Monotonicity of quotients of theta functions
related to an extremal problem on harmonic measure

Atul Dixit * and Alexander Yu. Solynin **

Department of Mathematics and Statistics, Texas Tech University, Box 41042
Lubbock, TX 79409

Abstract

We prove that for fixed u and v, u,v € [0,1/2], the quotients 6;(u|iwt)/0;(v|int), i = 1,2,3,4, of
the theta functions are monotone on 0 < ¢t < oo. The case v = 0 had been used by the second
author to study a generalization of Gonchar’s problem on harmonic measure of radial slits.
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1. Introduction

The classical, but still flourishing theory of theta functions has incredibly many ram-
ifications and applications in modern mathematics. The modest goal of this work is to
contribute a small piece to this theory by proving new monotonicity properties of the
quotients of theta functions defined for rectangular lattices. In our notation we follow
the classical book [4]. So for z € C and ¢ = ¢ with S7 > 0, the four theta functions
are defined by
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01(2I7) = 2 (—1)"q"* 2 sin(2n + 1)z, (1.1)

n=0
O2(z|T) =2 Z gnt2)’ cos(2n + 1)mz, (1.2)
n=0
03(z|T) :1—1—22(]"2 cos 2nmz, (1.3)
n=1
O4(z|7) =1 +2 Z(—l)"q"2 cos 2nmz. (1.4)
n=1

For a fixed |q| < 1 (that is if 37 > 0), each of these series converges for every z € C and
therefore 6; := 6;(z|7) is an entire function of z = = + iy.
In this paper we deal with the quotients

0, (u/2irt)

Si(u,v;t) := 0;(0/2int)’

1=1,2,3,4, (1.5)
defined for u,v € C and ¢ = €™ = e~™t with ®¢ > 0. Our main result is the following
monotonicity property.
Theorem 1 For fized u and v such that 0 < u < v < 1, the functions Si(u,v;t) and
S4(u,v;t) are positive and strictly increasing on 0 < t < oo, while the functions Sa(u,v;t)
and Ss(u,v;t) are positive and strictly decreasing on 0 < t < oco.
We remind the reader that each of the functions 0;(x/2|int), i = 1,2, 3,4, satisfies the
heat equation
a0 0%0
ot 0x?’
see [4, Section 13.19], which explains their frequent appearance in problems on the heat
flow in planar domains.

(1.6)

It is worth mentioning that for v = 0 and fixed u, the question about monotonicity of
Sa(u,v;t) on 0 < t < oo was explored in the work of the second author [7] where it is
related to the steady-state distribution of heat. More precisely, the paper [7] deals with
the following problem on harmonic measure originally posed by A. A. Gonchar, see [3].

Let D be a Dirichlet domain on C and let E be a Borel set on dD. The harmonic
measure w(z) := w(z, E, D) of E with respect to D is the Perron solution w(z) of the
Dirichlet problem in D with boundary values 1 on E and 0 on 9D \ E. In particular,
w(z) is a bounded harmonic function in D.

Let K be a compact subset of the half-open interval (0, 1]. For a fixed integer n > 1,
let £,(K) = {E} denote the family of all compact sets £ C D having the form E =
Up_ {e'* K}, where a; € R.

A generalized A. A. Gonchar’s problem on harmonic measure is to find all configura-
tions E* € &, (K) realizing the maximum

maxw(0, E,D\ E), E € & (K). (1.7)

To give a physical interpretation to the problem (1.7), we may think that D represents
a round stove with cooling circular boundary, where we keep constant temperature 0.
Then the question is how to place n identical heating elements with temperature 1, each
of which is of the form e!®K, to get the maximal temperature at the center of the stove.

An engineering intuition immediately suggests that the most symmetric configuration
E, = Uzzl{ez’”k/ "K'} and its rotations around the origin should provide the maximal
temperature at the center. But for a general compact set K, a rigorous proof of this guess
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remains elusive. Figure 1 displays admissible non-symmetric and symmetric configura-
tions for Gonchar’s problem with four heating elements.

(a) Non-symmetric stove (b) Symmetric stove

Fig. 1. Admissible configurations for Gonchar’s problem with four heaters

Originally in the early 1980’s, A. A. Gonchar asked this question for the case when
K =[p,1], 0 < p < 1. 1In [3], V. N. Dubinin solved Gonchar’s problem by introducing a
new geometric transformation now known as dissymmetrization. The case of a general K
was studied by A. Baernstein IT [2] who proved a more general inequality for the integral
means of w(re’?, E,D\ E) but only for n =2 and n = 3.

For the case K = [r1,72], 0 < r1 < r9 < 1, and any n > 1, Gonchar’s problem was
studied by the second author in [7], where he first reduced the original problem to the
question about the monotonicity of the function m(r,w) + 20w. Here 0 = —(1/27) logr
and m(r,w) denotes the reduced module of the slit semidisk T'(r,0) = {z : 0 < |z]| <
L,o0<argz <w}\{z:]z] =70 < argz < 6} considered as a topological triangle with
vertices z; = 0, 29 = 1, and z3 = —1. For the definition and properties of the reduced
module of a triangle the reader may consult [8].

For a fixed 7 in 0 < r < 1, the angle § = f(w) is an increasing function of the harmonic
measure w. It was shown in [7] that the function m(r,w)+20w can be explicitly expressed
as

1
5 27)7

7|7|
where Sy is defined by (1.5). Therefore for studying monotonicity properties of the func-
tion m(r,w) + 20w, we may work with the quotient of the theta functions (1.5). The
proof of monotonicity of Sz (u,0;t) outlined in Lemma 5 in [7] contains an error since the
constant term cg is missing in formula (4.20) in [7]. Thus, by proving Theorem 1, this
particular case corrects this error.

The rest of this paper is organized as follows. In Section 2, we prove Theorem 1 for
functions S7 and S and in Section 3, we prove this theorem for functions S3 and Sy.

In Section 4, we collect series expansions and inequalities necessary for our proofs in
Sections 2 and 3. It is worth mentioning that some proofs in Section 4 rest on certain
convolution formulas and inequalities for the divisor function, which occurs frequently in

2
m(r,w) + 20w = ——log S3(w, 0
T
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Number Theory. Some of the relations used in our proofs may be known. To make this
paper self-contained we provide the proofs of the relations which we could not locate in
major texts.

2. Proof of Theorem 1 for S;(u,v;t) and Sa(u,v;t)

(a) First we prove the monotonicity property of Sy (u,v;t). It follows from (1.1) that

for 0 <z < 1and 0 < ¢t < oo the function 6, (z/2|int) takes real values only. Since
the zeros of 61 (z|7) are at the points z = m + n7, m,n € Z, the latter implies that the
quotient S1(u,v;t) is positive for the considered values of u, v, and ¢. Since 60y (x/2|int)
satisfies the heat equation (1.6), we have
0 o 07 (u/2lint) 07 (v/2|int)
o1 108 51 (v ) = G Blimt) Oy (o/2limt)” 21)
Henceforth in this paper the prime will denote differentiation with respect to z in ;(z|7).
Now equation (2.1) implies that %Sl(u,v;t) >0for0<u<v<land0<t<ooif
and only if for every fixed 0 < ¢t < oo the function 07 (x|int)/0; (x|int) strictly decreases
in0<z<1/2.

For the rest of this proof, we fix ¢, 0 < t < co. Accordingly, we will abbreviate 6, (z|int)
as 01(2).

So, we claim that 6 (z)/01(x) strictly decreases for 0 < x < 1/2. The function
01(z)/01(z) has real period 1 and imaginary quasi-period 7, see [4, Section 13.19]; i.e.,

bzt1) _0(x) et 6i(2)

i+ 6k ™ aern - Tk

Differentiating these equations with respect to z, we get

07(z+ )01 (2 +1) — 02 (2+1) 0 (2 +7)01(2+7) — 02 (2+7)
02(z + 1) N 02(z + 1)

_ 01(2)01(2) — 61°(2)
0% (2)
This shows that P;(z) := (0)(2)01(2) — (0})%(2))/03(2) is an elliptic function with

periods 1 and 7, which has a single pole of order 2 at z = 0 in the period rectangle.
Now it follows from the basic theory of elliptic functions that P;(z) can be expressed
in the form Pi(z) = ap(z) + b, where p is the Weierstrass p-function with periods 1
and 7 and a,b € C. To find the coefficients a and b, we will use the well-known series

expansions at z = 0:

01(2) — ¢ 1
= t 4 in(2 = - iti f 2.2
5 (2) 7 eot(mz) + w; g sin(27nz) . + positive powers of z (2.2)
and 2 4 2.6
L goz g3z 92%
= — - 2.3
e =atpstp gt ' 23)
Differentiating (2.2), we find
e nam
Py(z) =—n? csc?(nz) + 82 Z T _qun cos(2mnz2) (2.4)
n=1

1
= ——5 + ¢ + positive powers of z,
z



where

— =1 P, =2\ _ ™ 2 = ann 92
co = co(q) = im(Py(2) +277) = —5 + 8 §7117q2n. (2.5)
Comparing (2.3) and (2.4), we obtain
d 07(2)
Pz)= —L12 = . 2.
1(2) = — ") p(z) +co (2.6)

Using (2.6), we find

01(2) _ (0N* .
A8 - (38) - o) - 2.)

Differentiating (2.7) once more and taking into account (2.6), we obtain

dol(z) . 6(2) /
dz 91(2) B _291(2) (p(z) = co) = ¢'(2). (2.8)

Now we will explore some mapping properties of the gp-function. It is well known, see
[4, p. 376] that p(z) maps the parallelogram R (which is a rectangle in our case) with
vertices 0, w = 1/2, w + w' = 1/2 4+ 7/2, and w’ = 7/2 conformally and one-to-one
onto the lower half-plane {w : Sw < 0}. In addition, p(z) is real and decreases from
00 to —oo as z describes the boundary of R in the counter clock-wise direction starting
from 0. In particular, using the standard notation e; = p(1/2), ea = p(1/2 + 7/2), and
es = p(7/2) for the images of the vertices of R, we have the inequalities e3 < ez < e3.
This monotonicity property and inequality (4.15) of Lemma 1 in Section 4 imply that

p@)—co>p(1/2) —cp=e1—cp >0 for0<z<1/2.

This together with (2.8) shows that the inequality - (;il'((j)) <0forz=z,0<z<1/2,

is equivalent to the following inequality:
L@, W)
01(z)  p(x) —co
Let us show that Fy vanishes at z =0 and z = 1/2. Since p(z) has a stationary point
at z = 1/2, we have ©'(1/2) = 0. Since 0 (z + 1/2) = 05(z) is an odd analytic function,
we also have 67(1/2) = 0. Therefore, Fy(1/2) = 0.

To find F;(0), we use the series expansions (2.2) and (2.3). From (2.3) one can easily
find

Fi(x):

>0 for0<az<1/2. (2.9)

/
2
9 = —— + positive powers of z. (2.10)
p(z)—c 2

Substituting (2.2) and (2.10) into (2.9) and letting z =  — 0T, we obtain: F;(0) = 0.
Differentiating (2.9), we find

Fl(z) = —2(p(x) — co)® + " () (9(x) — co) — 9" (x)
! (p(x) = c0)?
Using the following well-known differential equations for the p-function (see [4, p.
332)):

(@) =468() (e g5 and ¢'(2) =667() — s (211)

where go and gs are the coeflicients in (2.3), we can express F](z) as
(% —6c3)p(2) + (g5 + 2¢} + 22°)
(9(2) = c0)? '

5
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Therefore Fy(z) = 0 for some 0 < z < 1/2 if and only if
(2) = & + 2§ 4 2
p(r) = —"F———52—.
563
Since p(x) is monotone in 0 < = < 1/2, the latter shows that the equation Fj(z) = 0 has

at most one solution for 0 < z < 1/2.
Since p(z) — +oo as z — 0T, (2.12) implies

(2.13)

92 2
Flz)= 2290 4 o(1/p(z) asa - 0. (2.14)
o(x)

By Lemma 2 of Section 4, we have 2 — 6¢§ > 0. Hence, (2.14) implies that F{(z) > 0
for all sufficiently small > 0. Since F}(0) = 0 the latter implies that Fj(z) > 0 for

sufficiently small x > 0.
Finally, since F}(z) has at most one critical point on 0 < x < 1/2 and F;(1/2) = 0,
it follows that Fy(xz) > 0 for 0 < z < 1/2. Therefore the function 0 (z)/01(z) strictly
decreases on 0 < = < 1/2. Hence, the logarithmic derivative in (2.1) is positive and

therefore the function S7(u,v;t) strictly increases on 0 < ¢t < c0. O
(b) The monotonicity property of the function Ss(u,v;t) easily follows from the mono-
tonicity property of Si(u,v;t). Indeed, since 05(z|7) = 61(1/2 — z|7) we have
So(u,v;t) = S1(1 —u, 1 —w;t) = S;H1 — 0,1 —ust),

which is positive and decreasing by part (a) since 1 —v <1 — u. O

Remark 1. Since F;(0) = F1(1/2) = 0, it follows from our proof above that the equation
F{(z) = 0 has precisely one solution on 0 < z < 1/2. This together with (2.12) and (2.13)
implies the inequality
—(g3 + 2¢3 + 222)
F- o3
where e; = p(1/2), which will be used in the proof of the monotonicity property of
function S4(u,v;t) in Section 3.

> e, (2.15)

3. Proof of Theorem 1 for S;(u,v;t) and Sy(u,v;t)

(a) The first part of this proof follows the same lines as in Section 2. First we work
with Sy(u,v;t). One can easily see that Sy(u,v;t) is real and positive for 0 <u < v < 1
and 0 < t < co. Since 04(z/2int) satisfies the heat equation (1.6), we have
0 O/ (u)2lint) 0 (v/2]int)
ar 08 Saw,vit) = o i)~ Ga(o/2lint)” (3:-1)

As in Section 2, our goal now is to prove that for a fixed 0 < t < oo, the function
04 (x)/04(x) := 04 (x|int)/04(x|imt) strictly decreases on 0 < z < 1/2.

Differentiating the well-known periodicity relations

03(z+1)  04(2) 04 (z+ 1)

and ————= = —2m¢ 0a(2)
D) e MM neEn T oGy

we obtain
07(z+1)0y(z+1) = 02(2+ 1) 0(2+7)0a(z+7) — 0.2 (2 +7)
03(z+1) o 03(z+71)
_04(2)04(2) — 0, (2)
03 (2) '




Therefore the function

"(2)04(2) — 0,2 (2
Py(z) = AL )949%()2) o)

is an elliptic function with periods 1 and 7 having a single pole of order 2 at z = 7/2
in the period rectangle. Taking the logarithm of both sides of the identity 6;(z + 7/2) =
ig~'/*e~"20,(2) and then differentiating twice, we obtain

07 (2 +7/2)01 (2 +7/2) — 0% (2 + 7/2)
Py(z) := 5

03(z+7/2)

where the second equality follows from equation (2.6).

From (3.2) and (3.3), we find

01(2) _ (5N® s e,

Differentiating this once more and using (3.3), we obtain

(3.2)

= —(p(z +7/2) = co), (3-3)

d0lz) i) /
dz04(z) " 0a4(2) (p(z+7/2) = co) = (2 +7/2). (3.4)

Now we consider the function
0 / 2

F4(Z) .— 9 4(Z) p(z—|—7‘/ ) )

04(z)  p(z2+7/2) —co

Equations (3.4) and (3.5) are counterparts of the equations (2.8) and (2.9) in Section 2.

But now, as it follows from inequalities (4.4) of Lemma 1 in Section 4, the function

p(x 4+ 7/2) — ¢y (which increases from ez — ¢y to e2 — ¢p when x runs from 0 to 1/2)

has a zero at some point s, 0 < s < 1/2. In addition, we have ©'(z + 7/2) > 0 for

0 < & < 1/2. This inequality follows, for instance, from the mapping properties of the
p-function, which we discussed in the previous section. The latter shows that

d 0y(x)
dz 04(x)

Thus, to prove that the derivative in (3.4) is negative for 0 < x < 1/2, we have to
show that

(3.5)

=—p'(s+71/2) <0.

zZ=S

Fy(z) <0 forO0<zxz<s and Fy(x)>0 fors<az<1/2. (3.6)
Differentiating (3.5) and using differential equations (2.11), we find for x # s,
(% — 6ol +7/2) + (gs + 26} + 50)

(p(z +7/2) = c0)?
We note that p(x + 7/2) strictly increases from e3 = p(7/2) to es = p(1/2+ 7/2) when
@ runs from 0 to 1/2. Since e; < ey and % — 6¢§ > 0 by inequality (4.15) of Lemma 2 in

Section 4, the latter observation together with (3.7) and inequality (2.15) of Remark 1
implies that

Fi(z) = (3.7)

Fi(r) <0 forall0 <z <1/2, x#s. (3.8)
Now we find the values Fy(0) and Fy(1/2). Using the Fourier expansion
04(2) - a"
=47 sin 2mmz, 3.9
o) T T (3.9
we have 50 o (19




Since z = 7/2 and z = 1/2 4 7/2 are stationary points of the Weierstrass p-function, we
have

¢ (r/2) =p'(1/2+7/2) =0. (3.11)
In addition, by Lemma 1 we have
(1/2) —co <0< p(1/2+7/2) — co. (3.12)

Substituting (3.10) and (3.11) into (3.5) and taking into account (3.12), we find
Fy(0) = Fu(1/2) =0,

which together with (3.8) proves (3.6).

Therefore the derivative in (3.4) is negative for 0 < x < 1/2. Hence, the function
0% (x)/04(x) strictly decreases on 0 < x < 1/2. Thus, the logarithmic derivative in (3.1)
is positive and therefore the proof of the monotonicity property of Sy(u,v;t) is complete.
O

(b) To prove the monotonicity property of S3(u,v;t), we write
Sa(u,v;t) = Sq(1 —u, 1 —w;t) = S (1 — v, 1 —ust),

which is positive and decreasing by part (a). O
4. Some series expansions and inequalities

Lemma 1 Let e; = e1(q) = p(1/2), ez = e2(q) = p(1/2 +7/2), e3 = es(q) = p(7/2)
and let co = co(q) be defined by (2.5). Then for |q| < 1,

2k
€] —Co =T +8ﬂ22m (41)
) e 2k+1
€2 — Cp =87 Z 1+q2k+1 (42)
k=0
es — cp = —8> Z hy" . (4.3)
— 1— q2k

In particular, for 0 < g < 1, we have
es(q) < co(q) < ea(q). (4.4)

Proof. (a) By (2.4) and (2.6), we have
1)Fkq?"
1— q2k :

e1 —co = —P1(1/2) = 72 — 872 Z (4.5)

For |g| < 1, the series under consideration converge absolutely, so after some algebra we
find

oo Vekq?¥ o0 oo
Z — qk;i _ Z(il)kquk <Z q2mk> Z Z Blg(2m+2)k (4.6)
k=1 k=1 m=0 k=1m=0

B oo 0o . B o) q2m

,mz::O kz::l(*l)kkq(z +2)k _ _ mz::l At gy

where on the last step we used the binomial expansion for (1 — x)~2.
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Combining equations (4.5) and (4.6), we obtain (4.1).
(b) By (2.6), we have
d 0i(z)

es —co=p(1/2+7/2) — ¢ :—501(2)

__ 406) L @)

2=1/2+7/2 dz 04(2) 2=1/2

Differentiating (3.9), we find

d 04(2)
dz 04(2)

z=1/2 k=1

Next, we calculate as in part (a):

= -1 kqu > o m [ SIINC ] "
(1)(]216 :Z(—l)kqu <Z q2 k> — Z Z (_1)kkq(2 +1)k _ (49)
k= m=0

k=1 1 = k=1m=0
D) DEICTCALII SR s
2m+1)2°
m=0 k=1 o (L a2+

Combining (4.7), (4.8), and (4.9), we obtain (4.2), which is clearly positive for 0 < g < 1.
(c) Calculating as in parts (a) and (b), we obtain

d 0)(z
co—ez=—p(17/2) +co = dz@i%z; . (4.10)
z=0
Differentiating (3.9), we find
d 04(2) ax~ kg
il =8 . 4.11
dz 04(2)|,_, i I; 1 — g2k (4.11)

Combining (4.10) and (4.11), we obtain (4.3), which is negative for 0 < ¢ < 1. Therefore
all assertions of the lemma, including inequalities (4.4), are proved. O

It follows from (4.4) that for a fixed 7 = iwt, ¢ > 0, the equation p(x 4+ 7/2) = ¢¢ has
precisely one solution, say s, on 0 < z < 1/2. The latter equation contains a complex
variable 7. Using the addition formula for the g-function, one can find the following
equivalent equation

pla) = Zoocat eres + T 0)65(0) (4.12)
2(60 — 83)
which is more convenient since it includes only real variables.

In the proof of Lemma 2 below we will use the divisor function o, (n) that is important

in Number Theory. For > 1, this function is defined by

ox(n) = Z d®,
d|n

where the sum is taken over all divisors d of n, see [1, p. 38]. For x = 1, we write
o(n) := o,(n). The divisor function satisfies a variety of nice identities. In particular,
the following Liouville’s convolution formula is important for us, see [5, equation 3.10]:

k—1
Z a(m)o(k —m) = %Jg(k) + %O’(k‘). (4.13)



Lemma 2 Let go = g2(q) be the invariant in the expansion (2.3) of the Weierstrass
p-function and let co = co(q) be defined by (2.5). Then for |q| < 1,

1 o0
592~ 6cs = 19272 Z ko(k)g*. (4.14)
k=1
In particular, for 0 < g < 1, we have
1
592(a) = 6co(9)* > 0. (4.15)

Proof. The invariant go = g2(q) of the Weierstrass p-function can be represented as
gp = —— + 3207* Zag : (4.16)

see [1, p. 20].

Next we show that ¢Z = c3(¢) and therefore the function ga(q)/2 — 6c2(q) itself also
can be represented as a power series in ¢ with the coefficients expressed in terms of the
divisor function.

We want to emphasize here that for |g| < 1, all series under consideration converge
absolutely which justifies our algebraic calculations.

For |g| < 1, we have

0 2n s 00 oo
Z 1n_qq2n — Z (anQ(k+l)n> _ Zg(n)an_ (4.17)
n=1 k=1 n=1

n=1

Squaring both sides of (4.17), we obtain

where in the last step we used Liouville’s formula (4.13).
Now, combining formulas (2.5), (4.16), (4.17), and (4.18) and using Liouville’s formula
(4.13), we obtain (4.14):

o0 o0 oo 2
Ly — 62 = 1607 k)g?* + 327 ne ng’"
592 = ¢ = ™ ZUS( )q™" + 32w Zl—q%i Zl_qzn

k=1 n=1 n=1
(oo} (oo} oo
—t (160 > os(k)g?* +32) o(k)g* —32) " (5os(k) + (1 — 6k)o(k)) q2k>
k=1 k=1 k=1
= 1927* Z ko(k)g**
k=1
which is clearly positive for 0 < g < 1. Thus, (4.15) is also proved. O

Remark 2. Numerical evidence suggests that the odd and even partial derivatives in
t of the quotients S;(u,v;t) have alternating signs. In modern literature such functions
are called completely monotonic. It would be interesting to prove that for fixed u and v,
0 <u < wv < 1, the quotients S;(u,v;t), i = 1,2, 3,4, are completely monotonic on ¢ > 0.

10



Acknowledgements. The authors would like to thank Professors Roger W. Barnard,
Petros Hadjicostas, Chris Monico and other colleagues at the Department of Mathematics
and Statistics of Texas Tech University for their help and interesting discussions on the
subject of this paper.

References

[1] T. M. Apostol, Modular Functions and Dirichlet Series in Number Theory, 2nd ed., Springer-
Verlag, 1990.

2] A. Baernstein II, On the harmonic measure of slit domains, Complex Variables Theory Appl. 9
(1987), 131-142.

3] V. N. Dubinin, Change of harmonic measure under symmetrization, Mat. Sb. (N.S.) 124(166)
(1984), no. 2, 272-279.

[4] A. Erdelyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi, Higher transcendental functions.
Vol. 2, McGraw-Hill, New York, 1955.

[5] J. G. Huard, Z. M. Ou, B. K. Spearman, K. S. Williams, Elementary evaluation of certain
convolution sums involving divisor functions, Number Theory for the Millennium II, edited by
M. A. Bennett, B. C. Berndt, N. Boston, H. G. Diamond, A. J. Hildebrand, and W. Philipp, A.
K. Peters, Natick, Mass., 2002, pp. 229-274.

[6] M. B. Nathanson, Elementary Methods in Number Theory, Springer, 1999.

[7] A. Yu. Solynin, Harmonic measure of radial line segments and symmetrization, Mat. Sb. 189
(1998), no. 11, 121-138; English transl. in Sbornik: Mathematics 189 (1998), 1701-1718.

8] , Modules and extremal metric problems. Algebra i Analiz 11 (1999), no. 1, 3-86; English

transl. St. Petersburg Math. J. 11 (2000), no. 1, 1-65. MR 2001b:30058

11



