<2x
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Thus,
%  J/zxlogw
R .
< TO'(Q) * T
We take o9 = béz to get
R< ﬁ;?g ‘)

Now we will compute
I_/UW'T ¢(1+2w) v
so—ir C(1+w) w
From Vinogradov-Korobov zero-free region [36], [62], we know that ((1 + w) has no zeros when o >
for some ¢ > 0. (For state-of-the-art results on how large ¢ can be, the reader is

Cc
 log?/3(1)(loglog(1))!/3
referred to a recent article by Mossinghoff, Trudgian and Yang [44].)

We construct the contour [og — iT,00 + iT,01 + iT,01 — iT|, where o1 =

- c
10g2/3 (T) (log log(T))1/3 >°

that the rectangle formed by the contour completely stays in the Vinogradov-Korobov zero-free region.
Invoking the residue theorem and taking into account the simple pole of the integrand at w = 0, we see
that

1 2 w o1+iT 1 92 w o1—1T 1 2) w oo—1iT 1 9 w
I — Res,_o <C<+w>$> N / A+2w)a®, / A+2w)a® / L +2w)a”
(14+w) w sotir C(1+w) w orir C(1+w) w oy —iT C(1~|—w)( w)
4.4
Using the Laurent series expansions of ((1 + 2w) and ((1 + w) around w = 0, it is easy to see that
C(1+42w) zv 1
Res._ 7y _ 1 45
=0 ( (l+w) w) 2 (4.5)
In the given region of integration, we have [61) p. 136]
1 2 1
— K log3(t)(loglog(t))3 4.6
Aot < og3 (t)(loglog(t))? (4.6)
Also, from [56], p. 98], for —1/2 <o <0,t > 2,
3
IC(1 + o + it)] < #1022 Jog3 (1) (4.7)

for some ¢; > 0. Since —0 < 10g2/3(t)(1;g10g(t))1/3, we see that |((1 + o + it)| < log"(t) for some n > 0.

Thus, combining (4.6 and (4.7)), we get

(14 2w)

m < log” t (48)

for some x > 0. Hence

/Ulﬂ'T C(142w)zv log" T
g

—dw < log™ T
orir C(I+w) w

9 (gg — < .
X (0'0 0'1) T

Similarly,

= - dw <k
—ir ((1+w) w v T

/UOZT C(1+2w) ™ log" T

Now we compute

o141 w
/ (14 2w) LA
o1—iT C(]' + w) w
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Using (4.8]), we obtain

o141 c T
/ ' M 7d <Lz logz/B(T)(logllog(T))l/g’ / logK‘ tﬁ
t
o 1

i C(1+w) w (4.9)
< xlog2/3<T><1_ocgllog<T>>1/3 10g*’~+1(T)
We now choose x = exp(log4/ 5 T). Then from , and ,
Z c(n) 1 N O<2log“T n loghttT N exp(0.51og¥> T) logT>.
n<z 2 T exp (01 log?/'*(T)(log log(T))—l/?’) T
Thus taking the limit T" — oo, we arrive at . (|

Remark 9. Since c¢(n) = Q(y/n), neither Ingham’s theorem [19, p. 63] nor its extended version for
bounded arithmetic functions is applicable here. Hence we use the above method of evaluating the infinite
series using contour integration. As can be checked, the standard zero-free region does not suffice to have
the right-hand sides of and go to zero as T — 0o, and hence this is one of those rare instances
where one has to resort to the Vinogradov-Korobov zero-free region.

Theorem 4.2. With c¢(n) given by (1.11]), we have
i c(n)logn v
n 2

n=1

Proof. Let Re(s) > 1. Differentiating both sides of ([1.10) with respect to s, we see that

B 2. ¢(n)logn _ C(s)¢(2s—1) 2¢"(2s—1)
2 6

Again, from [43, p. 140, Corollary 5.3],

n)l 1 oot (1 142 2¢'(1+2
o cldlogn LT G 200 B0y st,
ol 270 Joyir Gl +w) (I+w) Jw
where
|1ogn ) x 4"0—{—1“’0 le(n)|logn
R< Z E— 1’T|$_n| Z oo
z/2<n<2x
n#x
X |e(n)llogn  d [((s)¢(2s —1) X |e(n)|logn 1
From ‘ , We have 771;1 T - % W . Hence 7,”;1 W < 0‘78’

As ¢(n) < /n,

Z le(n)|logn in (1’ x ) < vz log? z
x/2<n<2x n T‘I’ - n| T
n#x

So with og = we obtain

1
log x>

\flog x \/:Elog2x
TUO T T

In the Vinogradov-Korobov zero free region, using (4.6)), (4.7), and a bound on ¢’(1 + w)/{(1 + w) [61]
p. 136], we have

R<<

¢A+w)g(L+2w)  2¢°(1 + 2w) x
T Chre) T rw) SO
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for some x > 0. Since the rest of the proof follows the same technique as that of Theorem [4.1] we arrive
at

—c(n)logn C+w)(1+2w)  20(1+2w)\ 2z v
_nzl n _ilinow(_ Cltw) T ((Itw )w 2

0

4.2. The Voronoi summation formula for A(n). Theorem is proved here. Let 7 be a number
satisfying 0 < 7 < min (0, 1/8), where § > 0 is the number occurring in ([2.1)).
Define the integral I by
=1 ¢(2s)
2w gy C(8)

d(s)ds. (4.10)

The integral is well-defined since for large enough |t|, ®(o + it) < t~17% and for a fixed o > 1, we have

C(20 4 2it)/¢(0 + it) = Oy(1). Therefore,

1 €25) 4 s = 3 A /( L P as = S Am)é(n), (4.11)
T n=1

N 277T’L (1+7') C(S) o 21

where the interchange in the order of summation and integration can be justified using the dominated
convergence theorem.

We would like to shift the line of integration to Res = —7, use the functional equation of {(s), and
then employ the change of variable s — 1 — s so as to be able to write the resulting shifted integral as an
infinite sum. . B .

Let T be a sufficiently large number. Form the sequence {7} defined by Ty = T and T,, =

Too1 + Tig for n > 1. Tt is not difficult to see that {7,,}°°, — co. From [34, Lemma 1] (see also [53,

Theorem 2] or [5, Lemma 2.8)), there exists a sequence {T,}>°, with T, € [T;,—1,7T,] such that

o+ il < Ty (4.12)
for any € > 0 and 1/2 < o < 2. From ,
((s) = x(s)¢(1 = s), (4.13)
where x(s) := mo7aT (152) /T (%). Now implies
x(o +it) ~ Y277, (4.14)

1
3te

This, along with (£.13)), implies that for —1 < o < 1/2, 1/¢(0 4 iT,,) < Ty % = < T¢. In conclusion,

€
(o +iT,) < Ty, (4.15)
forany e >0 and -1 <o < 2.

Construct the rectangular contour [1 4+ 7 —iT,,, 1 + 7 + 4T}, —7 + iT},, —7 — iT}|, where T,, is a number
belonging to the sequence {T,}>°_; constructed above. Inside the contour lie the pole of the integrand
at 0 (due to ®(s)), the simple pole at 1/2 (due to {(2s)) as well as the simple poles due to the non-trivial
zeros of ((s) (assuming the simplicity of the zeros). Let p,, denote the m*™ non-trivial zero of ¢(s). Then,
by the residue theorem,

14+7+4T), —T+iTy —7—1Ty 14+7—1Ty C(23)
[/ +/ +/ +/ ] () (s)ds = 2mi [ Ro + Ry + Z R, |,
1 1

+7—iTy, +74+iTh, —7+iTn —7—1iTp [y |<Th

(4.16)

where R, denotes the residue of the integrand gé(is))@(s) at the pole a.
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Let us analyze the integrals along the horizontal segments as T,, — co. For 1/2 < ¢ < 3, we have

(o +iT) < T4,

as T — oo, which follows from the bound [61, p. 96, Equation (5.1.8)] zT TY%) and
the Phragmén-Lindeldf principle. Moreover, for 0 < o < 1/2, we use 1 , (4.14), and (4.17) to
B

t
get ((o +iT) < T3* 7 <« T%* Now for —1/4 < ¢ < 0, we have [61, p. 95, Equatlon (5.1.3)

((o +14T) < T'/?77 <« T3, Combining the last two bounds, for —1/4 < ¢ < 1/2, we have

(4.17)
D

C(o +1iT) < T3/, (4.18)
as T'— oo. Thus, from and (| -,
—7+ily C(2S /1+T C 2u + 2iT), )q)(u T )du
17+iTh C(S Clu+1iTy) "
/4 ¢ 2u + 22T ) 7 ¢(2u 4 2iT},)
Rk CEY ) T,)d R LUV iT,,)d

1+7
< / T3ATET 1 0 du + / TYATET 10w,
_ 1/4
Now choose € = § so that

1+7 3
lim THATST- 1704y = lim < + T> T34 =0,
Tn—00 J1/4 Tp—o0 \ 4

1/4

and [YATIATEr1-0qy < T, so that

1/4
lim T /2=2uper—1=dqy, = 0.
Tyn—00 _r

Therefore,

—T14+iTh, 2
lim ¢(2s)

d(s)ds = 0.
Tp—00 J14riim, $(5) (#)

Similarly, the integral along [—7 —iT),, 1+ 7 —14T),] can be shown to approach zero as T,, — co. Moreover,

observe that using the functional equation (4.13]), we have, on the line Re(s) = —7, {(2s)/¢(s) <, t7,

which, along with the hypothesis ®(s) < t~'~° and the fact that 7 < §, implies

/ C(28)<I>(s)ds < 1.
(=7)

¢(s)
Thus, from (4.10]), (4.16), (4.19) and the functional equation (4.13]), we see that
L),
= — ds+ Ro+ R 1 R
271 (—7) ¢(s) ®(s)ds + Ho + 1/2+ lm | Z Pm
1 ¢ —25)T(5 — 5)T(5) :
=— O(s)m°ds + Ro + Ry o+ lim R,,.
2mi J—ry (1 —s)(s)D (17) Tn—r00 |%L|z<:Tn
1 ¢(2s — 1)I(s — H)I(152)

@(1—8) 1— SdS+R0+R1/2+ llIIl Z R,Dm7

- % (147) C(S)F(l - S)F(%) |’YM|<Tn

where we employed the change of variable s — 1 — s. It is easy to see that

y =ty (5= 5 ) S200) i (5= 1) S [T ot tas = s [

(4.19)

(4.20)

(4.21)
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e SO0
fo = Ressmo”r 5y #15) (4.22)

where, in the first two residue calculations, we invoked the Mellin inversion theorem [41], p. 341, Theorem
1]. We choose to simplify the expression for Ry at the end.
It remains to analyze the integral on the right-hand side of (4.21)), which we denote by I;. Observe

that using (1.10)), we have

—_

(5%

/HTF D(1—s)I(3)

F(s 1 sin (WS)CI)(l — 5)2%(mn) " °ds
) 2 2

w\»—‘

I =

O(1 —s)(mn) °ds

N|® b

S w\ﬁ
”Mg ||M8 ||M8

™

N

e n—1 C(n) /(1+T
— 7S en)] <%> , (4.23)
n=1

where

<

(x) := L F<5 - 1) sin (WS>CI)(1 — s)z~ *ds.
21 J(140) 2 2

The interchange of the order of summation and integration can be justified using the dominated con-

vergence theorem. We would like to express J(z) as a real integral using Parseval’s formula (3.2]).

However, from the conditions on ®, it can be seen that ®(1 — s) is analytic in —1 < Re(s) < 1 whereas

I'(s—3)sin (%) 2~ is analytic in —1/2 < Re(s) < 1/2. Hence the Parseval formula is inapplicable

as Re(s) > 1 in the definition of J(z). To address this issue, we shift the line of integration to from

Re(s) =1+ 7 to Re(s) = —7, and then employ change of variable s to 1 — s as will be seen below.
Using the reflection formula for Gamma function and , it is easy to see that as t — 400,

F<s - ;) sin (7; > <t L (4.24)

Also, ®(1 — 5) <« t~179, This implies that the integrals along the horizontal segments tend to zero as
t — to00. Therefore, by Cauchy’s residue theorem,

J(x) = —— (T)r<s—;> sin (?)@(1—5)33%3 Ry (z) + Ri(a)

21

_ 1 (lﬂ)r(;_s) cos (?)@(s)xs—lds + Ru(e) + Ru(o), (4.25)

1
21 2

where R,(x) denotes the residue of the integrand T (s— ;) sin (%) ®(1—s)z~* at the pole a, and where,
in the last step, we made the change of variable s — 1 — s.

We now justify the applicability of Parseval’s formula to the integral on the last line of . Let
F(s)=T(s —lﬁin (%) 2™ and G(s) = ®(s). Firstly, the line of integration of the integral on the right-
hand side of (4.25) lies in the common strip of analyticity of F'(1—s) and G(s), that is, 1/2 < Re(s) < 3/2.
Moreover, it is clear from that F'(—7 —it) € L(—00,0), and also, the fact that ®(s) is holomorphic

in 0 < Re(s) < 2 implies t"¢(t) € L(0,00). Hence by Parseval’s formula

QLM_ . r(; — s) cos (?)Cb(s)xs_lds - /0 T o) (sin (m + D (tz) V2 - W\;) dt, (4.26)
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since

—S5 10w m —1/2 (t)~1/2
3 / F(s)t *ds = sin <ta: + 4> (xt) N (4.27)

which is what we set to prove next. Employing the change of variable s = w + 1/2, we have

1 1 TS$
- I‘ _ : - S

-1/2 ( 1 .
—T—3 -1

Now we know that for —1/2 < Re(§) < 1/2,

1 W
— I'w)sin | — |t~ “dw = sin(t), 4.29
271 Sty ( 2 ) v (4.29)
and for 0 < Re(§) < 1/2,
1 TWw
— I'(w) cos <)twdw = cos(t). (4.30)
270 (Re(g)) 2

Thus, in order to use both and in , we need to shift the line of integration from
Re(w) = —7 — 1/2 to 0 < Re(w) = A < 1/2 in each of the integrals on the right-hand side of ([4.28).
While this produces no poles for the first integral, we do have to consider the contribution of pole at
w = 0 for the second integral at which the residue is 1. Since the integrals along the horizontal segments
in each of the integrals go to zero as T' — oo, combining all of this and finally replacing ¢ by xt, we obtain

(4.27). Further,
- —-1/2 1
Ry(z) ="~ @<2>. (4.31)

V2
Hence from (4.25)), (4.26) and (4.31]), we have

J(z) = /OOO 6(1) <Sin (m + Z) (tz) "1/ — W) dt + x\/l;q><;> b Ri(e)
=g 12 /Oo 2 i <ta: + Ddt + Ry(x),
since ®(1/2) = [5° ¢(t)/v/tdt. Along with the definition of R;(z), this gives
<m> \f /OO o(t) (m Ddt i Ress_ll“<s _ ;) sin (7;8)@(1 - )@)
\/7/“&;5 si (mt Z)dt—Ress 0F<1—s) cos<7;‘9>q>(s)<”;> .

We now evaluate the residue on the extreme right-hand side of the above equation. As s — 0, the
standard power series expansions of the Gamma function, cosine and the power function give

oo ()(2) - o (o vn () -o(2)con)

where 1(s) is the digamma function. Since we have assumed ®(s) has at most a double pole at s = 0, let

(o ¢]
= E ams™.

m=—2

(4.32)
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Then it can be seen that

RE%ZOF<;-—3>COS(i;)dX3)<i?>s-—V@r<a_2(kg7l+log<;) —z¢<;>>-+a_1>. (4.33)

Therefore, from (4.23)), (4.32)) and (| m,
2 e(n) [ o(t) 7mt s i 1
Ilz\/izn/o WSI < >dt 22 <a2<logn+log(2>—w<2>>+a1)

= fz / gb <7T;Lt + Z)dt —log(2m) - a—2 — a_1, (4.34)

where, in the last step, we used Theorems and the fact [26, p. 905, formula 8.366.2] that
$(1/2) = — - 2log<2>. Thus from (£.21)-(£23) and (L3,

T LI e

. ( 2pm m—1
+$ﬂ)z 0 ¢ )zPm1dz + Ry. (4.35)
"7m| Th
The only thing remaining now is to evaluate the expression for Ry given in . To that end, as s — 0,
we have from [61, pp. 19-20, Equations (2.4.3), (2.4.5)], {(s) = —5 — 5 10g(27r)s + O(|s]?), which implies
45(288)) =1+ log(27)s + O(|s|?) so that Ry is the coefficient of s+

(1 + log(27)s + O(Js]2)) (% + % + 0(1)) .

This implies Ry = log(27) - a_2 + a_1. Substituting this expression in (4.35) , simplifying, and equating
the resulting expression for I with the right-hand side of (4.11)), we arrive at (2.2]). This completes the
proof.

4.3. Corollaries of the Voronoi summation formula.

Proof of Corollary 2.2 Let Re(s) > 0 and y > 0. Let ®(s) = I'(s)y~* in Theorem Firstly, ®(s)
satisfies the conditions given before the statement of Theorem and has a simple pole at s = 0.
Secondly, ¢(x) = e~*. Also, the following is easily verified:

/Oooqb\(};)dx g, /ng Yxfm™ g = ;pm).

[ e ([ (o [ ()
\/7\/ y +’T2”22 \[\/W—i—y

7rn

Next,

2+wn2

<\/\/y +”2 y+\/ y +”2”2+y>
/y +7r2n2

where, in the second step, we used the integral evaluations [20, p. 499, Equations 3.944.13, 3.944.14]
with p=1/2,n=0,8 =y and b = 7n/2. Using all of these evaluations, we arrive at (2.3)).
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To prove (2.4)), we first observe that as n — oo,

\/m—2y+\/\/4y2+ﬂ2n2+2y 2 o 1
VAy? + m2n? _\/7771+ Y\ ndz)’

where the big-O involves terms with positive powers of y. Therefore, using (4 , we see that as y — 0T,

\/\/4y + 72n2 — 2y+\/\/4y + 72n2 + 2y

VT =0(1).
Z V4y? + m2n? @
Since we assume the RH and the absolute convergence of limr, Z‘ < %y Pm e see that
C 2pm pm) _ —1/2 2Pm)F(Pm) —-1/2
i 3 S < 23 [€Com )| _ 172,
Along with (2.3), the above two equations imply ([2.4)). O

S

Proof of Corollary 2-3] Let Re(s) > 0 and y > 0. Let ®(s) = iI'(£)y 2 in Theorem so that

o(x) = e~ We refrain from giving the details since they are similar to that of Corollary instead,
we only show below how one obtains the evaluation
2,2
™n
. 4.36
(%) oo

oo —x’y 3/2 w2n2 2,2
‘ sin Lnx + 5 )da =" \/ﬁe_W (= ") +n
0o VT 4 42y +\ 32y e
C2 2
00 T8 1 3
/O 2 e P sin(ex)de = ST ( i “) By <1 - %; 5 ;) (Re(B) > 0,Re(p) > —1), (4.37)

From [26], p. 503, formulas 3.952.7, 3.952.8],

26"\ 2
_2 9
1 4y © 4%(&) p(lopl R 0, R 0 4.38
/0 H e cos(cx)dx 725% 5 ) 1h1 5 97 (Re(B) > 0,Re(u) > 0). (4.38)
Let p=1/2,8 =y and c=mn/2 in (4.37)) to get
0 g=a’y ™ ™ 3\ _nZn? 3 3 m2n?
de=—7-T1( - By (Fi | == ——— | . 4.39
. sm< ) x I (4)6 v 1<4727 16y) (4.39)

Now from [52] p. 126, Theorem 43], for 2a not equal to a negative odd integer,

1 1_
e *1Fi(a;2a;22) = oFy <—;a+ %;%) =T (a—i— 2) (%)2 aIa_;(z),

where the second equality follows from (1.2]) and (| . Using the above equation with ¢ = 3/4 and
z = 12n?/(32y) and using the resultant in (4.39)), we arrive at

- 3/2 2,2
/ ¢ sin (@) dr = \F & I T (4.40)
0 \/:E 2 4\[ 32y
Similarly letting 4 =1/2,8 =y and ¢ = 7n/2 in , we get
0o ,—z3y 3/2 292
/ c cos <7ma?) dx = f 32y (= LEN (4.41)
0 vz 2 1y i\ 32y

Therefore, (4.40) and (4.41) result in (4.36)), which, in turn, leads to (2.5)).
Using the asymptotic expansion of the modified Bessel function of the second kind [64], p. 203, Equation

(7.23.3)], it can be checked that as n — oo,
m2n? 8y 1
= 1+0, | =
(32y>> 773/271( i y<”2>>7

_ x2n2 7T2n2
e 32 (1'_411 ( 32y > +Ii
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where the big-O term involves positive powers of y. Along with (4.1]), this implies that

m3/2 2 2,2 < <7r2n2> <772n2>>
— cne 32 (I 1 + I =0(1),
4./y = (n) 1\ 32y 1\ 32y (1)
which leads to (2.6) following the analysis similar to that done for obtaining ([2.4]). O

Proof of Corollary 2.4, Let Re(s) > 0 and y > 0, and let ®(s) :=252y~*I'? () in Theorem Then
®(s) has a second order pole at s = 0, and it satisfies the conditions given before the statement of
Theorem [2.1] Also, from [46], p. 196, formula 5.39], we have ¢(z) = Ko(zy). Next,

/Oooqi(f?dx 4\/*2 <> /¢ 2Pty = 2=ty eer? (£,

Thus we will be done with proving (2.7) provided we show that

3
o(x) . (an 7r> w2 11 1 ™m
sin ([ —— + — |dz = oF1 | 5.5 lig + —F——= | - 4.42
N3 2 4 \@(772112—1—43/2)% 2°2° 72 2./72n? + 42 (442)

To that end, using [26], p. 731, formulas 6.699.3, 6.699.4], we have

©o(x) . (mnx ™ o (3 3 §.§‘_7r2n2

/0 7\/5 sin | —— dx = (2y)3/2r 1 o F1 119 57 ) (4.43)
® ¢(z) T 1 (1 1 1_1__772712

/0 Jz cos | —— dz = 23/2\ff 1 2o F1 Ty T ) (4.44)

Using [2, p. 176, Exercise 1(e)], with a = b = 1/4, we obtain

111 (1+a)"V4 , /3 111 1 [z 111 1 [z
F - T2 (2) )R Lod o)) 4oF (2,212 — = .
21(442 x) 2/7 1) P\ ey iy ) T e e T oV 1.
Similarly, one can derive (see, for example, [65]E|

L+a) V4 /1 11 .1 1 11 .1 1

2 F1 333 & :%FQ R Y 2l T EE gy By B N T S TRy e :

14 4/Tx 4 2°2° 72 2\V1+z 22 "2 2V1+4z

From (4.45)) and (4.46)), it is easy to derive

333 1 111 2m3/2 11.1 1 [ =
2¢/2I? 2 F S A (e P .
Ve <> (442 >+ (4)21<442 ”7) (1+x)1/4“(2’2”2+2 1+$>
(4.47)

Now let z = m2n?/(4y?) in - divide both sides by 23/ 2[ y, and then compare the left-hand side of
the resulting equation with the right-hand side of the equation obtained by adding the corresponding

sides of (4.43]) and (4.44)). This establishes (4.42]) which completes the proof of (2.7)).
2.8

To prove ([2.8), observe that as n — oo,

1 o) 11 1. }—i- ™ _ 2log (4mn/y) L0 <n75/2)
(7T2n2+4y2)i 22772 2/ m2n? + 4y? m/2\/n Y ’

5Tt is to be noted that the notation for the complete elliptic integral used here is such that K (k) = Z2F1 (% % 1; k),

which is different from the conventional notation whereby we have K(k) = 2F1 (2, 5 1 k2)
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where the big-O term involves positive powers of y. Thus, using Theorems [4.1] and [4.2] we see that as
y—0,

3 — 111 ™ 1
43— bkl ) _p(L),
- 7T2n2—|—4y) 2°2°72 " 9 2n2 + 4y? VY

Now RH and the assumption on the absolute convergence of the series in (2.7) involving the non-trivial

zeros of ((s) imply . O
Proof of Corollary 2.5 Let Re(s) > 0, y > 0, and let ®(s) := ‘/;I?j(+jr>(5) Then ®(s) has a simple pole
at s = 0. Also from [46] p. 195, formula 5.35], ¢(z) = (y — 2)"/? if z < y, and 0 else. Then

0 \/‘% (pm + §)

We next show

[oRs <W+Z>dx=§é{% () (o (7)o (7))

() () ()}

To that end, letting « = 1/2,8 =3/2,b=mn/2,0 =1 in [49] p. 391, Formula 2.5.7.1], one finds that

Y ) 1 ™ 1 TN
—1/2 1/2 (7rnx> do — 1Y (Lo Y 2.0 Y 4.50
/0 x (y ) sin N !13——74 141 9% T — 141 50 % 5 . ( )

Now from [51, p. 580, Formula 7.11.2.12],

o (2e) = (0 3) -1 3).

so that

and thus

1 1
A (i) an (g2ei) =2 (0 () (5) -0 (3)es (3)) - s
Therefore, from (4.50) and (4.51)),
y
J) o (F5) = 5 (n () s () = o () eos ()
Similarly using [49, p. 391, Formula 2.5.7.1] with o = 1/2, 8 = 3/2,b = 7n /2,6 = 0, it can be seen that
y
oo () o= 3 (50 (B3 () - ()0 (1),
The above two equations establish (4.49)). Now use (4.48]) and (4.49)) in Theorem and divide both

sides of the resulting equation by ,/y to arrive at (2.9).
To prove (2.10)), we first note the well-known asymptotic expansion of J,(z) [64, p. 199] as |z| — oo:

T~ 2 ( 03 ERE gy 1)) . (larg(2)] < )

w4
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I'(v+n+1/2)
I'(n+1)I'(v—n+1/2)"

where w = z — %m/ - %ﬂ and (v,n) = Then a simple calculation leads to the fact that

as n — oo,

(77 (i () + s (32)) +1 (572 (s () = oo (571)) = 2 (140 (272)).

where the big—O term involves terms with negative powers of y. Thus, using Theorem as y — 00,
TS L () (s () eon (T2)) (T2 (s () oo (52)) }
—1+0 () .

Yy

Now RH and the assumption on the absolute convergence of the series in (2.9)) involving the non-trivial

zeros of ((s) imply (2.10] - O

4.4. Cohen type identity for A\(n). Theorem is proved here. Let ¢ = Re(s) > 1. We do this by
evaluating the integral

1 I'(2s—1)¢(2s—1)
~ om © T'(s)¢(s)
in two different ways. On one hand, using (1.10) in the first step and duplication formula in the second,
we have

(2mx)*ds (4.52)

s 1 I(2s—1 s
I= Zc(n)m/(c) (F(s))(Zﬂ'nm) ds

_ 1 i C(n) efﬂ’nz/Q. (453)

On the other hand, using (|1.20) twice, we see that

1 ¢(2—2s)z™*°
= 472 /(C) 2sin (52) ¢(1 - s)ds'

Next, in order to use the fact that for Re(s) < 0, > o0, A(n)n*~! = (2 — 2s)/¢(1 — s), we shift the
line of integration from ¢ = Re(s) > 1 to —2 < ¢’ = Re(s) < 0 by constructing a rectangular contour
[c —iTy,c+ Ty, ¢ +iT,,¢ —iT,,c —iT,], where {T,,}22, is the sequence constructed in the proof of
Theorem which gives . Along with , this shows that the integrals along the horizontal
segments tend to zero as n — co. We need to consider the contribution of the poles of the integrand in
(4.52)at 1/2 (due to I'(2s — 1)) and at the non-trivial zeros of ((s) at s = pp,,m € Z. The residues at
these poles are given by

R 1 r_ S2pm —D(2pm — 1
V2T et T Clom)T(om)

Therefore, by the residue theorem,

1 75 o= A(n)
_472"/( y 2sin () 2 amsdst Rt Hm 2 B

) (2mx)~Pm. (4.54)

2

:1ZA(”1,/ M+R1/Q+ m > R, (4.55)

(¢) 2SIH( 2 ) \7m|<Tn
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In order to use the well-known formula,

1 / “fds 1
270 J(Re(s)) 28in (%) w(1+22)
which is valid for 0 <Re(s) < 2, we again shift the line of integration from Re(s) = ¢ to 0 <Re(s) < 2,
consider the contribution of the pole at s = 0, thereby obtaining

1/ vids 11 (4.56)
(@)

210 Jiey 2sin (%) w(1+2%) 7
Hence, from (4.55)) and ( -, we obtain
Z g;? +R1/2+ lim > R, (4.57)
n=1 |'Ym|<T

Now (2.11) follows from equating the expressions for I in (4.53)) and (4.57)) (while using (4.54))), and
simplifying.

4.5. Ramanujan-Guinand type identity for A(n). Before proving Theorem we begin with a
lemma.

Lemma 4.3. For ¢ = Re(s) < 1/2, we have

1 L(3—s),_ exp (—gz) 1 1
2mi Jio) T(13%) SN ez ) Thise

Proof. From [51, p. 666, formula, 8.4.23.4], for Re(s) < —|Re(v)|,

/oo e/ <1> dp = V(W —f)r —v—s)
0 2.T F (5 — S)

Employ the change of variable 2 = 4t? followed by the replacement of s by s/2 to obtain, for Re(s) <

—2[Re(v)],
/Ooo t*"Lexp <_812> K, <812> dt = vl (;:1%)({1‘2_(5_)” —3) .

Now use the above equation, once with v = 1/4, and then with v = 3/4, and add the resulting equations
to see that for Re(s) < —3/2,

/Ooots_lexp (_812> <K <812> Ky (;))dt 2{;%{ S)F(—i—i)(i)(i—S)F(—i—3).

Now replace s by s — 2, divide both sides by 4v/27, and then use the Mellin inversion (which is valid since

the integral converges absolutely for Re(s) < 1/2), to obtain the result. O
Proof of Theorem [2.7.  We evaluate
1 7 %((2
I(:U — C( 8) (S) —Sd

— x
2mi J(32) m¢/2((s)T(5/2)
in two different ways. On one hand, use ) to get

i :oo)\(n) () TL.’L' SS— n zn)? /4
I(z) nz_:l o /(3/2) s /2)(f d Z An : (4.58)
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using the duplication formula for the gamma function. On the other hand, we can shift the line of
integration to Re(s) = —1/2, and evaluate I(x) using the residue theorem. As done in the proof of
Theorem there exists an infinite sequence {T,}7° , such that

3/2+4iT), 7r—(1—2s)/2C( _25)1-\(1725)
lim 2

x %ds = 0.
Tn—oo ) _1/oair, 7w (179)/2¢(1— s)D(15%)

Hence invoking the residue theorem, using the symmetric form of the functional equation of {(s), con-
sidering the contributions of the poles at 1/2 and at the non-trivial zeros p,, of {(s), and using (1.10)) in
the second step below, we find that

B 1 —(1-2s) /2c( _ )F(172s) i
I(z) = i (12 0= s)/QC(l_S)F L) ds + R(x) o)
cn 1 (=2 28 z \ ° '
72— ) F (ﬁn) ds + R(x),
where
1/4 im C 2pm) (pm) T —Pm
VeI EQT TaNCTR

The result now follows from invoking Lemma E in and then equating the resulting right-hand
side with that of (4.58)). O

Remark 10. Theorem can also be proved from the Voronoi summation formula for A(n), that is,
Theorem by choosing ¢(y) = %:cye‘”z?ﬂ/‘l.
5. PROOFS OF THE VORONOI SUMMATION FORMULA FOR d?(n)
We begin with some lemmas.

Lemma 5.1. For Re(s) > 1, let

SO i b(n)

((2s—1) = no’
Then b(1) = 1, and at prime powers p*, k> 0, b(p*) is given by (1.14).
Proof. For Re(s) > 1, ¢*(s) = >°0°, da(n)n~%, where ds(n) is the number of ways in which n can be
written as a product of 4 positive integers. Also, 1/{(2s —1) =3 7, a(n)n™*, where

a(n) = {my(m), ifn= 7712,
0, otherwise.
and Re(s) > 1. Since these two Dirichlet series converge absolutely in Res > 1, so does that of b(n),
and we have b(n) = (a * d4)(n). Since both a and dy are multiplicative, so is b(n). Hence, b(1) = 1,
and b is completely determined from its values at prime powers. We now evaluate ds(p*),k > 0. Let
p* = a1agazas. Then a; = p*,x; > 0, for 1 < i < 4, so that k = 1 + x9 + 23 + z4. Since the number of
weak compositions’| of k into exactly r parts is given by (k” 1) it follows that dy(p*) = (k-g?,) Thus,

b(p*) = ald)da(p*/d) = da(p") + pu(p)da(p*~2) = <k —?t 3) - P<k ;r 1) .

dlp*

6A weak composition of m is a composition of m in which 0 is allowed to be a part.
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Lemma 5.2. For 0 < Re(w) < 1/8,
o1 2 I'2(w)
w—1 2K (4 1/4\ Y 1/4 dy= ————2 5.1
LA y (ﬂ 0(4y'/*) = Yo(4y'/") |dy = e (5.1)

and the integral converges absolutely in this range.

Proof. This follows from the standard evaluations [46, p. 115, formula 11.1; p. 93, formula 10.2], namely,
for Re(s) > + Re(z) and a > 0,

oo —_
/ 27 K, (az)dr = 257 2a7°T (8 Z) r <8 + Z> ,
o 2 2

3
and, for £Re(z) <Re(s) < 3,

& 1 1 —
/ 257V, (az)dr = —=2°"1a 7% cos <7r(s - z)) r <S Z) r (S + Z> .
0 ™ 2 2 2

Now Ko(z) < z71/2 and Yy(z) < 27'/2 as # — oo and for any € > 0 we have Ko(z) < z—¢ and
Yo(z) < 27¢ as  — 01, Thus, the integral in (5.1)) converges absolutely for 0 < Re(w) < 1/8. O

Lemma 5.3. Define g(z) to be

1 [ TG —wr-w) N
g(z =5 o F(2 Dlw+ }1)@(1—2111):1: dw, (5.2)

where ®(s) is a function satisfying (2.13)) and —g — Z < ¢ = Re(s) < %. Then, with ¢ defined in the
statement of Theorem we have

_ [ () 4
g(x) = /0 o cos | 217517 dt. (5.3)
Proof. With w = o + it, Stirling’s formula (3.1]) implies

I'(3 —w)(1—w)
M(w—$)C(w+ 1)

<t o, (5.4)

and hence, with the help of (2.13]),

(d — w)l(1 — w)

D(1 — 2uw) < t3/2-0-40
I‘(w—f)l“(w—i- ) ( )

as t — oo. Thus g(x) converges when ¢ > —3/8 — §/4, and converges absolutely when ¢ > —1/8 — §/4.
Let ¢ be such that|—1/8 —§/4 < ¢ < 1/8.
From ([5.4)), it is seen that the integral
1 L3 —w)I(1—w)
2mi Jio) T(w — $)T(w + 1)

—w

is absolutely convergent for ¢ > 5/8. But the line of integration in (5.2)) is such that ¢ = Re(w) < 1/8.
The condition Re(w) > 5/8 is necessary to satisfy the hypotheses of Parseval’s formula, that is, Theorem
which is what we intend to apply to the integral in . Hence we first shift the line of integration
to Re(w) = 5/7(> 5/8). Showing that the integrals along the horizontal segments approach zero as

"We enforce the restriction ¢ < 1 /8 since this condition appears in the evaluation of the integral in (5.16) while using
Hardy’s result for simplifying the kernel in the proof of Theorem
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the height of the rectangular contour tends to oo and considering the contribution of the pole of the
integrand at w = 1/2, by Cauchy’s residue theorem, we get

1 I'(3 —w)(1—w)

(1 — 2w)r™“dw + " 1/? VT®(0)

9(z) = 5 /m Tw — Dw + 1) [(1/4)T(3/4) 53
_ L[ TEUCR) e e VAR |
2mi Jiam 20 (3= 3)T (1 - 2) P(A/9r(E/4)

where, in the last step, we made a change of variable w = (1 —s)/2. To apply Parseval’s formula, we now
1-s _8)p—s/2
show that the hypotheses of Theorem are satisfied. Let F(s) = LEZE(-3) and G(s) = ®(s).

2
20(3-2)r(5+1)
First of all, the line of integration Re(s) = —3/7 lies in the common strip of analyticity of F(1 — s)
and G(s). Next, implies F'(10/7 — it) € L(—o0,00). Moreover, fooot_lo/7|¢(t)\dt < oo since
d(t) = O(t'=¢) as t — 0" and ¢(t) = O(t727¢) as t — oo. The latter, in turn, follows from the fact that
®(s) is holomorphic in —1 < Re(s) < 2. Thus, invoking Theorem we see that

—1/2 (3T (1ts 00
T - / - (22 ( 23) - <I>(s)338/2d3 :/ Px(t)qb(t)dt, (5.6)
dmi Jeam (3 —35)T(3-3) 0
where
I'(f—wr@1-
X L B A
210 J(10/7) 2wt Jsy7) D(w — 3)T(w + 7)

where we made the change of variable s = 2w.
We now evaluate P,(t). To express it in terms of well-known functions, we need to shift the line of
integration to 3/8 < A = Re(w) < 1/2. The residue theorem then gives

I T A N € L O ) P N o s
Folt) = 2mi /@) (w— $)T(w+ %)(t z) Mdw tr'(1/4)r(3/4)’ (5:7)

Next, we show
1 _
i F(§ B Qf)r(l - Ulf) “W o — Cos (41’ 1/4) ) (5.8)
2mi Joo T'(w — )T(w + 7) 2rx
Replacing w and ¢ in ([£.30) by 2 — 4w and 42~ 1/4 respectively, we see that for 3/8 < A =Re(w) < 1/2,
1 4p—1/4
— —T'(2 — 4w) cos(2mw) 28 2z dw = M.

211 (A) \/5

Using the Gauss multiplication formula [59] p. 52]

kle<z+k7;1> (2m) 2™ D2 =m=T (12

with m =4 and z = 1/2 — w, and the reflection formula for the Gamma function, the integrand in ([5.9)

implifies to Y2ILG—WEA—0) 1y e (B8) follows. Hence from (5.7) and (5.8
siumplines to F(w—%)l“(w-&-i) , whnence . OlIOWS. ence irom . all .0|),

(5.9)

cos (4t_1/2x_1/4) Nk

Pelt) = = o T w/aT G/

which, along with (5.5) and (5.6)), leads to

Y cos(4t= V2= 14y g1/2 Vi3 ®(0)/mz~1/?
o) | W)( Womr r<1/4>r<3/4>>d“r<1/4>r<3/4>
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B 00 COS(4t_1/295—1/4) —1/2 \/77_ \/77.56—1/2 o gf)(t)
- ‘“’”( TR r<1/4>r<3/4>>d”r<1/4>r<3/4>/ o
_ /°° (b(t)cos(élt*l/zx*l/‘i)dt’

0 21w

where in the second step we used the fact that ®(s) = [;° ¢*"1¢(t)dt for any s such that —1 < Re(s) < 2.
This completes the proof.
O

We are now ready to prove the Voronoi summation formula for d?(n).

Proof of Theorem [2.8] Let 7 be a number satisfying 0 < 7 < §/2, where ¢ > 0 is the number occurring

in (2.13). Define
1 4
= — ¢ (s)@(s)ds.
27 J(14r) C(25)
Using the fact that for Re(s) > 1, ¢*(s)/¢(2s) = >.°°, d?(n)n~* (which follows by letting a = b = 0 in
(2.20))), and proceeding along the similar lines as (4.11]), we obtain

1= d*(n)¢(n). (5.10)

We now to shift the line of integration to —7 = Res < 0 by constructing the contour [1 + 7 — T}, 1 +
T+ 1Ty, —7 +iT,,, —7 — i1}, where T,, is a number which belongs to the sequence {7, }7°_; constructed
in the proof of Theorem We first study the behavior of the integrals along the horizontal segments
—7 +iT, to 1+ 7 +iT), for large values of T},. From (2.13), (4.175), (4.17) and (.18,

—7+iThn C4 /1+T C4 u +ZT )
(2u + 24T7,)

1/2 4-4 ’LL—|—ZT ) .
‘/ C(2u+ 2T, )<1>(u+zTn)du +

=P (u +1iT},)du

1+7+4iTy, C(
1+7 C4(U+1Tn)

1/2 m@(u + ZTn)d'LL

1/2 1+7
g/ T3TeT 3~ 5du+/ TETT 37 dus.

n-—mn—n n-—mnmrn
1/2

Now choose € = §/2 so that limp, o f1/2 T3TT 3%y = 0. Also, lim7, 00

n-—m—-n

-7

1+
v TyTRT*0du = 0.

In conclusion, lim7, o0 fp::;g:; ((s;q)( )ds = 0. Similarly one can show that the integral along the
horizontal segment [—7 —iT},, 14+ 7 —iT,] approaches zero as T,, — co. Therefore, by the residue theorem,
1 ¢*(5) g
== ds+ R li Rem
27 J_y Clas) TS T A i 2 Rep, (5.11)
[Ym|<Tn
where R, denotes the residue of the integrand ¢*(s)®(s)/¢(2s) at s = a.
1 & ¢4(s)
= — lim — (s — 1)* i
B =5 lim ot =Dy 2)

1
= (2 (247°70 — 72970y + 12754, — 4329274¢7 (2) + 2887%1¢'(2) + 345677(¢'(2))% — 10368(¢(2))?

— 288y7¢(2) + 17287%¢(2)¢"(2) — 487¢" (2))
+ /(1) (367275 — 24m0y; — 288y’ (2) + 8647%(¢'(2))? — 727U¢"(2))

+ @"(1) (12975 — 367%¢'(2)) + 702" (1)
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= / (Ag+ Aylogx + Ay log? x + Aszlog® )¢ (z)dx, (5.12)
0

where Ag, A1, A2 and As are defined in (2.15). The last step is now justified. The Mellin inversion
theorem [41, p. 341, Theorem 1] implies ®(s) = [; #¥ '¢(z)dz in —1 < Re(s) < 2. Owing to the fact
that this integral is analytic in the given vertifcal strip, we can also differentiate this equation under the

integral sign with respect to s. In particular, this gives

:/0 é(x)dx, <I>’(1):/0 ¢(z)log(x)dx
()= [ ole)logteids, 87 = [ ola) g (a)do

which justifies the last step. Also, if p,, is the mth non-trivial zero of ((s), then

Rep = H'pm 2 / ol 52/ Z:n / $(z)z" " da. (5.13)
It remains to evaluate the integral 5L Jn ¢Y(s)®(s)/¢(2s)ds. To that end, using (£13), we have
i (=) EZZ%W - W;f /( : EZ = 23; F;i(g)) F(E(f)s)qxs)w?sds
- (s
2;/'2 /(1 o géz(i)l) FF(%Z) gg - ; B(1 — s)n21-*)ds
N 7;: :O b(r) /<1+T) Fzz(gi) iésl - 3‘1’(1 —s)(w’n)*ds,  (5.14)

where, in the last step, we invoked Lemma ([5.1) and interchanged the order of summation and integration
using absolute and uniform convergence. Indeed, this follows from the fact that Re(s) > 1 and from (3.1J),
(2.13)), and the choice of 7, namely, 7 < §/2. Now let

1 P4(%) I'(1—s) B(1 — s)t~5ds. (5.15)

27 Jorr) T35 T(s — 3)

M(t) :=

By the change of variable s = 2w and an application of the duplication formula, we have

25/2 Mw) T'(3-w) (1 -w) 9w
M(t) = —— (1 —2w)(4t dw. 5.16
(*) 21 (1;T)F4(%—w)F(w—%)F(w+%) ( () ( )

The main task now is to express M (¢) as a (multiple) integral whose integrand consists of ¢ and well-
known functions. Even though it looks like the extension of the usual version of Parseval’s formula for
three functions would be applicable in this situation, one can see that it is, in fact, difficult to apply.
This is where a variant of such a formula due to G. H. Hardy comes in very handy.

By extending Theorems A and C in [29] to p functions, Hardy derived a result [29] p. 91] in the same
paper whose special case for p = 3 is

271m fl( )f2(w)f3(w)twdw=/ / $1(x)P2(y) b3 <xy> dijy

The conditions on f;, qu, 1 < 5 < 3, which make the above result valid are extensions of the conditions
given for the two functions in Theorem A of [29]. We use this result with ¢;(z) = ¢o(z) = 2K (4z1/4) —

}/()(4161/4) and ¢3(x) = g(z), where g is the function in (5.3), o = ¢, = —1/8 — /4,y = 1/2 andl

SWe changed Hardy’s notation § to ¢’ so as to not get confused with our delta stemming from (2.13]).
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§’ = 1/8, and then employ Lemmas and Upon simplification, this gives

f/ / < Ko 4351/4) }@(4351/4)) (iKO (4y1/4) -~ Y0(4y1/4)>
< [T o <2<w >1/4> dzdrdy
t2 NN

\F/ / / < Ko(4v/z) — 1/0(4\/5)> <7?_K0(4\/g)—}/0(4\/37)>¢t(j>cos (%)dzdmdy,
(5.17)

where, in the last step, we replaced x and y by 22 and y?. Therefore, from (5.14)), (5.15) and (5.17),

o | a5 [T [T [T (2av) - voav)

x (WK0(4\/§) = 1/0(4\/5)> iz) <i\\?)dzdxdy (5.18)
Finally, from (5.10), (5.11), (5.12), (5.13) and (5.18)), we arrive at (2.14).

O

6. PROOFS OF THE RESULTS ON cg4(n)op(n)

6.1. Cohen type identity for o,(n)o,(n). Before we embark upon the proof of Theorem we need
the following two lemmas.

Lemma 6.1. Let x € C, |z| # 1, and —1 < Re(a),Re(b), Re(a — b),Re(a + b) < 1. Define I(x) by

RS / sec (%s) sec(5 (s —a))sec(5(s —b))sec(5(s —a —b))
2mi J (¢ sec(5(2s —a—b—1))

where max {—1,—1+ Re(a), —1 + Re(b), —1 + Re(a + b)} < ¢ = Re(s) < min {1,1 + Re(a) 1+ Re(b),1+Re(a+b)}. Then

I(z) = 2 cosec (%a) cosec <7rb> G 1)( — 1)

I(x) = x~%ds,

us 2 -1
Proof. Assume |z| < 1. Construct a rectangular contour [¢ —iT,c+iT, —N +iT, —N —iT, ¢ —iT|, where
max{—2m —3,-2m —3+a,—2m—-3+4+b,-2m—-3+a+b} < N <min{-2m—-1,-2m—-1+a,—-2m —1+b,—2m —1+a+ b}

for m > 0. The integrals over the horizontal segments tend to zero as T — oo as can be seen by the

exponential decay of the integrand, which, in turn, can be inferred by first rewriting the integrand using

r (% + w) r (l — w) = 7/ cos(mw) and then using Stirling’s formula (3.1). Hence by the residue theorem,

2
_ L /_N”OO sec (5 s) sec(5(s — a)) sec(5(s — b)) sec(5(s —a — b))
270 ) _N—ico sec(5(2s —a—b—1))

I(x) x~ %ds

m
+ Z (R—2pn—1+ R_on—1+a + R—on—146 + R—on—1+a+b)
n=0

where R_op_ 144 = +21- cosec( 9 )cosec (”b) 2"/77, where u takes the values 0,a,b or a + b, and we
take minus sign when v = 0 or a + b and plus sign when u = a or b.

We now let N — oo in the above equation. It is not difficult to see that the integral on the right-hand
side tends to zero. Indeed, and the fact that |x| < 1 shows that the integral approaches zero in the
limit. This leads to

)
= Z (R72n71 + R72n71+a + R—Zn—1+b + R—?n—1+a+b)
n=0
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2 b >
= %cosec (%) cosec (g) (1 —x -t 4 xfafb) Z;JxQ"
n—=

2 b 1)z -1
= —cosec (%a) cosec <7T2> 2@ > )_(:i ) (6.1)
This proves the result for |z| < 1. Now if || > 1, we shift the line of integration to +o0, and proceed
along the similar lines as above. This leads to the same evaluation of I(x) as in (6.1)). 0

To the best of our knowledge, the following evaluation of Meijer G-function (defined in (3.3))) seems to
be new.

Lemma 6.2. For ¢ = Re(s) > max {0, Re(a), Re(b), Re(a + b)},
1 I(s)I'(s—a)l'(s—b)I'(s —a—b)

— 2z %ds
2mi Jio  T(s— =)0 (s - %)
—a—b —a—b-1
— 47 0 2 ) 2
a4 <O, —a,—b,—a—b z)
1 l—a—b (a + b - 1)
=—=z 2 | Ke1(V2)Kp(V2) + Ky (Vo) Ka(V2) + = Ka(V2) Kb (V2) ] - (6.2)
VT vz
Proof. The first equality follows from the definition of Meijer G-function. Now it is known [66] that
A A+ L 2
G;‘ZZ (B C oA C 2A_B Z> = FZAKB—C(\@)KBJFC—QA(\/E). (6.3)

Let A = _“2_1’, B =0 and C = —a. Then the resulting Meijer G-function differs from the one in (6.2))
only in one of the top parameters with the difference between them being 1. To address this issue, we
use the identity [51l p. 621, Formula (37)], namely, for n <p —1,

z)

i Zl_ame’n A, " 3an,Apt1, ", ap P — e, n Ay, 5 0n, Apy1, " 7ap_]-
dz b4 blv"‘abmabm-i-lf"abq b blv"‘abmabm+17"'7bq

Therefore letting m =4,n =0,p =2,q¢ =4 and a, = (1 — a — b)/2 in the above identity, and using (6.3))
in the second step, we see that

— = (K (VAR + K (VKA + T K e )

where, in the last step, we used the standard formula for the differentiation of the K-Bessel function [26],
p. 929, 8.486.11], namely, %K,,(w) = —% (Ky—1(w) + Ky41(w)). This completes the proof. O

Remark 11. We note a related formula which appears in [13, p. 647, Formula (55)]:

2
) = VR

+ (612_\/()52)\/77 (K2a—1(vV2) Koy (v2) — K2a(V2)Kap-1 (V7)) .

1
4, 0 §71
G2’4<a+b,a—b,b—a,—a—b
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Armed with these results, we now ready to prove the Cohen-type identity for o4 (n)op(n).
Proof of Theorem [2.11] We assume
max {—1, —1 + Re(a), —1 + Re(b), =1 + Re(a + b)} < ¢ < min {0, Re(a), Re(b), Re(a + b), Re (2t2tL)}.
The above strip is of positive width because of the conditions on a and b given in the hypotheses. Let

(x—a _ n—a) (x—b _ n—b) '

S(a,b,z) := E oa(n
22 _n2

Then an application of os(n) = o_ s(n)n in the first step and Lemma [6.1] in the second leads to

S(a,b,x) = i oa(m)oym) ()7 =1) (1) =1)

n=1 n 'rzliz -
= gsm (La) sin 7Tb> Z U_a(nsj b(n)

n

2
1 sec (§s) sec(5(s — a))sec(5(s — b)) sec(5(s —a—b)) ray-—s
“2mi J } ; sec(Z(2s—a—b—1)) ; (f) ds

z °ds

O_q ) sec (5s)sec(5(s —a))sec(5(s —b))sec(F(s—a—b
sz/ Z nl S (55) sec(5( )() (5 (s —b))sec(F( )

sec(5(2s —a—b—1))

7w, (may . (7 C1=98)C(1=s+a)(1—s+b)C(1—s+a+b)
- 5 S <7) S (2) 2 J ((2—2s+a+b)

. 5€¢ (55) sec(5(s — a)) sec(5(s — b)) sec(5(s —a — b))
sec(5(2s —a—b—1))

x %ds,

where we interchanged the order of summation and integration because of the uniform convergence of
the associated series in the above strip, and where we used in the last step.

Next, use for each of the zeta functions occurring in the integrand of the above equation and
simplify to obtain

S(a,b,z) = 2(2m)"* P sin (%) sin (”;’) % /(C) T(S)F(SF—(;S)F_(Z - Z)E(i)_ a—b)

s — (s =D —a—B) o
(2s—a—-b—-1)

Now we wish to invoke (2.17)). It necessitates shifting the line of integration from Re(s) = ¢ to Re(s) =7,
where 7 is defined in (2.18)). Clearly, Stirling’s formula implies that the integrals along the horizontal
segments tend to zero as the height of the rectangular contour approaches co. The integrand has simple
poles at s = 0,a,b,a + b (due to the gamma functions), at s = 1,1+ a,1+b,1 + a + b (due to the zeta
functions), and at the non-trivial zeros of ((2s —a —b—1) at s = (1 + p;, + a + b)/2, where p,,, are the
non-trivial zeros of ((s). (Here we have assumed the simplicity of the zeros.)

The residues at these poles can be easily calculated to be the ones given in (2.24) and (2.25)). Therefore
invoking the residue theorem, expressing the quotient of zeta functions by the left-hand side of
and interchanging the order of summation and integration (valid due to uniform convergence), we find
that

I'(s)['(s —a)l'(s—b)'(s—a—1b —s
S(a,b,x):2(27r)a+bsjn(% ) sin % {anb o /(n) (s) (F<28)_(a_b)_(1) )(4772711:) ds




VORONOI SUMMATION FORMULAS, OSCILLATIONS OF RIESZ SUMS AND IDENTITIES 35

1
- (ZRk(x)+Rk+a(x)+Rk+b( )+ Biarp()+ lm Y R, ap(x )}
=0

Ty—00
[Ym|<Tn

This results in (2.23)) upon invoking Lemma

]
Proof of Corollary 2.12] Divide both sides of (2.23]) by ab and then let @ — 0 and b — 0. Using the
fact that o,(n)n"2 = O (n%|Re(5)|+e>, it is easily seen that the series on the left-hand side of ([2.23) is

uniformly convergent in any compact interval of (—1,1), viewed as a function of the complex variable
a or b. Hence we can interchange the order of limits and summation. The same can be done on the
right-hand side as well. This leads to (2.12) upon simpliﬁcationﬂ O

6.2. Ramanujan-Guinand type identity for o,(n)o,(n). We prove Theorem in this subsection.
Let b=c=2and then « = s —a/2—b/2,u=a/2,v =1b/3 in [50, p. 384, formula 2.16.33.1] so that for
¢ = Re(s) > max {0,Re(a),Re(b), Re(a + 1)},
1 / P(EIT(3")0 (53" (*55=)
2mi Je) (25=2)

Now let ¢ = Re(s) > 1 + max (0, Re(a), Re(b), Re(a + b)) and define
b

I(z) = — L(5)¢(5)0(*3)¢(s — @)L (352)¢ (s = H)T(*=5=2)¢(s —a —b)
" 2mi (c) F(zs a=b)¢ (25 —a — b)

Then, using ([2.20)), we have

z7%ds = 8T Y2K K, /2(27) Ky (27).

x~%ds. (6.4)

Ja
I(z) = 8-~ /22 a+b /2 Koo (2n3) Ky jo(2na).

On the other hand, invoking ([1.21)) in the first step, we get

Wabi/ I (355) (1=l (=52) C(1— s+ a)l (Z=522) ¢(1 — s+ o) (2=24) ((1— s+ a + b4
2mi S D (3=2509E0) (1 — 25 + a + b)m—252¢
Now shift the line of integration to ¢ = Re(s) < min (0, Re(a), Re(b), Re((a + b)/2),Re(a + b)) so as to

be able to use (2.17)), consider the contributions of the poles at (p,, +a+b)/2, and at k,k + a,k + b and
k+a+ b, where k =0 or 1, and invoke the residue theorem to get

I(e) = rott 3 Coactl®) L /( /) T (59D (55) L (5T (=) (2) " s+ R

n 271 T (I—Qs;-a—i-b)

I(z) = s.

n=1

n 2T

b1 20, p(n) 1 D(3—w)T (32 —w) T (1L —w) T (1Fatt — g 2\
:ﬂa+b_3z —b(n) /()(2 )T (5 )T (5 )T (H5 )(x) dw

= 2 T (H452 —w) T (342 —w) dntn?

+ R(x),

where R(z) is the sum of the residues in (2.28]) and (2.29). In the last step, we used the duplication
formula and then employed the change of variable s = 2w. The integral in the last step can be easily
seen to be the Meijer G-function claimed in (2.27)), which completes the proof.

Proof of Corollary 2.14, Let a = b = 0 in Theorem 2.13] We found using Mathematica that = times
the residue Rj(z) is a polynomial in log(z). Althought it can be explicitly written down, we avoid giving
it here as it is quite complicated. ]

9The residue Ry (z) in this case was calculated using Mathematica.
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7. PROOFS OF THEOREM AND RAMANUJAN’S IDENTITY 1)

Proof of Theorem - Usmg the Mellin inversion formula, we get ®(s fo Yz*~tdax for Res > 0
and ®(s) = [7°(¢ ¥~ 1dx for —1 < Res < 0, where k is the re81due of ®(s ) at s =0.
Choose T such that 0 < T < 6, where ¢ is the number defined in (2.16)), and define
1 )
() 4. (7.1)

27 J14ny C(s)
Then, one one hand,
1 ®(s) > 1 _ =
I=— ds = u(n)— D(s)n"*ds = w(n)p(n
2mi J(14+) C(5) nzl "o (1+7) ) ; (m)é ()

If we now shift the line of integration to Re(s) = —7, and choose the sequence {T},} as in Theorem SO
that the integrals along the horizontal segments go to zero. Then by Cauchy’s residue theorem, we have

e o) .
=g | G R g . 3 s [ et @)

| TVL‘ Tn
From ) and E, we have
1 / D(s) 1
p(n ds — 2k + lim / o(x)xPm de. 7.3
Z ~ 27 Jipy C(s) Tavoo, 2 ¢'(pm) (7:3)

Ym|<Tn

With a fair amount of calculation using Parseval’s formula , one can see that

LR g ) [y g (o) 1
271 J(_py C(s) 4; n /0 (o(t) k)( ; )dt, (7.4)

which, along with ([7.3)), completes the proof. ]

We prove Corollary here. Let ¢(z) = %(E)(%) in Theorem where ¢ is chosen so that the
hypotheses of Theorem are satisfied, and, in addition, there is no residue of ®(s) at s = 0, that is, k
in Theorem [2.9)is equal to 0. Then

S (2) 4SS (B ()

=dm D g/(;m) /Ooof~<z>f”pm_ldx'

|’Ym‘<Tn

Employ change of variables ¢ — a/t and x — a/x in the two integrals and use the elementary identity
2sin?(f) = 1 — cos(26) so that

R () G o0 (1o ()

aPm— 1/2
= lim / ¢ (x) x~Pmda.
Th—ro0 C/ ,Om
\ ml <Tn
From the hypotheses given at the beginning of ((1.9)), the integral —= fo ) cos(2uz)du exists; hence

defining it to be ¢)(x) and then employing it and the prime number theorem in the form >0, u(n)/n =0,
we are led to

VA () () = 5

n=1 n=1 "Ym|<Tn

apm—1/2

l_pm)Zl(l_pm)'
"(pm)
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Now let = m/a and use (1.8) to arrive at the first equality in (1.9). The second follows by swapping «
and (8 in the first and using the second integral in ([1.7)).

8. OSCILLATIONS OF RIESZ SUMS

Throughout this section we assume RH and the simplicity of the zeros of ((s). The Gonek-Hejhal
conjecture [25], [32] (see also [45, Equation (3)] states that for k& € R,

3 IC’(l = T(log T) 17 (8.1)

[Ym|<T pm) |

In particular, we have

1
= T(log T)"/*.

The conjecture is still open but assuming RH, Heap, Li and Zhao [31] have proved the conjectured lower
bound in (8.1) for all fractional k£ > 0, assuming RH and the simplicity of the zeros; in particular, for
k =1/2, we have

[ym ST

1 oo T4
G > Tos ) (8.2)

The special case k = 1/2 of a recent result of Bui, Florea and Milinovich [I2, Theorem 1.1] implies that
for any § > 0,

1
T1+5
2 o €T

Ym eF T
where

1
Fr = {7 e (T,2T) : |y —+'| > T for any other ordinate 7'}.

log

Since there is no non-trivial zero of ((s) with |y,| < 14 ,if F = I_J,EE%(T)J?T/Q;C, then for any § > 0,

2.

2 15 om)

Ym€EF

< T logT.

The set of excluded zeros whose ordinates do not belong to the family F conjecturally has arbitrarily
small proportion [12] p. 2682]. Thus, it is reasonable to assume that for any ¢ > 0,

1
T, 8.3
2 ] © (&2)

We note that the above conjecture is weaker than the Gonek-Hejhal conjecture.
To prepare ourselves for stating and proving the main results, we begin with some lemmas.

Lemma 8.1. For Re(s) >0, Re(k) > —1 and y > 0,

Proof. Substitute x = yt and use the evaluation of Euler’s beta integral. U
We will also need the following corollary of the well-known Kronecker Theorem [14, Theorem IV, p. 53].
Lemma 8.2. (J40, Theorem B]) Let {a, }_; be N real numbers linearly independent over Q and {3, }N_,

be N arbitrary real numbers. Then for any € > 0, there exist an arbitrary large positive real number t
such that ||ant — Bpl| < € for all 1 < n < N, where ||z|| denotes distance of x from the nearest integer.

Using Lemma [8.2] we obtain the following result.
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Lemma 8.3. Let {C,}°2; be an infinite sequence of complex numbers such that Y > | |Cy| = S < oo.
Let {a,}5° 1 be a sequence of real numbers that are linearly independent over Q. Then we have

lim supz (Cy exp(wiay,) + Cp exp(—ziay)) = 285,

T—00
n=1

[e.9]

liminf » (Cy exp(ziay) + Cp exp(—ziay,)) = —28.
Proof. Let C,, = |Cp| exp(if,). Thus, C,, exp(wiay,) + Cp exp(—ziay,) = 2|Cy| cos(fy, + ray,). Fix N such
that > s |Cnl < €. Since {an})_; are linearly independent over Q, from Kronecker s theorem (Lemma

for any € > 0, we can find an arbitrarily large number  such that ||z + bu z|| < o, where ||z]|
denotes distance of z from the nearest integer. Thus 27k — € < za, + 0, < 27k 4 € for some integer k.
Thus cos(zay, + 0,) = 1+ O(e?) for all n < N. So we get

> (Cnexp(zion) + Cpexp(—ziom)) =2 [Cul(1+O0(e%)) +2 > [Cn| cos(wan + br)
n=1

n<N n>N

=2 |Cul + 0( > \cn|62)> +2> " [Cyl cos(wan + Or)

n<N n<N n>N
=2 |Cu| +0(5¢%)) + O(e) = 25 + O(e).
n<N
Now since Y > | [2C), cos(6,, + zay,)| < 285,

hmsupz (Cr exp(zian) + Cp exp(—zicy,)) = 25.

T—00
n=1

Also, for any € > 0, we can find an arbitrarily large number = such that Hx‘;—; + bn LT H < 5. For such
x, we have |cos(zay, + 0,) + 1| < e. Using a similar method as shown above, it can be seen that

lim inf Z (Cr exp(zian) 4+ Cp exp(—zicy,)) = —25.
=1

T—00
O
Lemma 8.4. Let 6 > 0. Assuming RH and ( ., as (5 — 0, we have
1
A= 8.4
2 \c' FoT = 3 &4
C(2pm)] 1
B := = 8.5
2 a5 = 5 (5
and
¢ (pm/2)] 1
C:= = 8.6
2 G mlipm ™ = 5 (50
Proof. Let

S(T) := Z |C’(1

o 1€ (Pm)]
Since S(t) is an increasing function, we have dS(¢) > 0. Writing the sum A as an integral and then
performing integration by parts, we see that
oo oo
S(t
+(146) / S g
1

> dS(t) < ds(t)  S(t)
272;0 |</ Pm Hpm|1+6 2/1 ( +t2)1+§ ’\/1 P N RN 1 t2+6
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To obtain the upper bound, we use (8.3]) with e = /2 so as to get

t1+e

AL aeoll

e [T s L ey [T are (8.7
+(1+ L 20 _t5/21+ +)1 6277 7§ 7)

Thus we have A < 6!, To prove the lower bound, using (8.2)), we have

1/44  flogh/tt log'/4¢]>  Jogl/4 1
146 dt = 1406 7dt = —. 8.8
Ry RN = A

tlog
146 )

From (8.7) and (8-8), we conclude that A < }.
Next, we prove that B < §~!. We know from the results of Titchmarch [60] and Littlewood [39

Theorem 1] that for any given € > 0, (1 + it) < t° and (1 +4t) > ¢t~ €. Taking € = §/2 and analyzing
the sum B in a similar way as A, we see that

<o) _ [ CdS() [ dS() [~ dS()
B= Z\C’ /1 6+ 2it)| =535 <</1 PR <</1 140727

(om)ll om0~

A>

t2+6 o

thereby leading to B < §~'. We prove the lower bound as follows:
1C(20m)] - o ., dS(%) ° dS(t) 1
B= Z ‘CI Hpm‘l—i—é 1 K(l + QZt)| t1+6 > 1 $1+36/2 > 5

We now prove C' = 5_1. Note that
¢4 (pm/2)] / 4< Zt)
C= TN s < ¢
Z ¢ (pm) Hpm‘g—i_d 1 2
Using the fact {(s) < téfag“(l—s), we have ((1/44it) < t1/4¢(3/4—it). Using RH, Titchmarsh[6T, p. 337,

Ym >0
Equations (14.2.5), (14.2.6)] proved that ¢(3/4 —it) < t¢ and ¢(3/4—it) > t=¢. Thus ((1/4+it) < t1/4+e
and ¢(1/4+it) > t'/4¢. Thus we have ¢*(1/4+4it) < t'+4€ and ¢*(1/4+it) > t'=*. We choose € = §/8.

Thus we have,
4 S(t) o dS(t) [0 dS(t) 1
o= / ¢ ( )‘ 1240 <</1 tlHo—de = | 41+8/2 < 5

S(t) * dS(t) 1
C = / C4< >‘ poxs; >>/1 17302 > 5

Thus C < %. O

dS(t)
{2+3

and

Theorem 8.5. Let § > 0. Assume RH, simplicity of the non-trivial zeros of ((s), Equation (8.3), and
the Linear Independence conjecture. Then there exists an absolute positive constant c such that for all
sufficiently small ¢,

pn)(L—n/y)’ _ ¢ pn)(1—n/y)’ _ ¢
lim sup >— and liminf ) ————+2 < ——, (8.9)
Yy—r00 ’I;J [ 5 Yy—00 ng;/ \/@ (S
Proof. In[73] we take
z)’ if x <
b(z) = (1-3) o<y (8.10)
0 otherwise.

For a fixed a > 0 as |s| > 1, we have

rGs) 1 1
r@+@—yﬂ*%yﬂ> (8.11)
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From Lemma and (8.11)),

1 vl w\ P T4 6D(pw) _ P T(1+6) NG
<f<,om>/ (1 y>‘” d“””‘c/<pm>r<1+pm+a>“<'< ) L +O<</<pm>p,2n>'

Since, using the ideas in the proof of Lemma [8.3] and under the same hypotheses, it is evident that the
series % m converges, we get

1 ! _faml ym T(1+40)
Zm:f(f’m)/o< ;) W= Gy OV

Pm

Now we apply Lemmawith x =logy, Cpp, = pm ~1/¢'(pm), assume the Linear Independence conjecture
so that we can let o, = Vi, m > 0, and use ) to obtain

'Ym "Ym c
for some absolute constant ¢’ > 0. The Mellin transform of ¢($) is ®(s) = ys% nd
D(s) / D(s) ‘ _ / I'(1+6)I(s) _
ds < ——|lds| <y ds| =0(y™7).
Joy o< o [l < [ [ as s |4 = 0™

Moreover, the residue of ®(s) at s =0 is 1. Therefore, equation (|7.3)) becomes

Z,u (1—n/y) = hm Z \[C/(Wm) (;1155)+0(\/§)—2+0(y_T).

n<y |7m|<Tn

Dividing both sides by ,/y, we get

yrm T(1+9
—Zu (1-n/y)’ = hm Z CIP 1+6)+O(1)’

— 00
n<y In Y | <Tn pm

which, along with (8.12]), implies . O

Theorem 8.6. Let § > 0. Assume RH, simplicity of the non-trivial zeros of ((s), Equation (8.3), and
the Linear Independence conjecture. Then there exists an absolute positive constant ¢ such that for all

sufficiently small 0,
An)A—n/y) _ ¢

(1 - n/y)‘S c .
lim sup > — and liminf —_— < ——. 8.13
Y—00 nz<y 1) Yy—>00 "<y \/@ ) ( )

Proof. From (4.11]), (4.20) and (4.22)), for a small positive T,

1 ¢(2s) @ o (%) im C(20m)®(pm)
ZA 27rz/( ) ®(s)ds + Ress=o (s) O(s) + + 1 Z =

Let ¢ be defined in (8.10)). From Lemma and (8.11)),

Com) Y (1 2\ omtgy — o CCPm) TA+ ST () _ . C(20m) DL+ ) ¢(2m)
C’(pm)/ (1 y> Tde=y C'(pm) T(1 + pm + 0) atd C(om)  pr® O<\/§C’(pm)p?n>'

Now use Lemmaw1th Con = 7 C(2pm) /¢ (pm) and ayy, = Yy, for m > 0 and = = logy and use (8.5)
to obtain

lim sup Z ywm C(zpm) C(zpm) < c

d
———— > — and liminf ym ———— < —— (8.14)
oo =T o (pm) O ymvoe mzl pri ' pm) — 0
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for some absolute constant ¢’ > 0. Moreover,

€(25) o (2s) . I'(1 4 6)[(s)C(2s) .
/w) () T <</(T) (o) |1PNIdsl <y /( Al TA+ &+ 5)¢(s) [ds| = O(y™").
Also Resz—g C<(2) ®(s) =1. So
n\ _ V2 T(1/2)0(1+9) 2pm> r(1+9)
%A(H)Q_y) ST 4o +1/2) TV Z|<:T o O
+O0(y ")+ L.
Dividing both sides by ,/y, we get
M) =n/y)? _ ym T(1+0)
nzgy \/37 Tn—>oo %T ¢! Pm) P71n+6 +O0(1),

which, along with (8.14]), implies (8.13).
O
Theorem 8.7. Let § > 0. Assume RH, simplicity of the non-trivial zeros of ((s), Equation (8.3), and

the Linear Independence conjecture. Then there exists an absolute positive constant ¢ such that for all
sufficiently small 0,

> oney () (1 —n/y) 0 —g(y) Yoy @)1 —n/y) T —gly) ¢

I > and limint <
e yl/4 =5 e AR i/ Sy
(8.15)
where
y &
=552 Baiv), (8.16)
=0
Y T 1+6 )
Bsj(y) = Aj/o (1 — y) log? (z)dx (0<j<3),
(8.17)

with A;,1 < j <3, defined in (2.15)).
Proof. In Theorem[2.8] we considered ®(s) to be holomorphic in —1 < Re(s) < 2 since we were explicitly

evaluating the mtegral *(5)§()ds to be the sum on the right-hand side of (2.14]), and had we allowed
(23)

®(s) to have a pole at s = 0 computing this would have been unwieldy . However, in what follows, we
allow ®(s) to have a simple pole at s = 0 because we are only estimating the integral over Re(s) = —7.
We thus have to consider the contribution of the residue at this additional pole, and because of this, and

and ( , for a small positive T,

4 0o
Zd2 % C<( ; (s)ds + /0 (Ao + Ay log(x) + A log® () + Azlog® (z))é(x)dz
¢*(s) ¢om)®(pm)
+ Res,— 0((23)(1)( s) + Tllinoo ,,;Tn C(2pm)

where Ag, A1, A and Az are defined in (2.15)). In the above identity, let

b(z) = (1 — %)Hé if x <y,

0 otherwise.
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Now
¢'(5) y( _$>1+6 o1y B L T2+ 8) (pm/2)
¢'(pm) /0 ) T T em Y TR 0+ o)
()2 +9) ( 44(””))
— . 1/4 2 Ym /2 1/4 2
¢ (pm) (pm/2)7+8” oV C(om)o )
Also, ) A
¢(s) _ ¢(s) T(O+2)I(s) 1
Ress—o @‘I)(S) = Ress—o C(Zs)y T(s+0+2) 8
So we get

1+6 246 4 ( P 4/ pm
> Lo Y ) (%)
d*(n) (1 - n> =g(y) — <+ lim yl/A= > 22 L yivm/2 O(y1/42 ’
n<y y 8 Tu—oo Iy |<Th C/(Pm)p%iﬂ; C/(Pm)P%

where g(y) is defined in (8.16)). Dividing both sides by y'/%, we get

d?(n)(1 —n/y)' o — 924604 (Pmy
Doy P(n)( . /) 9 _ / ¢ (212 /2 4 O(1).
Yy Tn—o0 [Ym | <Tn C (pm)pm
Using and ideas similar to those used to prove Theorems and we are led to (8.15)). ]

Remark 12. While we do not explicitly write down Bsj(x), 1 < j < 3, we note that g(y)/y is a cubic
polynomial in log(y).

Remark 13. The assumption of (8.3) in Theorems and can be replaced by the weaker

assumption that the series A, B, and C in Lemma [84] converge.

Results analogous to those derived in Theorems can be obtained by choosing ¢,(z) = e %,
however, the techniques involved in proving them are similar, and hence to avoid repetition, we have
chosen to forego the calculations.

9. CONCLUDING REMARKS

Voronoi summation formulas have been historically used to improve the error term associated to the
summatory function of the arithmetic function involved. Several articles have been written on refining
the error term of > __d?(n), in particular. Let E(z) denote the error term. The current best upper
bound on E(z) is by Jia and Sankaranarayanan [35] who proved that E(z) = O (z'/2log®(z)) whereas
Chandrasekharan and Narasimhan [I5] have shown that E(z) = Q4 (z'/%). See [35], [57, p. 438] for the
history on this topic. It would be nice to see if the Voronoi summation formula that we have obtained for
d?(n) (Theorem could be used for improving F(z). Although the hypotheses of Theorem does
not allow us to take ¢(x) to be the characteristic function of the interval [1, z], where z > 1, heuristically,
if we choose ¢ to be so, then the main term of our result turns out to be exactly the one given by
Ramanujan [54], nabmelyiﬂ7 Agx + Ayxlog(z) + Asxlog?(z) + Azxlog3(z). Thus, it is certainly of merit
to expand the class of admissible functions ¢ for which Theorem [2.8]is valid and thereby obtain better
estimates on the error term.

Koshliakov [37] devised an ingenious method to derive the Voronoi summation for >, 5 d(n)é(n),
where 0 < a < 8,a, 8 ¢ Z, and f denotes a functional analytic inside a closed contour strictly containing
[cr, B]. This technique requires nothing more than the functional equation of ((s) and the Cauchy residue
theorem. It was adapted in [6, Theorem 6.1] and then in [23, Theorem 2.2] to handle the corresponding

formulas for o4(n) and oM (n) respectively. In his method, Koshliakov starts from the identity (1.16))
(which, as mentioned in the introduction, results from (1.15)) by replacing = by iz and —iz and adding
the resulting two identities), replaces x by iz and —iz in (|1.16)), adds the corresponding sides of the two

n<x

100ur Ao, A1, A2 and Az are respectively D, C, B and A of Ramanujan.
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resulting identities, applies the functional equation of {(s), and then analyzes a certain contour integral
to arrive at the Voronoi summation formula.

Unfortunately, we were unable to adapt this technique for the arithmetic functions we have considered
in our paper. For example, consider the case of d?(n). We do have the analogue of , namely,
(2.26)). However, if we replace x in there by ix and —ix, and add the resulting two identities to obtain
a corresponding analogue of , the problem is the resulting series of the non-trivial zeros of ((s)
diverges. However, if one is able to modify this step and thereby circumvent this obstacle, one may be able
to obtain the Voronoi summation not only for >°,_,,_4 d%(n)é(n), but also for > a<n<p Ta(n)op(n)d(n).
Then one may as well try out the same in the setting of A(n) for which, again, the analogue of
exists, namely, . This definitely seems to be a worthwhile problem to try.

It would also be important to obtain analogues of our summation formulas and identities of Ramanujan-
Guinand type and Cohen type for different L-functions. For example, Berndt, Kim and Zaharescu [§]
derived the Ramanujan-Guinand type formula for the twisted divisor function dy(n) := 3_;,, x(d), where
X is an even primitive Dirichlet character, and used to show that when x is real, L(1,x) > 0.

In Section we obtained results on oscillations of the Riesz sums associated with A(n), u(n) and d?(n).
As remarked at the end of that section, one may derive similar results where the test function is e™Y.
The key thing which makes such results work is the presence of the series over the non-trivial zeros of
¢(s). In light of this, it may be interesting to find other functions than the ones we have studied which
also exhibit oscillations caused due to the series over the non-trivial zeros.
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