VORONOI SUMMATION FORMULA FOR THE GENERALIZED DIVISOR
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ATUL DIXIT, BIBEKANANDA MAJI AND AKSHAA VATWANI

ABSTRACT. For a fixed z € C and a fixed k € N, let o™ (n) denote the sum of z-th powers of
those divisors d of n whose k-th powers also divide n. This arithmetic function is a simulta-
neous generalization of the well-known divisor function o (n) as well as the divisor function
d™® (n) first studied by Wigert. The Dirichlet series of ot (n) does not fall under the purview
of Chandrasekharan and Narasimhan’s fundamental work on Hecke’s functional equation
with multiple gamma factors. Nevertheless, as we show here, an explicit and elegant Voronoi
summation formula exists for this function. As its corollaries, some transformations of Wigert
are generalized. The kernel H *) (z) of the associated integral transform is a new generaliza-
tion of the Bessel kernel. Several properties of this kernel such as its differential equation,
asymptotic behavior and its special values are derived. A crucial relation between H. ®) ()
and an associated integral K ) (x) is obtained, the proof of which is deep, and employs the
theory of linear differential equations and the properties of Stirling numbers of the second
kind and elementary symmetric polynomials.
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1. INTRODUCTION

The summation formulas of Poisson, Voronoi, Lipschitz as well as the Euler-Maclaurin
and Abel-Plana summation formulas have been studied for a long time in view of their
enormous applications in the mathematical sciences. Out of these, the Voronoi summation
formula is the pierre angulaire of number theory because of its use in estimating the summa-
tory functions of certain arithmetic functions and, in particular, due to the instrumental role
that it plays in the Gauss circle problem and the Dirichlet divisor problem.

The celebrated result of Voronoi [59] associated with d(n), the number of divisors of n, is
given by

Z d(n) = z(logz + (27 — 1)) + + \FZ (—Y1(47T\/ﬂ) — 72TK1(47r\/ﬁ)) . (1.1)

n<z

Here, Y, (¢) and K, (&) denote the Bessel and modified Bessel functions of the second kind
of order v ¢ 7Z respectively defined by [62, p. 64, 78, eq. (6)]

Sy (§) cos(mv) — J - (£)

Y, (§) = e : (1.2)
K, (€) = Zm (1.3)
where
e (=Dmg 2Pt
Ju(€) = g:jo i 110y <o (1.4)

e_%””iJl,(e%mg), if —r <argé& <7,
I, (f) = 3 v _ 3 .
e2™"J, (e 2™¢), if § <argl <,
are the Bessel and modified Bessel functions of the first kind respectively [62, p. 40, 77].
When the order of the Bessel functions in (1.2) and (1.3) is an integer, say, n, then we define

Y, (¢) = lim,_,, Y, () and Kn(g) = limy,—p, K, (§).
The infinite series in (1.1) is the error term A(x) in the Dirichlet divisor problem, that is,

=z Z ( Yi (4my/na) — K1(47r\/@) (1.5)

The general form of the Voron01 summation formula involving a test function f, given by
Voronoi [59], is

Zd(n)f(n)z/j(?y—klogt dt+27r2d / ( Ko(4mv/nt) — Y0(47rf)>

a<n<f

(1.6)

where f(t) is a function of bounded variation in (o, 8) and 0 < a < (. Mathematicians
have worked with several different versions of the Voronoi summation formula differing
in the conditions put forth on f and catered to a particular problem they have been inter-
ested in. See, for example, Dixon and Ferrar [25], Koshliakov [36], Nasim [47], Wilton [66],
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Yakubovich [69] etc. Voronoi also claimed a formula corresponding to for r3(n), the
number of representations of n as sum of two squares. This was subsequently proved by
Hardy [34] and Sierpinski [55].

Today Voronoi summation formulas are known to exist for coefficients of various L-
functions, for example, the L-functions associated with modular forms, Maass forms, and
more recently, with automorphic forms as well. See, for example, [17], [30], [44], [45], [68].
The reader is encouraged to read the excellent survey [43] on the Voronoi (also, Poisson)
summation formulas. As mentioned in this survey, summation formulas can be used to
obtain functional equations for various L-functions, and, likewise, the properties of the L-
functions, in turn, can be used to derive the summation formulas. See also [6, Section 5] for a
recent survey. Let us consider the following setup due to Chandrasekharan and Narasimhan
[10].

Let a(n) and b(n), 1 < n < oo, be two sequences of complex numbers which are not
identically 0. Let

pls) =" "’i”), Re(s) > oq;  ¥(s) =D ) Re(s) > o, (1.7)

S S
n n

n=1 n=1
where {\, } and {p,, } are two sequences of positive numbers, each tending to oo, and o, and
o, are, respectively, the abscissae of absolute convergence for ¢(s) and 1 (s). Suppose that
¢(s) and v(s) have analytic continuations into the entire complex plane C and are analytic
on C except for a finite set of poles, which we denote by S. For some § > 0, suppose that

©(s) and ¢ (s) satisfy a functional equation of the form

X(s) := (2m) 7 T(s)p(s) = (27)*°T(6 — 8)p(3 — s). (1.8)
Chandrasekharan and Narasimhan [10, p. 6, Lemmas 4, 5] showed that the functional equa-
tion is not only equivalent to the ‘modular’ relation

) J o©
Z a(n)e M = <2;T> Z b(n)ei4ﬁ2“”/z + P(z), Re(z) > 0, (1.9)
n=1

n=1
where )
P(z) = — [ 2n)*x(2)z *dz,
C

2w
where C is a curve, or a set of curves, encircling all of S, but also to the Riesz-sum identity

1 ! 1\* 2\ (0+0)/2
T+ Z a(n)(x — A\p)? = <27r> Z b(n) (M) Jsip(Am/unx) + Q,(x), (1.10)
An<z n=1 n

where z > 0, p > 207 — § — 3, J,(2) is defined in (T.4), and
L[ x(z)(@2m)% 20
=— [ ==——"——d
@) 27ri/c Tptrltz)

with C defined as before. The prime / on the sum in the left-hand side indicates that if p = 0
1

and z € {\,}, then only %a(n) is to be taken into account. The restriction p > 207 — 6§ — 3

can be replaced by p > 207 — § — 3, subject to certain conditions, as enunciated in [10, p. 14,
Theorem III]. The ‘modular’ relation in (1.9) is due to Bochner [7]. Later, Chandrasekharan
and Narasimhan [11] considered the more general functional equation

As)p(s) = A0 = s)9(d = s), (1.11)
where § > 0, A(s) := [[}L; T (a;s + 8;), with N > 1, 8; € C,and aj > 0 with -, o > 1.

)
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As described in [4} p. 3800], most versions of the Voronoi summation formula for an arith-
metic function a(n), and associated with a test function f require to first hold for p = 0.
This has to be established separately as one cannot put p = 0 in (1.10). This is inherent in
the nature of the proofs of these versions. The only exception to this that we know of is the
method of Koshliakov (see [4, p. 3800] for more details) although it requires f to be analytic.

But this suggests an important thing. If an arithmetic function a(n) falls into the purview
of the aforementioned setting of Chandrasekharan and Narasimhan, then the Voronoi sum-
mation formula for it, and involving a test function f (not necessarily analytic), would au-
tomatically hold, provided holds for p = 0.

In this paper, among other things, we obtain the Voronoi summation formula associated
with a generalized divisor function that does not fall into the purview of the setting of Chan-
drasekharan and Narasimhan from [11] except in two special cases. This arithmetic function
is defined for k € N,z € Cby

o (n):=> . (1.12)
dk|n

It is easily seen that the Dirichlet series associated to o) (n)is ((s)((ks — z), that is,

> "(2(”) = ()¢ (ks — 2) (Re<s> > max {1, 1“:”}) N CRE)

n=1

The form of the Dirichlet series implies that the setting of Chandrasekharan and Narasimhan
will not be applicable here unless ¥ € N and z = “5! or unless k = 1 and z > —1. This is

explained in detail at the beginning of the next section. In our Voronoi summation formula
for ot (n), we will also encounter another divisor function, defined by
142 -1

SP(n) = " dyF (1.14)

d’f do=n

One can easily show that

f: % = ((ks)¢ <s 411 Z Z> <Re(s) > max {;, Wie(z)}) . (115)

nS

n=1

Observe that o (n) = S (n) = 0. (n).

The earliest mention of the function " (n), defined slightly differently, occurs in a pa-
per of Crum [18] although he obtains just the Dirichlet series representation (1.13) in his
work. Later, Berndt, Roy, Zaharescu and the first author [5, Section 10.2] briefly studied this
function. Robles and Roy [54] obtained asymptotic estimates for the summatory function of
o (n). The special case z = 0 of o) (n) was studied in detail by Wigert [64] as early as in
1925.

Note that
E o) = E n” . 1.16
n=1 ’ (n)e n=1 enky 1 ( )

On page 332 of the Lost Notebook, Ramanujan considered the above series for £ € N and
any even integer z — k. Although he did not give any transformation for this series for
general values of z and k& mentioned above, he did give it for z = 0 and k& = 2 [53, p. 332],
which certainly shows that he considered studying these series an important task. Recently,
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the first and the second authors [21, Theorem 1.2] generalized Ramanujan’s famous formula
for ((2m + 1) by obtaining a transformation for the series in forz = —2m —1,m € Z.

Various number-theoretic constructs are also intimately connected with the function o) (n).
An explicit appearance of the function oM (n) occurs in a result of Cohen [13]. To state it,
consider the generalization of the Ramanujan sum defined by him [13] to be

Zk

2mibn
cop(n) == Z exp (?k >,

b=1
(b k) =1

where the condition (b, ¥);, = 1 means there is no prime p such that p|¢ and p*|b. Then the
Dirichlet series of ¢, ;(n) satisfies [13, Theorem 4] (see also [41} p. 163])
— cek(n) k
Cs) Y =5 = o1 (),

s
35
(=1

for s > k. The case k = 1 of this identity was given by Ramanujan [52].

Moreover, let pi(n) denote the number of power partitions of an integer n, that is, the
number of partitions of n into parts which are k-th powers. These partitions were studied
by Hardy and Ramanujan in their famous work [35]. In the new proof of the asymptotic
expansion of py(n) as n — oo using the saddle-point method given by Tenenbaum, Wu and

Li [57, Equation (2.4)], the series ) o,gk) (n)e™™ makes its appearance.
n=1

Tz

For Im(z) > 0, the Dedekind eta function is defined by 7(z) := e12 [] (1 — €2™). It

=t

1
satisfies the modular transformation

n(=1/z) = V—izn(2). (1.17)

In his recent study in the context of power partitions, Zagier [71] generalized this property.
Consider the generalized eta-function 7s(z) defined by

[e. 9]

ns(z) := exp (—mwi(—s)z) H(l —exp (2min®z)) (2 € H,s € RT).
n=1
Then for k € N, he proved [71} Equation (6)]
me(—1/2) = @m)*V2V=iz T myw(w). (1.18)
weH
whk=42

Clearly, (1.18) reduces to (1.17) for k£ = 1. In [3], the authors show the equivalence of (1.18)
with one of the corollaries of their general result by starting with

e—any

log i (iy) = mG(~k)y — Y o () —
n=1

for Re(y) > 0. Thus, we see that the function a,ik) (n) is intimately connected with power
partitions. We note here that the transformation for 7,(z) was first obtained in an equivalent
form by Ramanujan [53] p. 330], and was then rediscovered by Wright [67]. Kratzel [39]
further generalized Ramanujan’s result.

The extended higher Herglotz function recently studied in [20] has an integral represen-

tation with the integrand consisting of the sum > ° | a(f\l? (n)e~2™¢; see [20, Equation (2.8)].
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Cohen and Ramanujan-type identities associated to % (n) and K, (£) were recently obtained

in [2]. This shows frequent appearance of oM (n) in various topics in number theory.

As mentioned before, Wigert worked with the special case z = 0 of ogk)(n), which he
denoted by d*)(n). For the infinite series Ly(w) := 2%, d® (n)e ™, (Re(w) > 0), he
obtained the following result [64, p. 8-10].

Theorem 1.1. Foran even k > 1, we havﬂ

k
2

Lk(w)zgff)+w—ir <1+;>c<i> +i+(_1])€_1(2£>ix

E_l 1 1
E i (2] k j i im (24 -1) k (2j+1)mi
{e”(mz?(k”Lk <27r (27T> P ) T <27T (2”> R >} (1.19)
: w w
7=0
— > n%fl
where Ly (w) := Z ——————— Foranodd k > 1, Li.(w) admits the asymptotic formula:
H exp(niw) — 1

w1 e () o5+ o () (- (3)')

N , , , , 1
a3 SO b D ()

k+1)j—k
gt (277)2( +1)j—k+1 Lk w
k=1
2 img(k—1) — 2 ® inj —imj(k—1) — 2 % imj
X Z(:){e k Lk<27r <w> ek> —e k& Lk<27r (w) 6k>}+@(N),
‘]:
(1.20)
where
k—1 .
(2m)k(-1)7e pifetie w s TS . B
= Op.n (Jw]*),

as w — 0 in the region |argw| < A < m/2.

In the case k = 1, the asymptotic expansion of the Lambert series >.°° ; d*) (n) exp(—nw)
was previously obtained by Wigert himself in [63] (see also [58] p. 163, Theorem 7.15]). In
a follow-up paper [65], Wigert also obtained a Riesz-type identity for d*)(n), of the type in
(1.10), for any p > 1.

Koshliakov [37, Equation (4)] obtained the Voronoi summation formula for d*)(n) given
below. He took & to be even in this result since he later wanted to give its special case for
f(w) = e7™, which gives an exact formula only for even k (see above), however, the
result itself is true for any k& € N.

1Wigert simplifies this result in the special case k = 2 in the footnote on p. 9 of [64]. However, this result was
already known to Ramanujan. See [53} p. 332].
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Theorem 1.2. Let 0 < o < Band o, B € Z. Let k > 1 be a natural number. Let f(x) be an analytic
function defined inside a closed contour containing |c, B]. Then

Y dP(n)f(n) = /j (C(k‘) + %C <;) y'le‘1> f(y)dy

a<n<f

aEm Y 6 ) / " Hp ((2m)" % (ny) /¥ )y Fly)dy, (1.21)

n=1 @

where S*) (n) = S(gk) (n) and Hék) (z) := [° cos(1/t*) cos(xt)tFdt.

Remark 1. Although the results in Koshliakov's paper [37] are correct, we warn the readers of many
typographical errors. For example, in the argument of the function L*) in his version of the above

result, the expression (2%)%_1 should be replaced by (277)%“.

Remark 2. Using the fact that

. 1 1 1
lim ((s) + =¢ () ys =2y +log(y),
s—1 S S

Theorem [1.2] can be easily modified to accommodate the case k = 1. Indeed, this gives (1.6) upon
using (2.4) below.

One can extend Theorem [I.2] by letting o — 0 and 3 — oo but with the obvious need of
putting further restrictions on f. This is, of course, permitted when f(z) = e ",z > 0,
Re(w) > 0, (because of the exponential decay), and results in Wigert’s (1.19) as a corollary.

In this paper, we prove Voronoi summation formulas for the generalized divisor function

oM (n) defined in (I.12). We give two such formulas, one of which applies with a test func-
tion f analytic in an interval [«, 5] (see Theorembelow), while the other is not truncated
to any interval and can be applied with a test function belonging to the Schwartz class (see
Theorem [2.4). Thus, our first version of the Voronoi summation formula is a generaliza-
tion of Theorem [1.2| of Koshliakov. There are instances in Koshliakov’s paper [37] where
the results are but merely stated but not proved at all, for example, [37, Equation (6)]. Our
generalization of his Equation (6), which is given in Theorem rigorously proves his The-
orem (1.2 given above as a special case of our Theorem As can be seen, the proof of
Theorem is quite non-trivial and requires the theory of linear differential equations [12,
p- 21, Section 6] along with properties of combinatorial objects such as the Stirling numbers
of the second kind and the elementary symmetric polynomials. Also, we later derive
as a special case of a more general result, namely, Corollary

In addition to obtaining the Voronoi summation formulas for oM (n), this paper is equally

devoted to developing the theories of the new special functions H W) (x) and K ) (z) which
arise in this context and which are defined in (2.3) and (2.5) respectively. While the functions
H gl)(x) and K gl)(w) reduce to certain combinations of Bessel functions, for k& > 1, their
theory transcends the well-known theory of Bessel functions. This certainly warrants their
study.

2. MAIN RESULTS

We first show that the generalized divisor function oM (n) defined in (1.12)) and its Dirich-
let series in (1.13)) are not covered by the setting of Chandrasekharan and Narasimhan in [11]]
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unless k € Nand z = #7 or unless k = 1 and = € R. To that end, first note that the symmet-

ric form of the functional equation of ((s) reads [58, p. 22, Equation (2.6.4)]

_s S _(=9) 1—-s
. zr(§) C(s) =3 r( > )C(l—s). 2.1)
Along with (1.11) and (1.13) and the Dirichlet series defined in (1.7), this implies that if
a(n) = 772/20£k) (n) =0b(n), Ap= ratkt), — Lo (2.2)
so that
10, s S ks — z

then we must have, for some ¢ > 0,

A(é_s)_r<1gs)F<l—/<:25+z>’

It is easy to see that this will be true only if z = #5! for k € Nand § = 1 orif K = 1 and

0 = z+1> 0. (We get these same conditions if we work with Sk (n) rather than o (n) in

(2.2).) Thus, our Theorems [2.2] and 2.4 are covered by the setting of Chandrasekharan and
Narasimhan only in the aforementioned two special cases which force either z to be rational
or k to be 1. On the other hand, our Theorems and hold for any k£ € N and any
complex z such that —1 < Re(z) < k.

Before stating Theorem we define the functio H Z(k) (x) for k € Nand z > 0 by

HP (z) = /000 7= cos(xt) cos (;{) dt. (2.3)

In Theorem it is shown that H¥ (x) converges for —1 < Re(z) < k.
For k = 1, this integral was evaluated by Hardy [62] p. 184, Equation (4)] who showed, in
particular, that

Hy(2) = Ko(2V/z) - SYo(2V/a). (2.4)

Also, the integral H(()k) (z) appeared in Koshliakov’s result (I.2I). Hence we call the inte-
gral H(()k) (x) as the Hardy-Koshliakov integral. Theorem below generalizes for any z
satisfying —1 < Re(z) < 1.

As is shown in [26] Equations (1.14), (4.1)], the function H Z(l) (x) is a special case of a kernel

of Watson [61] given by
> 1\ dt
wu,v(afy) = 331/2/ JV(CL't)JM <t> e
0

2The notation here does not mean k-th derivative of some function H. (z). This notation is used to comply
with that used by Wigert [64] and Koshliakov [37] for the associated arithmetic as well as special functions and

is retained throughout the paper for other functions as well. For the ;™ derivative of, say, H *) () with respect
to =, we use the notation %H k) ().
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(1)

namely, H; ' (z) = g:n_z/zw_z_1
o

z—1 (). This follows from the fact that J_; j5(x) = 4/ 2 cos(z).

2

However, for k£ > 1, our kernel H ;k) (z) is new. In Theorem we show that H ék)(x) es-
sentially equals the Meijer G- function G4, < b {}b ‘i (232)%) with the parame-
’ 10 5 D2kt2

ters by, - - , bopio defined in below. A similar Meijer G-function acting as a symmetric

Fourier kernel was studied by Narain [46, Equation (1.5)], however, it is different from ours.

We will also need an auxiliary integral in the proof of the Voronoi summation formula for
oM (n). This integral is defined for = # 0 by

1 s s—1—=z ds
K®W(z)y:=— [ T Z)r | —241) — 2.

W)= g [ e (F)1 (1) 25)

where k£ € Nand max{0,1 —k+Re(z)} < Re(s) = ¢ when |arg(z)| < 7/(2k), and max{0, 1 —

k + Re(z)} < Re(s) = ¢ < LiRe() \when |arg(z)| = 7/(2k). (Note that the latter strip

k+1
is non-empty when we additionally assume —1 < Re(z) < k, which will be the case in

most of our results.) The integral is absolutely convergent in |arg(z)| < m/(2k) but only
conditionally convergent for | arg(x)| = 7/(2k). While the former is easily established using
Stirling’s formula (see below), the latter requires some work, and is hence proved in

detail at the end of the proof of Theorem As a function of z, K *) (x) is analytic in
|arg(x)| < 7/(2k). Also, as a function of z, it is analytic in C, provided |arg(z)| < 7/(2k);
when |arg(z)| = 7/(2k), it is analytic in —1 < Re(z) < k.

The functions H." () and K ®) (x) are related to each other by means of the following
important identity.

Theorem 2.1. Let x > 0 and k € N. For any z such that —1 < Re(z) < k,
1 im(k —1—z) i —in(k—1—2) i
K () — = MW Tm AT <) (k) v 7<) (k)
H" (z) 5 {exp ( 5% > K (e 2ka:) + exp ( % K; (e?kx>

T k+1,0 {} 1 w2k
- =i U [ (&)) 26)

where the parameters bj, 1 < j < 2k + 2, are given by

= it 1<j<k,
) s-HE =k,

b = ; 2.7
J 24+ 32 ifk+2<j<2k+1, @7)

1—1z if j =2k +2,

and G50, < b {}b . H (2@)2]{7) is the Meijer G-function defined in (3.6).
) s "0 U242

This result will be crucially used in the proofs of Theorems [2.2] and The Meijer G-

function occurring in is conditionally convergent for z > 0. A proof of this result is

offered in the Appendix by employing the theory of linear differential equations whereas the

differential equations satisfied by H W) (x) and the Meijer G-function themselves are derived
in Section @ Compare with by means of Lemma

We are now ready to give our first version of the Voronoi summation formula for o (n)
which involves H" (x), the aforementioned generalization of the Hardy-Koshliakov inte-
gral.
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Theorem 2.2. Let 0 < a < fand o, ¢ Z. Let k € Nand z € C with —1 < Re(z) < k and
2z # k—1. Let stk (n) be defined in (1.14) and let f(z) be analytic inside a closed contour containing

[a, B]. Then
T (co -4 e (K a

S o®(n)f(n) = /
B

a<n<f o
+202m0) % 1Y s m) / FOrFE1g® ((zw)%ﬂ(nt)%) dt. (2.8)
n=1 @

If z=Fk—1, then

B (0}
> s = [ s (FEEEED) g

a<n<f

© B
+23° 5%, (n) / FyH®, ((%ﬁ“(m)%) dt. 2.9)
n=1 «
As a corollary of the above theorem, we obtain the well-known Voronoi summation for-
mula for o,(n) [5, Theorem 6.1].

Corollary 2.3. Let 0 < a < fand o, B ¢ Z. Let f denote a function analytic inside a closed contour
strictly containing [, 5]. Assume that —1 < Re(z) < 1,z # 0. Therﬂ

B
S o ()IG) = / (C(1+ 2) +£77C(1 — 2) £ () dt

+ 27r§:1 o_.(n)n2* /a " b f(t){ (iKz(zxm/E) - Yz(zm\/ﬁ))

X COS (%) — J.(47v/nt) sin (%) } dt. (2.10)

Moreover, if we let k = 1 in (2.9), then using (2.4), we get (1.6).

Also, letting z = 0 in Theorem P.2] readily gives Theorem Thus, Theorem 2.2]is a
simultaneous generalization of Koshliakov’s result in Theorem [1.2]and Corollary 2.3]

Throughout the sequel, F'(s), or M(f)(s), will always denote the Mellin transform of a
function f. Let .#(R) denote the space of Schwartz functions on R, that is, those functions
f which satisfy f € C*°(R) and all of whose derivatives (including f itself) tend to 0 faster
than any power of |z| as |z| — oo. See [14, p. 177]. Our next result is the “infinite” version
of Theorem [2.2|for Schwartz functions f.

Theorem 2.4. Let k € N, z € C be such that —1 < Re(z) < k,z # k—1. Let f € /(R). Then we
have

gggk)(”)“") = 5o +t-2) [T pr (S ) o ()

3In [5, Theorem 6.1], it was assumed that —1 /2 < Re(z) < 1/2. However, we see here that the result actually
holds for —1 < Re(z) < 1.



VORONOI SUMMATION FORMULA FOR THE GENERALIZED DIVISOR FUNCTION ai’“) (n) 11

(2m) D ()2 &2

5 s W) [ HE (0 ) ) ),
2.11)

T2

where S,gk) (n)and H Z(k) (x) are defined in (1.14) and respectively. Moreover, when z = k — 1,

>l = ~e01 -0t + [ gt (FELEE ) g

wa > s [ HE, (o)) sy
n=1

Remark 3. Ifwelet z = 0 in (2.11)), then one can obtain the aforementioned extension of Koshliakov’s
Theorem [1.2} that is, the one obtained by letting o — 0 and  — oo in it.

Define B(z, b) by

¥ cost
B(z,b) := ——dt. 2.12
R 212)

This integral converges only in the region —1 < Re(z) < 2, where it is also given by [48,
p- 43, Equation (5.8)%

7b*~1  coshb z 3—2z|b?
B = I'(z —1)si 21 Fp 1 11 — =, ———|— 2.1
(2,0) 2 cos(rz/2) + Tz — Dsin(mz/2)1 7 < ’ 27 2 4> (2.13)
7b*~1  coshb T > b2
= — 2.14
2 cos(mz/2) 2cos(mz/2) nz;) I'2n—z+2)’ @19
where 1F (a;b,c|z) == Y00, (b)(:)(’c‘)n% is the 1 Fy-hypergeometric function with (a), =

I'(a 4+ n)/T'(a) being the shifted factorial. Here, b € C with b # +iy for any real number y.

Remark 4. At first glance, it appears that the right-hand side of has singularities at every
odd integer. However, in Section [p|we show that the odd positive integers are removable singularities
whereas it has poles at all odd negative integers. Thus the right-hand side of provides meromor-
phic continuation of B(z,b) to the whole complex plane with simple poles at z = —1,—-3, =5, - - -

As a special case of Theorem 2.4, we obtain the following result.

Theorem 2.5. Let k € N,z € C be such that —1 < Re(z) < kand z # k — 1. Let B(z,b)
be defined in 212) and @.13). Let a = 2w (%f)l/k, where Re(w) > 0 and A; §(2 M@i-1)
Bj = ii_k)(zj ), where Cak, 1s the primitive 4k-th root of unity. For k > 2 even,

S oW e = 62 (k=) 1T CG) (—1) ! (2m)>Hi

R Wk T ek

A;B(z,al3™Y + A;B(z,a 7|, (215)

'MW

1

J

“Thereis a typo in the stated formula in [48] in that b~ * should be replaced by b ~.
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and for k > 1 odd,

+ + 2 + 2kwl/k

S e S, Sh—2) 1T (E)C(H) | (-1)'F e
nZ::lU 2 w k U]j(l+z)/kk

e

—1

B(z+1,a)+ 1[3 B(z+1 ac? )+BjB<z+1,a<;€(2j)”].

v ‘

X Z S) (n)p—2/k
n=1

<.
Il

(2.16)

Recently, Gupta and Maji [31] have obtained a transformation for the series > > | Dy, »(n)e™ ™,
where Dy,(n) == Y, (%), ¥ > 0,k € Zand r # —1 is an integer. It is clear that
k
D) =n'oh(n). _
Letting z = 2m in (2.15), we obtain a generalization of Wigert’s identity (1.19).

Corollary 2.6. Let k > 2 be an even integer and m be a non-negative integer with 0 < m < k/2.
For Re(w) > 0, we have

142m

S o (e — ~S2m) (e —2m) AT (M) | (1)a et (%) k

2 w ok wemE Tk w
2 [exp <2k(1—kz+2m)(2]—1)> Ly om (27r<w> ek >
+ exp (—;7;(1 — k4 2m)(2j — 1)> Li.om (27r <2£> e ok (2 1>> ] ,
where
Ly . ( i S n)exp(— 1/kw). (2.17)

When m = 0, the above corollary reduces to Wigert’s identity (1.19). Letting z = 2m —1in
- 2.16) leads to the odd counterpart of Wigert’s identity. We note here that our result below
is an exact formula as compared to the asymptotic formula (1.20) of Wigert.

Corollary 2.7. Let k > 1 odd and m be an integer with 1 < m < k“ . For Re(w) > 0,

> T w Ly % wem/k +
2 * 2 2w E ing
X [Lk,gm_l <27r () ) + [exp <‘7( k+ 2m)> Ly om—1 (27r () ekj>
w — k w
1
) ] J— k )
+ exp <—m‘7(—k + 2m)> L om-1 (277 <27r> ek']> ]]
k ’ w

1-2 k—2 1 zm =m %-i—m 27\ k
ZUQm ) —nw__C( m) C( m + (k2) (k) ; ( )

where Ly, .(w) is defined in 2.17).
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2.1. Significance of our results in a broader context. To date, Voronoi summation formu-
las provide one of the most useful methods to obtain bounds for mean values of arithmetic
functions. A case in point is the Dirichlet divisor problem, a fundamental problem in num-
ber theory. The error term

= Z/ d(n) —zlogz — (2y — 1))z — i (2.18)

n<x

was shown to be < !/ by Dirichlet. It was Voronoi’s ingenious idea of writing the general
summation formula for the summatory function of d(n) times a test function f(n) that
allowed him to obtain A(x) < x'/3. The overarching principle behind how a summation
formula like proves useful is that it enables one to express the error A(x) as an infinite
series involving certain kernel functions (in this case, the Bessel functions): see for instance
(L.5). One then needs to invoke known asymptotic estimates for the kernel functions in
order to obtain O-bounds or omega bounds for A(z).

To understand how our results fit into this broader fabric, let us keep aside convergence
issues for the moment and informally consider & — 0%, 8 — z and f as identically one in
our main result, Theorem The integral in then yields the main term

1 1+Z z+1

for thesum ) _ o k)( ). Note that this recovers the main term z(logz + (2y — 1)) of (L.I)
when we let £ = 1, write out the Laurent series expansions and let z — 0. Our result @.8)

also allows us to write the error term in the expression for ., o= ( )(n) as an infinite series

involving the generalized Hardy-Koshliakov integrals H & )( ) defined in (2.3), that is,

Bele) =200 F Y 5O@) [ HEED (ot ar
n=1 0

It is i (x) that now plays the role of the kernel function, acting as a vast generalisation of
the Bessel kernel K((2/z) — §Yy(2y/z). In order to obtain upper bounds and omega results

for A, ;(x), it is essential to develop the theory of the function H *) ().
This paper represents a fundamental contribution towards building this theory. Indeed,

in Theorems and we determine the asymptotic behavior of H ®) (x) as © — oo. More-

over, in the special case £ = 1, we obtain an explicit expression for H & (x) in terms of Bessel
functions. With these ingredients in place, we expect to be able to prove, for instance, that
A, x(z) < 2'/3(logx)? for k > 1and —1 < Re(z) < k, 2 # k — 1. This would not only yield
the asymptotic formulae given by Theorem 1.4 of Robles and Roy in [54], but also extend
them to larger ranges of z as well as to £ > 4. It may also be possible to determine better

upper bounds for A, ;(x) by obtaining non-trivial estimates for the kernel H. ® (x).

Since these non-trivial estimates call for extensive additional analysis, including them
here would render the manuscript unwieldy. Moreover, the results obtained here are of
independent interest and mark the natural conclusion of our initial line of inquiry, thereby
meriting their documentation in this paper.
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3. PRELIMINARIES

Here we state some known results which will be useful in the sequel. For 0 < Re(s) < 1,
the Mellin transform of cos(z) is given by [29, p. 1101, Formula (3)]

> s—1 _ 18
/0 cos(z)x® "dxr =T'(s) cos< 5 ) : 3.1)
Stirling’s formula for I'(s), s = o + it, in a vertical strip C' < o < D is given by [16, p. 224]
()] = nd e b (140 (1)), 62)

c+zoo

as |t| — oo. Throughout the paper, f () Will always denote the line integral S

Theorem 3.1 (Parseval’s formula). [50] p. 83, Equation (3.1.13)] Let F'(s) and G(s) be the Mellin
transforms of f(x) and g(x) respectively If F(1 — s) and G(s) have a common strip of analyticity,
then for any vertical line Re(s) = c in the common strip, we have

27rz/ G(s)F(1 - s)ds = /0 fF(®g(t)dt, (3.3)

under the assumption that the integral on the right-hand side exists and the conditions
tlg(t) € L[0,00) and F(1 —c—it) € L(—o0,00) (3.4)
hold.

An extension of Parseval’s formula due to Vu Kim Tuan [60] is given in the next theorem.
This result allows application of Parseval’s formula in situations where the first condition in
does not hold, albeit with an additional restriction. We will require this in the proof of
Theorem 4.4} Before we state this extension though, we define the concepts needed to do so,
namely, a new function space and a certain class of functions.

Let M~1(L) denote the space of functions f(x) which are inverse Mellin transforms of
functions F(s) € L (3 —ico, § +ico) over the contour Re(s) = 1/2 with norm || f||on-1(z)
equal to [ |F ( + it) ’ dt.

We let K be the set of functions g(x) integrable on any segment [¢, E],0 < € < E < 0o, and
such that the improper integral

M{g(x):s) = Gls) = /0 T lga)de, Re(s) =

converges boundedly, that is, there exists a constant C' > 0 such that for almost all ¢, ' > 0
and t € R, we have ‘feE 212 (x) daz‘ <C.
Then the extension of Parseval’s theorem [60, Lemma 1] is as follows.

Theorem 3.2. Let f(z) € M~1(L) and g(x) € K. Then the following convolution formula holds:

/0 Tt di= - [ Gs)PO - s)a* ds. (35)

2 J )
Remark 5. Using Cauchy’s residue theorem, we note that (3.5) can be extended to any vertical strip
containing the line [1/2 — ico, 1/2 + ioo| as long as it does not contain any poles of the integrand
and the integrals along the horizontal segments of the rectangular contour tend to zero as the height
of the contour tends to co.
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Remark 6. As mentioned in 60, Corollary 1], the cosine function belongs to the class K and hence
the extension of Parseval’s formula, that is, holds with g(x) = cos(x) and f € M~L(L). It is
this fact that will be employed in the proof of Theorem

These results are also given in [70, p. 15-17].
The next result, which gives the evaluation of a Mellin transform of a certain rational
function, will be used in the sequel.

Lemma 3.3. For —k — Re(z) < ¢ = Re(s) < k — Re(z),

1 / mtSds  2kthtE
210 J(ey cos (g5 (z+5)) R +1
Proof. Employ the change of variable t = v'/(?%) in the integral below so that
/oots | 2ktht? dt:/oo U%_ldv: ™ _ ™
0 2k +1 0 v+1 sin (7 (3 + 32))  cos (g (24 ))
since —k < Re(s + z) < k. The result now follows from the Mellin inversion theorem [42,
p- 341]. O
Next, we define an important special function called the Meijer G-function [49, p. 415,
Definition 16.17]. Let m,n,p, ¢ be integers such that 0 < m < ¢, 0 < n < p. Letay,--- ,q,

and by, - - - , by be complex numbers such that a; —b; € Nfor 1 <i <nand1 < j <m. The
Meijer G-function is defined by

—w) [, (1 —a; + w)X¥
G;r;,n < ai, ) Ap ) / ) H] 1 ( J ) dw. (36)
’ bla"' abq H] =m+1 1_b +w) H] =n+1 F(a]_w)

Here L goes from —ioco to +ioco separating the poles of I'(1 — a; + w) from the poles of
I'(b; — w). Note that the integral converges absolutely if p + ¢ < 2(m + n) and |arg(X)| <
(m+n—E +q)7r In the case p+¢q = 2(m+n) and arg(X) = 0, the integral converges absolutely
if (Re(w) + 3) (¢ —p) > Re()) + 1, where tp = Y21 b; — 37 a;

The following result elucidates the asymptotic behaviour of the Meijer G-function G,4°(X)
when the argument is large.

Proposition 3.4. [40, Theorem 2, p. 190] If 1 < m < g, then for | X | — oo, we have
G;Z’O(X) ~ Am’o H,, (Xei”(q_m)) yifm<g—1,6 <arg(X)<(m—-p+1)m—4,6 >0;

G%O(X) A™YH (Xe_“r(q m ) Jdfm<qg—1,0—(m—p+ 1) <arg(X) < —4,6 > 0;
where [40, p. 183, Equation 2]

1 v q
m,0 __ . . _
A= <_2m> exp <— i Z b]>, v=gq—m, (3.7)

j=m+1

A™Y is obtained by replacing i by —i in B.7), and the function H, ,(X) is defined by [40, p. 180]

o) (0—1)/2 0
(W)\/E exp (—0 XY 0) XN M x e, (3.8)
k=0

witho =q—p, 0 =1 (52 + 51 — Ay), where 5y = Z (bjand Ay = Z L aj. Here My =1
and Ms are independent of X.

Hp,q(X) =
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We now state Slater’s theorem [40, p. 145, Equation (7)], which allows us to represent
Meijer G-function in terms of generalized hypergeometric functions. If p < gand b; — b, € Z
for j # h,1 < j,h < m,then

Gm,n<ala"' ‘ > Zz H] 1,5#h (b bh)H (1+bh_aj) (39)
Pg o\ by, by e T +0n = b)) T nHF(a]—bh) .

1+bh_a17"'71+bh_ap p—m—n
Xqu_1<]-+bhbla"'a*y"'71+bhbq(_1> zZ ],

where * indicates that the entry 1 + by, — by, is omitted.

Lastly, we define certain mathematical objects which will play an important role in the
proof of Theorem Consider the monic polynomial (w — z1)(w — x2) -+ (w — ) and
let X, = {z1,29, -+ ,z,}. Forall n,k € N, the elementary symmetric polynomial e;(X,,) is
given by [27, p. 24]

l
eo(Xy) = Z H Ty - (3.10)

1<j1 < <je<nm=1

It is well-known that
n n

D ei(Xn)t =[]+ =5t).

j=0 j=1
For all n, k € N, the Stirling number of the second kind S(n, k) is the number of set parti-
tions of {1,2,--- ,n} with exactly £ non-empty parts. Clearly, S(n,k) = 0 for n < k. By
convention, S(0,0) = 1. See [9, p. 204, Chapter V] for more details.

4. A GENERALIZATION OF THE HARDY-KOSHLIAKOV INTEGRAL HP (2)

4.1. Convergence of H. Z(k)(af) We begin with determining the values of z for which the in-
tegral H¥ (z) in converges.

Theorem 4.1. Let z > 0 and k € N. Then H" (x) converges in —1 < Re(z) < k. Moreover, when
x =0, it converges in —1 < Re(z) < k — 1.

Proof. Let e > 0 be small and M be a large positive real number. For simplicity let v = k — 2.
We split the integral into three parts, namely,

/ / / < > cos(xt)ft =:I1 + Iz + I3 (say).

It is easy to observe that I is finite since the integrand is a continuous function on the closed
and bounded interval [¢, M]. In the first integral I3, replacing 1/t* by T gives

=2 cos(r () T
1= - cos(T) cos Tk
Using the series expansion of cosine, we have
1 [ z? z? x2m v—1
L = k/e—k cos(T') [1 ~ SR + TR T +0 ((Qm)!Tgm/’f)] T %

[oe) 172 o] _ 4 o] Vs
= / cos(T)T*% ~1dT — = Cos(T) T+ L cos(T)TT—ldT
ek 21k 41k

e
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2™ [0 emty
+“.+O<(2m)!/€kT k dT>

The first term above is convergent for Re(1) < 1, the second for Re(“:2) < 1 and so on.

The final term is convergent for Re(%) < 0. These conditions hold simultaneously if

Re(rv) < min{k+1,k+3,...,2m + 1}. Choosing m large enough so that 2m+1 > k+ 1, we
see that I; converges for Re(v) < k + 1. Turning to I3, we similarly have

o 1 dt
Is = / cos (k) cos(xt)—
o ¢ tv

o 1 o)
B / cos(xt)t " dt / cos(at)t 2D gy
M 21 Jar

1 o

4 Jyr 2m)! /s

Similar to the discussion for I;, the conditions for convergence are Re(v) > 0,Re(v) >
—2k,...,Re(v) > —2mk + 1. As k > 0, choosing m sufficiently large yields that I3 is con-
vergent for Re(v) > 0. Combining the conditions for convergence of I; and I3, we have that

Hgk)(x) converges for 0 < Re(v) < k + 1, thatis, —1 < Re(z) < k, as needed.

Now let z = 0. Employing the change of variable t = u~/* in (2.3), we see that for
—1<Re(z)<k-1,

H®)(0) = ]1/0 wEe Tl cos(u) du = %F <k:—;—z> cos <727 (T)) , (4.1)
where in the last step we used (3.1). O

4.2. Differential equation satisfied by H. ®) (x). Hardy [33] proved by finding a fourth
order differential equation for I, él) (x). In what follows here, and in the Appendix, we adapt
Hardy’s method to derive the differential equation of order 2k + 2 for H. ®) (x). This will play
a crucial role in the second proof of Theorem

Theorem 4.2. Let x > 0, k € Nand k —2 < Re(z) < k — 1. The function a® (x) defined in (2.3)
satisfies the homogeneous linear differential equation of order 2k + 2 given by

) d2k+2w d2k+1w d2k

+ (22 +k+3) +(z+1)(z+k+1)ﬁ+(—1)kk2w:o. (4.2)

Proof. Replacing ¢ by 1/t in (2.3), one can see that H ®) (x) can be equivalently written in the

form
HP) (z) = /000 cos (%) cos (tk) tzflilf”

Let us define the following two functions:
- e 7 cos (%) cos () &

J = Ji(z,8) = /0 cos (t) cos (t ) .5 (4.3)
dt

Iy := Ii(z,5) = / sin (§> sin (tk> .
o t s

Since Ji(x,z —k+2) = Hz(k)(a:), Theorem 4.1/implies that Jj, converges in 1 —k < Re(s) < 2.
In a similar vein, one can show that I;, converges in —k < Re(s) < k + 2. First suppose that
0 < Re(s) < 1. Observe that for any k € N, both Jj, and I}, converge in this strip.

T k2 d 2kl

(4.4)
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From [8, p. 433], one can see that J;, (and also I}) are uniformly convergent with respect
to z in any interval 0 < 29 < = < z1. Hence differentiation under the integral sign with

respect to z yields
dr ‘/O sin () cos (#) 77

We cannot directly differentiate the above integral with respect to  under the integral sign,
for, the resulting integral becomes divergent. However,

[ (ot sin () - 2 [ (2) 2

_ ks in (T8
=0 + 27 °T'(s) sin ( 5 ) , (4.5)
where the last step resulted from the well-known identity
/ utLsin(zu) du = 27¢T(€) sin (7;£> (—1 < Re(¢) < 1). (4.6)
0

(Note that in our case, we have assumed 0 < Re(s) < 1, thus permitting us to use the above
evaluation.) Now we can differentiate (4.5) under the integral sign thereby obtaining

dQJk —s5—1 . s
T2 ¢ I'(s+ 1)sin (?>

= /000 (1 — cos(tk)) cos (%) %

1 > (I—cos(th) d . s
= _37/0 -~~~ —gin (7) dt
1

s dt t
1 —cos(th)) | /x > < T 1 — cos(t")
= [ ()] ()

tS
= EIk(:c s+1—k)— == — 2 T(s 4 1) sin (7”3)
x ’ T 2/’

where, the last step follows from (4.6) and the fact that the condition 0 < Re(s) < 1 renders
the boundary terms zero. Hence

&J, sdJ, k

Similarly, one can derive that

d2 I k sdl k k

— - == 1—k). 4.

dz2 z dr ka(l’,S—F ) ( 8)
Multiply both sides of by = and then differentiate the resulting equation with respect
to x to get

d3 Jy, d? Jy, d
— 1)—5 =k—1 1-k). 4.
T3 +(s+ >dar2 kda: k(z, s+ k) 4.9)
Now multiply both sides by x and differentiate once again to see that
d*Jy, 43 Jy
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where we used the fact L(“)

to x, we arrive at the equat10n

= —I;(x, s+2). Differentiating (4.10) k£ —3 times with respect

dk+1 Ji dk T

k+3
v T (s k= 1= = (=1) 7 kli(z, 9) (4.11)
for k odd, and at
d" g, d* Ty, k2 d
ZUW (s+k—1)—¢ I =(-1)2 k‘%fk(l‘,s -1) (4.12)
for k even. Similarly,
dk+1Ik dkfk k+3
T +(s+k—1)— Tk = = (—1) 2 kJg(z,s), fork odd, (4.13)
dk+1[k dkfk k+2 d
s (s+k—1)— Tk = =(-1)z k:d—Jk(x s—1), forkeven. (4.14)

Now applying the differential operator D := x% +(s+k— 1)61% on both sides of (4.11),
utilizing and substituting s = z — k + 2, we derive the differential equation in for
k odd. However, when k + 1 is odd, replace s by s + 1 on both sides of (4.12), then apply
the differential operator a:ddm—kk +(s+k—1) % on both sides of the resulting equation, and
then employ (4.14), to obtain

2k-+1 2k 2k—1
2 d

d
= kQ%Jk(a:,s— 1).

Finally, differentiating the above equation, again, with respect to x and observing that
% = —Ji(z, s+ 1), we arrive at (4.2) again upon replacing s by z — k + 1.

Our assumption 0 < Re(s) < 1 implies kK — 2 < Re(z) < k — 1. But from Theorem
H Z(k)(a:) itself converges for —1 < Re(z) < k. Hence (4.2) holds for k£ € N and all z with
k—2<Re(z) <k—1

g

Remark 7. We note in passing that (4.7), (4.8) and the above analysis show that

_ = (T i (B sin (%) Y [T g (L
Ii(z, 2z k‘—|—2)—/0 sm(t)sm<t)tz_k+2—/0 t sm(xt)sm(tk dt (4.15)

also satisfies the same differential equation given by (4.2).

4.3. The auxiliary integral K ®) (). We derive some properties of the integral K. ®) (x) de-
fined in (2.5). The first one expresses it in terms of a Meijer-G function.

Theorem 4.3. Let k € N. Let X = 1 (;—k)zk, where | arg(z)| < 7/(2k). Then

—_

k42,0 {}
ng)(x):fiGogk +2(b,1 e ‘X) (4.16)

Ji(x, s+ 1)
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where
Lt if1<j<k,
k—1— o
g ) e =kt (4.17)
T By, fi=k+2,
WS if k+3 <5 <2k+2,

and where we additionally assume —1 < Re(z) < k if | arg(z)| = w/(2k).
Proof. Invoke the variant of Euler’s reflection formula, namely cos (%) = m,
2 2

s s—1
the duplication formula F(Fg y = £(3)2 in (2.5) and then replace s by 2ks so as to get
2

v
upon simplification

k—1—2z 2ks
K(k)(x) _ \/E% . F(kS)FF((;i;S) k ) <323) ds. (4.18)

Again use the duplication formula for I (2s + £==%) followed by the Gauss multiplication
formula [56, p. 52]

ﬁ T <w + ‘7_ml> — e DDy (m e N) 4.19)
j=1

for I'(ks) and I (3 — ks) to arrive at

X

ng)(x)zil 1+21./ H;?ZIF(S—F%)F(SJrk A S <2k>2k84sds
Vi 2% 2mi J(g) 1T (% )
L1 TGl (s T s+ 5 T (s + 25)
m%/< ) [I2542, T (220 )
where X = (2k) . Replace s by —s to obtain
L1 T o) T ) T (g )
IRER [T (34 +)

X %ds,

X?ds.

(4.20)
Comparing this with the definition of the Meijer G-function, we see that m = k + 2,
n=p=0,q=2k+ 2and the b;. are as defined in (4.17).

One can check that Z?E{Q b;- = 1+k— 2. Since p+ ¢ < 2(m + n), the integral represen-
tation (4.20) of K *) (x) converges absolutely for |arg(X)| < m, thatis, for | arg(x)| < 7/(2k),
and can be expressed as the Meijer G-function given on the right-hand side of (4.16).

Now let |arg(z)| = 7n/(2k). Then we show that K ) (x) is conditionally convergent,
provided max{0,1 — k + Re(2)} < Re(s) = ¢ < %el(z) We will prove this in the case
arg(z) = m/(2k). The result can be similarly obtained in the other case, that is, when
arg( )= —77/ 2k). Let z = 7™/ (%) ' > 0. Then

-1 ims
) cos ) r <skz + 1> e 201 %ds

Kk
(@) 2mk‘
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1 _1_ i (c4it
= ok {/ / /} (c+1it) cos(;r(c—kit))l“(MkZ—Fl)e G

where T' > Im(z) is large enough. The integral from —7 to T is clearly finite. We now
consider the mtegral from T to co. From [19, p. 73], as |s| — oo in the angle —7 + § <
arg(s) < m — ¢, for any fixed 6 > 0,

- (o o) (0 3)-

With § = tan~1(¢/c), this implies that as t — oo,

T(e+ it) = exp ((c - ;) log(t) — 10 — c> cexp (if1(1)) (1 +0 (1)) , 4.21)

where fi(t) = tlog(t) + 0 (c — 1) — t. Next,

cos (”("’2*”)) - % (exp (i;(c—i— it)) +exp (J;T(H it))) . 4.22)

Letc; = 1+ £(c — 1 —Re(z)) and t; = 1(t — Im(z)). Clearly, ¢; > 0 and ¢t; > 0. With
01 = tan~1(t1 /cy), this implies that as t — oo,

Te1 +it1) = exp <<01 _ 1> log(t1) — 101 — cl> exp (ifa(1)) <1 +0 (1)) o 42)

where fo(t) = t1log(t1) + 61 (c1 — 5) — t1. Also,

exp (—’;;‘g) — exp (%( m(z) — ic)) exp <7§1> (4.24)

Moreover, since tan~!(x) + tan~!(1/x) = 7/2 for > 0, we find that as t — oo,

T c 1
0_2_t+0<t2>’

[

C1 1
— — |- 4.2
5 14 +0 (t%) (4.25)

Now let f(t) = fi1(t) + f2(t). Hence using from (4.21)-(4.25) and observing that f/(¢) ~ log(¢)
and f"(t) < 1/t ast — oo, we see that

> . T . c+it—1—=z2 _in(etit)  dt
/T ['(c + it) cos (5(0 + zt)) r <k + 1> e m

= kv | L(f’(ffc)Jrjllolg(?’)) xp (i7(8) - “°g(’“)”E ro ([ eeta) )

where a1 . is a constant. Here, in the last step, we performed integration by parts on
the first integral. Thus the integral will be finite only if ¢ + ¢; < 1, which implies that
¢ < (1 +Re(z))/(k + 1). One can similarly show the existence of the integral from —oco

to —T. This shows that K (x) is conditionally convergent on the ray arg(x) = w/(2k),
provided max{0,1 — k + Re(z)} < Re(s) = ¢ < 1+I§f (2) . Proceeding as in the first part of the

proof, we see that (4.16) holds for | arg(z)| = 7/(2k) as well.
O

dt

petit ’
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Remark 8. In |arg(z)| < 7/(2k), K (k)( ) is an analytic function of x as can be seen from [56)
p- 30, Theorem 2.3] o, with the help of Theorem 4.3} from [51], p. 618].

Forz > 0, K{¥ )(av) has a representation as an integral of a real variable given in the following
theorem. This will be instrumental in proving Theorem

Theorem 4.4. Let K §"“) (2) be defined in (2.5)). For x > 0 and Re(z) < k, we have

i 00 1 dt
K| )(x)—/o exp( n cos(xt)tk - (4.26)

Proof. We first prove the above result for Re(z) < k£ — 1/2 and then extend it to Re(z) < k
by analytic continuation. As mentioned in Remark|[6} we can take g(t) = cos(xt) in Theorem
Then, from (B.1), G(s) = I'(s)cos (%) *. Moreover, if f(t) = t* "exp (—t~"), then,

“1/k

with the change of variable ¢t = «~/¥, it is easy to see that

Fs) = %r (’“‘Z‘z> (Re(s) < k — Re(2)).

Now for f to be in M~1(L), we must have 1/2 < k — Re(z). This explains the condition
Re(z) < k — 1/2 that we initially need to impose.
Invoking Theorem [3.2] with the above choices of k and f, we see that

= 1 a1 mS\p (Tl s
[ (-4 emton e~ /@) e ()0 ()

where in the last step we used Remarkl 5/and the fact that the line [1/2 — ioco, 1/2 + io0] lies
in the half-plane max{0,1 — k + Re(z)} < Re(s). This proves for Re(z) < k —1/2.
Next, using the techniques of Theorem it is easy to see that the right-hand side of
is convergent in Re(z) < k and is analytic in this region. Along with the discussion
following (2.5), we see that by analytic continuation, holds for Re(z) < k. O

Koshliakov [38, Equation (9)] has shown that forn € Nand « > 0,

K, (zm’ﬂ/%) + K, (Mﬁfm) -1 /(3) P(s)cos (5)

2
270 (2m)%8(nx)*

An easy application of the residue theorem after shifting the line of integration from Re(s) =
3/2to Re(s) = ¢,0 < ¢ < 1, and then comparing with yields

KD (drn?nz) = K, (47re%’ \/@) 4K, (4776—%’ \/@) '
More generally, we have

Theorem 4.5. Let K, (£) be the modified Bessel function of the second kind defined in (1.3). For
x>0,n € NandRe(z) < 1,

KWV (4rnz) = (2nv/na) > { K, (47T6%r M) teT K, <47Te*%r\/nx>} . (4.27)
Proof. For Re(s) > + Re(z) and Re(a) > 0, we have

/ 2 K, (ax) dex = 2°7%a°T (S — Z) r <8 + z) .
o 2 2
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Replace s by 2s, z by \/z and then let a = 4re*™/4,/n so that for Re(s) > £ Re (%),

/OO K, (47reim/4\/%> de = 2%51 (47rei”/4\/ﬁ> _2SF (s — E) r (s + E) .

0 2 2

Therefore,
/000 P {emTsz (47rei7r/4\/@> + e_mTZKZ (47re_”/4\/@>} dx
= (47°n)~°T <s - %) r (s + %) cos <g (% - s)) .
Hence by the Mellin inversion theorem [42, p. 341], we have with ¢ =Re(s) > + Re (%),
% o r (s - %) r (s + %) cos (g <§ - s)) (4m*nx) =% ds
_FK. (47re”/4\/%) e FK, (47re—”/4\/%) .

Now replace z by —z in the above equation and use the well-known fact K_.(y) = K.(y) so
as to get for Re(s) > + Re (%),

% o r (s - %) r (s + %) Cos (g (g + S)) (4m’nz) =5 ds
_ o FK, (47re”/4\/%) e TK, (47re*”/4\/@) . (4.28)

Finally, replace s by s — z/2 in (4.28) so that for max {0, Re(z)} < ¢/ = Re(s),

1
= (42 z/2/
27T’l( T nx) (c’)

— T K, (4776”/4\/7133) + e'T K, (47re_”/4\/nx) .
Upon adding the restriction Re(s) < 1 and observing (2.5), this leads us to (4.27). O

s

I'(s — 2)I'(s) cos (7) (4n°nz)~* ds

4.4. Relation between H.") (z) and K ék)(x): Proof of Theorem ﬂ The integrals H ) (x)

and K 5’“)(:@ defined in and (2.5) respectively are related by means of the identity in
Theorem [2.1{ of which we now give a proof. Note also that neither Parseval’s formula (3.3)

nor its extension in (3.5) is capable of handling the integral H ®) (x) since the integrand of

H Z(k)(x) cannot be decomposed in any way into functions f and g so that they satisfy the
conditions of Theorems 3.1l or

We prove Theorem 2.1| using the theory of linear differential equations [12} p. 21, Section
6]. But before that, we need the following lemma.

Lemma 4.6. Let Xoj1o = {b1,b2, - ,bopyo} where bj,1 < j < 2k + 2, are defined in 2.7). Let
eo(Xog42) denote the elementary symmetric polynomial defined in (3.10) and let S(n, k) denote the
Stirling numbers of the second kind defined in Section |3} Then

1, if m = 2k + 2,

2k+2—m .
) 22+ k+3, ifm=2k+1
E —2k) e (X S(2k 4+ 2 — 7, = ’ ’ 4.29
< ( ) ey( 2k42) S ( j,m) (z41)(z+k+1), if m = 2k, ( )

0,if1 <m<2k—1.
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Proof. The result is trivial for m = 2k + 2 as S(2k + 2,2k + 2) = 1. Let m = 2k + 1. Using

2k+2 142
e1(Xopp2) = Y by =1+Fk - o (4.30)
J=1
as well as the result [9, p. 227]
S(n,n—1)=n(n—-1)/2, (4.31)

in the second step, we see that

1
S 2k ej(Xopp2)S(2k + 2 — j, 2k + 1) = S(2k + 2,2k + 1) — 2ker (Xopp2)S(2k + 1,2k + 1)
7=0
1+2

:(k+1)(2k+1)—2k<1+k:— ):22+k+3.

Now let m = 2k. Then substituting (4.30), (¢.31) and the identity [9, p. 227], S(n,n — 2) =

Zn(n —1)(n —2)(3n — 5), in the second step below, we have

(—2k) ej(Xo12)S(2k + 2 — j,2k)

= S(2k + 2,2k) — 2key (Xopy2)S(2k + 1,2k) + 4k%en(Xop42)S(2k, 2k)

1M

1+2
24(2k: +2)(2k + 1)(2k)(6k + 1) — 2k <1 +k— k:) (k(2k + 1)) + 4keo(Xop12).
(4.32)
Using (2.7), we now show
4 3 2 2
ex(Xopp2) = Y bib 24k2 (12k* 4+ 16k> — 3k2(7 + 82) — k(7 + 62) + 6(1 + 2)?) .
1<i<j<2k+2
(4.33)
To that end, observe that
. ) 2k+2 ko 2k+1
B i—1)(—-1) 1—1 3—2j
Z bibj— Z —kQ +bk+12b + Z 2 Z 2+7k
1<i<j<2k+2 2<i<j<k =2 =2 j=k+2
. . 2k+1
3—2 3—2
+ Z <2+ A ) <2+ 2 j) + bag 42 Z bi — b+1b2k+-2,
k+2<i<j<2k+1 =2
(4.34)

where the last expression on the right was subtracted since it was considered twice, once in
b1 D s 2k+ 2., and again in boj 19 Zfﬁ;l b;. Now it can be seen that

,—1)(j — 1
> (Z;C(j) 24k(3k3 102 + 9k — 2),
2<i<j<k

2k+2
1+2 1 1+2
b’““zb <2_ 2k ><2+k_ 2k )
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k. 2k+1 .
k k 4

i=2 j=k+2
2k+1
1+z2 14+ 2z
b bi=(1-—2) (k- —2),

1 14z 1+ 2
br41bopt2 = < - ) <1 - ) : (4.35)

2 2k 2k

Substituting in and simplifying, we arrive at (4.33), and substituting (4.33), in
turn, in gives for m = 2k upon simplification.

It remains to show the validity of in the case 1 < m < 2k — 1. To that end, we
represent S(2k + 2 — j, m) using the identity [9) p. 204, Theorem A]

sttm) = oy > ()t

and then interchange the order of summation consequently obtaining

2k+2—m m m 2k+2 , j
Z (—2k) ej(Xor12)S(2k +2 — j,m) = (_Wll? Z(—l)n <:L> n?+? Z (?)j ej(Xok42)
=0 Ton=1 j=0
m m m 2k+2
- (_Wll? Zl(—l)”<n)n2k’+2 11 <1 —~ 2:bj> :
n= 7=1

Now it is important to observe that forany 1 < n < m and any 1 < m < 2k — 1, the
product H?i 2 (1 — 2£p,) equals zero since there is precisely one factor in the product which
vanishes.

Indeed, for any odd n of the form n = 2¢ — 1, where 1 < ¢ < k, we have 1 — %bgk,ug =0
as can be seen from (2.7). Similarly, for any even n of the form n = 2¢, where 1 < /¢ <k —1,
the expression 1 — %b£+1 = 0. This proves in the remaining case 1 < m < 2k — 1 and
completes the proof. O

4.4.1. Proof of Theorem We initially prove the result for £ — 2 < Re(z) < k — 1 and later
extend it by analytic continuation to —1 < Re(z) < k. Define

1 in(k—1—2) i —in(k—1—2) i
F)(p) .= = VW o2 gk . W 2R g
AL () - 5 {exp < ok ) K, (e 2kx> + exp < 5% K (e%:r) .
(4.36)
We first show that the identity in (2.6) holds for z = 0, that is,

By — AR () — T ~k+10 {} _ Ll (k=1-2 T (k-1-2z
H:7(0) = AZ7(0) = \/E21+Tz G0,2k+2<b1’... ,bg ‘O> - k;r k cos 2 k ’
(4.37)

From (3.1), for -1 < Re(z) < k-1,

H®(0) = %F (T) cos (;T (k_;_z» . (4.38)



26 ATUL DIXIT, BIBEKANANDA MAJI AND AKSHAA VATWANI

Invoking Theorem {4.4/and employing again the change of variable ¢ = u~!/*, we see that

forRe(z) < k—1,
1 [ k=1-: 1 k—1-—
K®(0) = k/o W e gy = EF <kz> ;

which when substituted in (4.36) yields

AP (0) = %F <k_]:{l;_z> cos <72T (l{;_;_Zj)) . (4.39)

Next, we prove the last equality of (2.6). To that end, note that by Slater’s theorem] (3.9),

k j z
o < 0 ) I b o (3)T (- 57)
by, [EEE2, D+ b1 — b)) H§:1p<i+%)r(12+kz)

0,2k+2 - bokio

where the last step results from applying {@.19) twice, once with w = 1/k and m = k, and
the second time with w = 1/(2k) and m = k. This implies that

™ k41,0 (bl,-~{} ’0> _ kﬁ I'(3-42)

— G
\/E21+TZ 0,2k+2 - bogyo 2% r (1;1;)

(e

as can be seen by specializing the identity [19, p. 73], T ($)T (3 — £) 7' = 2157~ 1/2I'(s) cos (%) ,

with s =1 — (1 + 2)/k. From (4.38), (4.39) and (4.40), we have proven (4.37) in totality.
We next show that for x > 0,

Ky T k+1,0 {} 1 a2k
Al (x)—\/EﬁZGO’QW(bh_“ b, ‘4 (%) . (4.41)
To that end, using and making a note of the discussion following it, it is easy to see that

for max{0,1 — k + Re(2)} < Re(s) =c < ltgliel(Z) ’

1 — 1= —1- d
=g [ reoen () (=)o (G () i e

Proceeding along the similar lines as in the proof of Theorem 4.3, we see that for

max{0, #}1}(2)} <Re(s) = < ;lj(llzﬁi;’

k i—1 1 1 2k 2k ®

i 1k 1es g2 1 Hj:1r(5+jT>F(§+S* o) (4 Z) ) ds

A()(x):722 k2 — B : :
(@) [T (=5 + 2 ) T (=5 + 42)

z vk 27
Now replace s by —s and use (3.6) and (2.7) to arrive at (4.41).

SIn general, Meijer G-function has a complicated branch point at + = 0. However, since by = 0, b; > 0 for
2 < j <k, and Re(br+1) > 0 because of the condition £k — 2 < Re(z) < k — 1, Slater’s theorem is applicable,
thereby giving the non-trivial value of the Meijer G-function.
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Our next task is to show that for =z > 0,

By T k+1,0 {} 2k
H (@) VE2H Coznta <b17 s bag g2 ‘4 (2k> ' (4.43)

This is achieved in two parts. In the first, we show that the right-hand side of (4.43) satisfies

the same differential equation as that of H. ® (x), namely, the one in (4.2)). This is what we do
next. The second part of the proof, which is concerned with actually showing that the two
sides of (4.43) are equal, is given in the Appendix.

Tt is well-known [49, p. 417] that w=G%™ (417" 9P ¢ satisfies the differential equation
p P.g bi,--- by q

(P20~ 4 1) (0=t 1) 0 -0 =0

where 6 = §d£ With ¢ = 1 (&) ?*  this implies that Gé;j&(bl ' {}b2k+2 H (ﬁ)2k> satis-

ties the differential equation

g\ 22 g\ 2 g\ 2
[ <€d§> — e1(Xokq2) <§d§> + e2(Xog12) <§d§> -

+ (1) 2egp 40 (Xokya) + (—1)k§] w =0,

where Xop 9 = {b1,b2,- - ,bop12} with b; defined in (2.7) and e;(X2ox42) is the elementary
symmetric polynomial defined in (3.10), or, written more compactly, the differential equa-

tion
2k-+2 . g\ 262
> (-1eiChaan) (€5 )+ Dk w=
=0
¢
Since ¢ = & (%)% implies (5 d%) (w) = (ﬁ%)é (w), the above differential equation, upon

51mphf1cat10n, takes the form

2k-+2 g\ 2k+2—i
2k Z 2]43 6] X2k+2) < d:]j) + (*1)kk}2 w = 0.

Now employ the well-known identity [9, p. 157]

( > Zsem dm, (4.44)

where S(¢, m) denote the Stirling numbers of the second kind defined in Section 3} to write

(z di ) #1277 asasumand then interchange the order of summation while noting S(0,m) = 0
to derive
2k+42 gm 2kr2om .
(Z m= 2’@ — > (2k) ej(Xakr2)S(2k +2 — j,m) + (1)’%2) w=0. (4.45)
j=0

Invoking Lemmal4.6| we are led to (#.2). This proves that both sides of (4.43) satisfy the same
differential equation in (4.2). The remaining part of the proof of (4.43) now follows from the
Appendix.
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This completes the proof of Theoremfor k—2 < Re(z) < k—1. Since K ) (x) is analytic

in Re(z) < k as can be seen from the discussion following and HM(z) is analytic in
—1 < Re(z) < k, by analytic continuation, the identity holds for —1 < Re(z) < k. O

4.5. Asymptotics of H. ®) (x). We first obtain the asymptotic behavior of H. ®) (r)asz — 0.
Theorem 4.7. Let H" (2) be defined in 2.3). Then 2P (2) = O(1) as © — 0.

Proof. Note that in (@&38), it was shown that H"(0) is a finite quantity. Using Abel’s and
Dirichlet’s tests for umform convergence of infinite integrals [8], it can be seen that H; (k )( )
is continuous at z = 0 whence H" )( y=0(1)asz — 07. O

The behavior of H.*) () as © — oo is derived next.

Theorem 4.8. Lety > 0, k € Nand —1 < Re(z) < k. Asy — oo,

1 1+z
1 2k\ 4(k+1)  2k(k+1)
v (330)™)

HP) (y) ~
) k(k+1) 2%

Proof. Letting x = yei% ,y > 0,in Theorem we get, with Y = i (5%

i 1 {}
& 4im k+2,0
K§ ) (e 2k y) WGO’2k+2<b; e ;

Employ the asymptotic expansion of the Meijer G-function from Proposition 3.4|to get

1 1 2k+2
k im(k+1
K( ) (€2k y) m <_27TZ) exp —Zﬁjzk;r3b H0’2k+2 <Y€ (k+ )> . (447)

From (4.17)) one can easily check that Z?kzig ; = k/2. Taking the leading term, the defini-
tion of H, , in (3.8) gives

, 9 ) (2k+1)/2y70

Ho ak42 (YBW(HI)) LED Y
V2k 42

4(k1+1) - (k+1) Substituting [.48) in (4.47), as y — oo,

. (2k+1)/2y70 1\* ke
(k) im ~ (27T) . _Z7T s Yl/(2k+2) i (k 1)6
K, (e 2k y) T 2 e 5 ) e (5 i(2k + 2) +im(k + 1)

exp (—z’(2kz + )YV @D ik 1)9) . (448)

where 6 =

0
N (\/77 Y) e exp (—i(2k + 2V V) (4 1)0) (4.49)
R+ 1) 2%

Similarly, it can be seen that

—im Ye
KW <€Wy> VT = OXP (Z'(zk +2)Y VD) (ks + 1)9) : (4.50)
k:(k + 1)

Finally, making use of (4.49) and (#.50) in Theorem 2.1} we obtain after some simplification,

YO
HF) () ~ ﬁ = COS (4 (2k + 2)Y1/2k+2>

k(k+1)27%
Substituting the values of Y and 6 in the above formula, we arrive at (4.46). g
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Remark 9. When k = 1 and z = 0, Theorem [4.8|implies that as x — oo,

2€>COS< +2f)

This can also be verified from the asymptotic formulas of Yo(z) and Ko(x) upon using (2.4).

HP () ~

4.6. The special case a (x). In this section, we explicitly evaluate H. z(l)(:n) in terms of
Bessel functions. This will be required while proving Corollary 2.3}

Theorem 4.9. Let Hék)( ) be as defined in 23) and let M, (z) = 2K,(z) — Y, (z). For —1 <
Re(z) < 1and x > 0, we have

T _
HW(z) = 5% 2 (cos (3m2) M.(2v/z) —sin (372) J.(2V/2)) . (4.51)
Proof. From the first equality in Theorem 2.1} (#.36) and (4.42), we have, for max{0,1 — k +

1+Re(z
Re(z)} < ¢ < MR,

1 —1- —1- d
H(k)( ) = 27rZ/()I‘(s) cos (?)F(“—i—l) cos (;r <skz+1>> k—; (4.52)

Letting k£ = 1, replacing s by w + z/2, we then use the formula 2 cos(A) cos(B) = cos(A4 +
B) + cos(A — B) in order to get for [Re (%) | < ¢ = Re(w) < 3,

HW (z) = w_Z/,Q /(/) r (w — g) r (w + g) (COS(WIU) + cos (%)) " dw. (4.53)

471

From [23, Lemma 5.1], for [Re (%) | < ¢ = Re(w) < 3/4, we have

1 z z Tz 9, \—w
573 » r (w - 5) r (w + 5) <cos(7rw) + cos (?)) (Ar“ty) ™" dw
= cos (3mz) M.(4m/ty) — sin (372) J.(4m\/Ty). (4.54)
Employing (#.54) with ty = z/(472) on the right-hand side of (£.53) and noting that H M ()
converges for —1 < Re(z) < 1 as proved in Theorem 4.1} we arrive at (4.51). O

5. VORONOI SUMMATION FORMULA FOR o (n): THEOREMS AND

Armed with results in the previous section, we are now all set to prove the Voronoi sum-

mation formula for o (n) for an analytic function f in a closed contour containing the

segment [« §], where 0 < a < fand «, ¢ Z.
5.1. Proof of Theorem First, let us define

=C fj SH KD ((2m)i* (na)t ). (5.1)

where C := Ci(z;2) = 2(277:1:) [ Usmg [56, p. 30, Theorem 2.3] and the discussion fol-
lowing (2.5), it is clear that K ) (( )%k +1( x)F ) is analytic in Re(z) > 0. One can establish

the uniform convergence of the above series in (5.1) for Re(xz) > 0 in a manner similar to
that proved by Koshliakov in [37, p. 125-126]. Hence by Weierstrass’ theorem on analytic
functions, we see that ®;(z; z) is analytic in Re(z) > 0.
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Employing E, one can write the above series representation of ®j(x; z) as

Oy (2 2) 2mk Z / (s) cos (?) r (S'_lk_z + 1) ((27r)%+1(m¢)%)_8 ds,

where ¢ > max{0,1 — k + Re(z)}. Moreover, we need Re(s) = ¢ > max{1l,1 + Re(z)} to

take the summation inside the integration as the Dirichlet series associated to sk (n) will
be absolutely and uniformly convergent in this region. Therefore, using (1.15), we get

Oy (z52) = 27S;k; /(C) I'(s)¢(s) cos (g) r <s—lt—z + 1> ¢ <8_Ii_z + 1> ((27T)dj1>8
(5.2)

The asymmetric form of (2.1)) is given by

¢(s) = 2°7°7I0(1 — 8)¢(1 — 8) sin (%) . (5.3)
To simplify further, we shall use (5.3) in the form
C(1—s)257 s

['(s)¢(s) = - (5.4)
cos (%)
Use (5.4) twice in to obtain
o z+1—s
By(esz) = — O [ CUZ9CHT)  ds 55)

2k Jo) sin (% (Sflffz)) 4(2n) Sl
Now we substitute z+1—s = ks’. This implies that the new line of integration Re(s") = ¢ <
min {0, RGT(Z)} since Re(s) = ¢ > max{0,1 — k + Re(z)}. Upon simplification, becomes
1 "NC¢(ks — /
C L )
A (2mx) F L 2m Jey  sin (% )

Here we note that in the current line of integration Re(s’) = ¢/, one can not use the series
definition of ((s"){(ks’ — z), so we would like to shift the line of integration to a new line

Py (x;2) = (5.6)

Re(s’) = " with 2 > ¢’ > max {1, %’3(2)} as ((¢')((ks' — z) is absolutely and uniformly
convergent in this new region. To do that we consider the following rectangular contour C
defined by [¢’ — iT, " +iT,c 4 iT, ¢ — iT]. In the process, we encounter simple poles at
s = 0,1, 2= inside this contour. Applying Cauchy’s residue theorem, we get

k _
/C > Z) v ds' = Ro+ Ry + Rua, (5.7)
Sln

where R, denotes the residual the term corresponding to the pole at s’ = p. Letting ' — oo,
one can easily show that the horizontal integrals go to zero. Therefore, (5.7) reduces to

1 C(s)¢(ks — 2) 25 ds = 1 ((s")C(ks" — 2) =5 ds'

- 7 - R R RJ , 58
2mi Jiy  sin (%) 2mi Jiry  sin (%) <0+ 1 12) 8)

where the residual terms are the following expressions

¢(~2) z ¢ (42)
5

Ry = — — Ry =((k—2)z, Ri= (5.9)
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Now using the Dirichlet series representation (1.13) of ((s"){(ks’ — z), one can write

1 CNC(ks' = 2) o 1~ (kg L / (=
5 1" ds = > — —nL——ds'. 5.10
271 €2 sin (%) voas ; 7 (n> 271 (c) sin ( 5 ( )

It is well-known [50, p. 91, Equation (3.3.10)] that for any 0 < d < 2,

1 s 2 1
27 J(qy sin (7) Tl+x

In view of (5.10) and (5.11), reduces to

1 SY(ks' —2) o 222 & 0P (n
1 LLM; a5 = 2y 0 () (Ro+ R+ Rag: ). (5.12)
271 () Sln( 3 ) T — n“+x
Now substituting (5.12) in (5.6), we obtain
C 222 X otk (n)
Pp(r;2) = ——m—F—13 — ——= —(Ro+ R 2 . A
k(i’,Z) 41'(27[_1')%_1 { T ;nQ—i—:ﬂ ( o+ 1+R1-;€— ) (5 3)

Substituting the residual terms from (5.9) in (5.13)), we see that
O (z;2) = Vi (x; 2), (5.14)

where

(o) ch—2) @) D SE- SUNET

Up(x; 2) := — — .
M S T (g () T r e
One can easily check that ¥j(z; z) is analytic, as a function of z, in the entire complex plane
except on the negative real axis and at x = +in,n € NU {0}. Thus, U (iz;2) is analytic
on C except on the positive imaginary axis and at integers. Similarly, ¥ (—iz; z) is analytic
on C except on the negative imaginary axis and at integers. The combination of these two
facts implies that Wy (iz; z) + Wi (—iz; 2) is analytic on C except on the imaginary axis and

possibly at integers. But
1
o (n),

z z

1
3 Y e — (k) 1 —qre = -
xhriln(x Fn)Vy(ix; 2) 577 (n), and xhriln(x Fn)Vy(—iz;2) 57

which implies that the function W (iz; z) + Uy (—ix; z) is analytic in Re(z) > 0. Observe that
for x lying inside an interval (u,v) on the positive real line not containing any integer in its
interior, we have, using (5.15),

U (iz; z) + Wi (—ix; 2) = —C(k — 2) — %xiszlg‘ (1 Z Z) . (5.16)

However, both sides of are analytic in Re(z) > 0, and hence, by analytic continuation
we see that holds in Re(z) > 0.

Now let us consider f(z) to be analytic function of x inside a closed contour ~ that inter-

sects the real line at v and 5, where 0 < m—1<a<m<n—1< g <nand m,n € N. Let

7" and +” denote the upper and lower portion of the contour, respectively. This means that
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oy and ay”f denote the paths from « to 3 in the upper- and lower- half planes respec-
tively. By Cauchy’s residue theorem,

1 1
57 M”m/af(a:)\llk(m, z)dx E :%111111(95 n)f(z)V(ix; z) 57 E oy (n)f(n).
a<n<f a<n<f
(5.17)
Now

/ f(@)¥yg(ix; 2) dox = / f(z)V(iz; 2) do — / f(z)Ug(iz; 2) de. (5.18)
"By e "B oy’

Thus from (5.16), (5.17) and (5.18),

> i = [ s [ i

ay'B

+ f(z) (C(k: —2)+ %x%*lg (1 Z Z)) dz. (5.19)

ay'B
Again, utilizing Cauchy’s residue theorem, one can instantly observe that

f() <((k o xlilg (1 : Z)) do = /jf(t) (C(k )+ (1 * Z)) d.
(5.20)

From the discussion following and and (5.15), it is clear that holds for —m/2 <
arg(x) < m/2. Thus, Vi(iz;z) = Pp(iz; z) holds for —m < arg(z) < 0, and Yy (—ix;2) =
P (—ix; z) holds for 0 < arg(z) < 7. Employing these two facts and together with (5.20),
becomes

> oW = [ f@mdet [ fae-in) do
ay”B

a<n<f ay'B

v [ (co-a e (H2))

From the discussion following (5.1I), we know that the series defining @y, (iz; z) and @ (—iz; 2)
are uniformly convergent in —m < arg(z) < 0 and 0 < arg(z) < = respectively. Thus us-
ing these series representations in the above identity and then interchanging the order of
summation and integration, we arrive at

> s = [ " <c<k 2+ I (1 : )) "

+2(2m) i S (n) [ /
n=1 @

+ f(ﬂU)ng) ((277)%“(—2'713:)%) (—ia:)HTz_l dw].

ay'B

ay'B8

142

F(z)K® ((27r)%+1(m:c)%) (i) * L d

Y’ B

Here we use the residue theorem twice to obtain

> s = [ 50 (¢t -2+ ¢ (HEE) ) e 2om S 500

a<n<f « n=1
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« /j FrE [exp <_”(’“_1_Z>> KO (@m)t+ (nt)kest) di

2k
+exp (Z?T(k’ ;kl — Z)> ng) ((27.‘_)%—%1(”75)%6—%) dt:| )
Finally, invoking Theorem 2.1} we arrive at (2.8). This completes the proof. O

Proof of Corollary Letting k = 1 in Theorem 2.2 gives

8 o0 8
> GG) = [ €=+ G+ ) O+ 227> o) [ FOHD ()t
a<j<pB o n=1 o

Now invoke Lemma 4.9 with # = 472nt, simplify and then replace z by —z to arrive at
(2.10). Here, we have made use of the elementary fact o_.(n)n*/? = o,(n)n"*/? as well as
the fact [5, p. 842] that cos (37z) M, (2y/z) — sin (372) is invariant under the replacement
of z by —z, which, in fact, is an easy consequence of the definition in and the identity

K+ (€) = K-($). O

5.2. Proof of Theorem We first prove the result for z # k£ — 1. Using the inverse Mellin
transform of F(s), one can write

OOO'(k)n 7'1/_O<)O'('I€)7’I/L STL_SS_L S S S — z)as
> oo =3 oz [ R =g [ eI - s, 621

where ¢ > max 1, %e(z)} . Since f € .Z(R), its Mellin transform F(s) is holomorphic on

Re(s) > 0. Moreover, integration by parts gives the following identity for M(f)(s):

- /0 @ e = M) s ).

Hence

s(s +1) - (s + D) F(s) = ()M (s +i 4 1).
This proves that F'(s) has an analytic continuation to the whole complex plane except for
possible simple poles at s = 0,—1,—2,--- . We know that ((s){(ks — z) has simple poles at
1 and 2. To transform the line integral in (5.21)), we shall consider the following contour
C:=lc—iT,c+iT,\+iT,\ — iT|, where

R
A = —€, with max {0, — eliz)} <e<l (5.22)

Choose T large enough so that | Im(z)/k| < T. Now employing the Cauchy residue theorem,
we have
1

— | F(s)¢(s)¢(ks — z)ds = Rg+ Ry + Ri+-, (5.23)
211 c k

where the residues are given by

— 0o s +
Ry =t sF(s)0(s)¢ (ks = 2) = 3 MUWG(-2) = 52 [ iy = -

Ry = lim (s — DF(s)((s)C(ks — 2) = FQ)C(k — =) = C(k — 2) /O " f)dy,

s—1
Rip: = Lu% <s ! Z Z) F(s)C(s)C (ks — 2) = %F <1 Z Z> ¢ (1 Z Z) . (5.24)
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Now let T — oo in (5.23). It can be checked that the integrals along the horizontal segments
go to zero whence

L R () s — 2)ds = Ro+ By + Rowe + 1, (5.25)
271 (c) k
where
1
I:= 5 o F(s)C(s)C(ks — z)ds. (5.26)

We would like to write I in terms of an infinite series involving the function S §’“> (n). To that
end, using (5.3) twice, we have

(27r)(k+l)s—z
C(s)C(ks — z) = Tf(l —$5)C(1—s)T(1 —ks+2)C(1 —ks+2)

X sin (g) sin (g(ks — z)> .

Substituting this expression into the right-hand side of (5.25) and employing the change of
variable s = 12 — w, we have

1 m)kD(HE—w) =2y 142 142
I=— F —w)T 1- = 1-
2mi (g aneto) 2 P w + ) clwt p

T (kw)C (kw) cos (;T <w 411 Z Z)) cos <7”;“’> dw.

From (5.22), we have —1 < A < min {O Re,gz)} which implies Re(kw) > 1 as well as

Re(w 41— 1£2) > 1. Hence, invoking (I.15) and interchanging of the order of summation
and integration (which is justified by the absolute and uniform convergence), we have

(k1) (4£2) =z 0 w
S S s /( 1+R()>F<1Z'Z —w> N®(w) ((@m)*1n) " du
n_l )\+ ez
14z
(27r)(k+1)( t2)—2 B / 14+2—¢ w (& 141 1\ ~¢ d¢
= FZ2=S)NW () (2 &
2 ZS 27” (kA4 14Re(2)) k z Lk (( 7T) knk) L’

where

1+2 s 1+2 T
(k) = _ Z _ Z
NP (w) : F(w—i—l ? >cos<2 <w+1 k: ))F(kw)cos<2kw),

and where in the last step we employed the change of variable w = {/k so that Re(§) =
—kX + 1+ Re(z).

Observe that max{0,1 — k& + Re(z)} < Re(§). We also need Re(§) < LERe(2) for reasons

k+1
to be clear soon, however, we unfortunately have Re(§) > 1 > %ﬂz) at this stage (since

A < Re(z)/k). To circumvent this problem, we shift the line of integration to max{0,1 — k +

Re(2)} < ¢’ =Re(§) < 12135(2) and apply Cauchy’s residue theorem. Since —1 < Re(z) < k

and Re(§) > 0, we do not encounter any poles of the integrand in this process. (There is no
14+2—¢&

pole at £ = 1 as well because the possibility of F ( ) giving rise to it arises only when

z =0, since —1 < Re(z) < k, and even if that is the case, cos (5 (1 — %)) = 0 there.) Also,
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the integrals along the horizontal segments tend to zero as the height of the contour tends
to co. Hence

Ceo®EEE) e 14+2-6\ o (& 1411\ ~€ dg
- 2 ;Sz (”)m/(c,,)F< k >NZ <k> <(2”) TEn ) &
(5.27)

with max{0,1 — k + Re(z)} < ¢’ = Re(¢) < %ﬁ(z)_

Now insert the integral representation of /', namely,

1 — R
F <+Z§) =/0 y T () dy

in (5.27), then interchange the order of integration which is permissible due to the decay of
F (since f € . (R)) so that

_ R & [ ey o (& k)
= O s [y g [ () (10 hed) Ry
(k+1) 12—2 —z o0 1+z
= eI S g [ (@t ) g ) (5.28)
n=1

where, in the last step, we invoked (4.52). Note that we had to shift the line of integration to

Re(&) = ¢” to be able to use (4.52).
From (5.21), (5.24), (5.25), (5.26) and (5.28), we are led to (2.11).

Now when z = k—1, the only difference is that the poles of the integrand of (5.23)) at 1 and
(14 2)/k coalesce giving a double pole because of which Ry = [;° f (%) (w) dt. O

6. A GENERALIZATION OF THEOREM [L.1]OF WIGERT: TOWARDS THEOREM [2.5]

This section begins with certain lemmas which will play a crucial role in proving Theorem
2.5 We first evaluate special values of the function B(z, b) defined in (2.12) and 2.13).

6.1. Special values of B(z,a). The next result evaluates B(z,a) at non-negative even inte-
gers.

Lemma 6.1. For m € NU {0},

12m7b_ m
2bb e (=)™

Proof. To prove this lemma, we use the identity (2.14) so that

B(2m,b) =

b2n
— T(2n —2m +2)

lim B(z,b) = 2( l)mbzm_1 cosh(b) — g(_

z—2m

b2n

m my2m—1 m m
~ X h(b) — =(~1
g (T cosh(b) = 5 (=) P F2n—2m+2)

(—1)™b*™ ! cosh(b

(—1)™b*™ 1 cosh(b) — g(—nmbzm—l sinh(b) = g(_nmb?m—le—b.
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Similarly, one can prove that

Lemma 6.2. Form € N,
mol 241

— I'(2j+2)|

B(—2m,b) = 2—bb—2m( nHm [e_b—

The proof of this lemma is similar that of Lemma|6.1|and is hence omitted. The next result
evaluates B(z,b) at positive odd integers.

Lemma 6.3. For m € NU {0},
& p2n

B(2m +1,b) = b>"(-1)™ Y 7

TEn+1) ((2n+1) —logh).
=0

Proof. At first glance, it seems from (2.14) that B(z,b) has singularities at odd integers.
However, we show that at positive odd integers, they are removable. We write the Lau-
rent series expansions of the terms in (2.14). A bit of calculation implies that for m > 0,
7b*~1  coshb B a1
2 cos(mz/2)  z—(2m+1)
where a_; = (—1)"H1b?™ cosh(b), and ag = (—1)™16>" log(b) cosh(b). Here we have used
the fact that

+ap+ 0O (]z—(2m+1)|), (6.1)

C—1
z—(2m+1)

where c_; = 2(—1)™*!. Now we shall try to find the Laurent series expansion of the second

term in (2.14), i.e.,

sec(mz/2) = +0(]z—(2m+1)]), (6.2)

T e p2n
5 sec(mz/2) nZ:O T2n—2+2) (6.3)

at z = 2m+ 1. We need to find the Laurent series expansion for the entire function m
at z = 2m + 1. Note that the sum over n in (6.3) will run from n = m to infinity since the
tirst m terms are zero. One can check that
1
——————=dy+di(z = 2m+ 1)+ O (]2 — 2m + 1) 6.4
Tan 212~ thl-@nr1)+0(ls-Cn+ 1), (6.4)

. i 1 Y d 1 _ Y(2n—2m+1)
with dy = TEn—om+D) and dy = lim,_, (9,4 1) @z TEn=mTT) = T(en—2m+1) for n > m, where

1 (z) denotes the logarithmic derivative of the gamma function. Thus, combining (6.2) and
(6.4), the Laurent series expansion of (6.3) becomes

2 (ot + OG- @m+ 1)) Y B o+ i (2m+ 1) + O (= — (2m + D).

n=m

Substituting c_1, dy, d; and simplifying, one can find that the coefficient of m is

m+1 -1 m—+112m h .

and the constant term is
— 2n —2m+1) 2n +1) ’
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Finally, combining (6.I), (6.5) and (6.6), we can easily see that B(z, b) has a removable singu-
larity at z = 2m + 1 and adding constant terms we complete the proof. O
Remark 10. In particular, letting m = 0 in Lemmal6.3| we see that
°° tcost > 2"
B(1,b) = S dt=>) —— (Y(2n+1) —logd).
0= [ 5 =D gy (en+ 1)~ lost)

This result was recently established in [24, Lemma 3.2]. The integral in the above identity is known
as Raabe’s consine transform. The reader is encouraged to see [24, Section 3] for more details on this
integral.

The next three lemmas offer useful partial fraction decompositions of some algebraic func-
tions.

Lemma 6.4. For k > 1 odd,

o = 2t —_—= - (6.7)
t2k; 2k N2
ta j=1 t2—<a i,i 1)
and for k > 2 even,
k 2j—1
tk Coii( J
- —9%a Z )TNk (6.8)
2k 2k . 27
t** +a e (a i}g—l)
where CQj_l = Tialikcgg_k)(%_l) and <4k = 6%.

Proof. For any k > 1, one can easily check that roots of 2k + a?* = 0 are tj = aCﬁH for
0 < j < 2k — 1. Note that tr = —to,tk+1 = —tl, s ,tgk,1 = —tr_1. Thus,

27 4+ a® = (t —to)(t +to)(t —t1)(t+t1) -+ (t — tp1) (t + ty—1)
= (t* — G — a*Ch) - (P — P GY).
Utilizing the method of partial fraction decomposition, one can write

k
tk Coj-1 Cy; >
_— = E — + . (6.9)
k k 25—1 2i—1 |
£2 + a2 j=1 (t - agy; t+aly

with
al—k al—k(_l)k—l
02;1 = 5 and CQ' = -
J szZEZ*l)(QJfl) J 2kc§i*1)(21*1)

When k > 1 odd, Cyj_1 = Cyj and when k > 2 even, Cy;_1 = —Cy;. Substituting these
values of Cy;_1 and Cy; in (6.9), we obtain and (6.8). O

Lemma in turn, leads to the following partial fraction decompositions, the second of
which was obtained by Koshliakov [37, pp. 124-125].

Lemma 6.5. For k > 1 odd,

(6.10)

k-1

1 2 B, N B;

tk —1)"7 ol
T S| e
j=1 12 + (a 4i) 2 + (a ;ﬁ)

2k 4 g2k A




38 ATUL DIXIT, BIBEKANANDA MAJI AND AKSHAA VATWANI

(1—Fk)(24)

where B; = (. and B is the conjugate of Bj, and for k > 2 even,
tk (71)571612_19 : A; A;
= J 5+ J 51 (6.12)
t2k + a?k k 9 2j—1 9 —(2j-1)
t* + (a Ak ) t* + (a@k )

C(2 k)(2j—1)

where Aj; = and A; is the conjugate of A;.

Proof. We prove the result only for k odd. The proof for even k is similar. From ,

k—1
¢k > Coj1 2C, . Caj1
2% 4 g2k Z 2 2_22k+2tz N2’
t“F +a P eI <a z{g 1) t a*Ciy flayst 2 _ <a fi_l)
where Cy;_; are defined in (6.10). The term corresponding to j = (k + 1)/2is
2AC,  (=1)'Tah ¢ 613)
) _anz’l;: - k +2 +a2' .
Also,
k=1 _ R)(25—
27522: Cajn B gl—ky B2/ ii k)(2j—1)
5 =
Se- (a i}i 1) k = ( §2J 1— k)
where we used (2 = —1. Changing the variable 2j — 1 — k by —2.J yields
k=1 g, (k=1)/2 _27(1—k)
(_1) 2 al kt 4k (6 14)
k 2 —2J 2 .
J=1 t*+ <a§4k )

The sum from j = (k +3)/2 to k is treated in the same way. Mainly, we replace 2j — 1 — k by
2J to have

k k=1 q_g (k=1)/2 2J(1—k
21 Cym (D)= alTht 3 G (6.15)
s 12 ( 2j— 1)2 k — 42 (aCQJ)2
j=kss 2 — (aly J=1 4k

Finally, combining (6.13), (6.14), and (6.15), we derive (6.11). To prove (6.12), we use

and separate the sum in two parts, the first from j = 1 to k: /2, and then the second from
j =k/2+ 1to k. The details are similar. O

The above partial fraction decompositions permit us to obtain an elegant explicit evaluation
of an integral:

Lemma 6.6. Let k > 2 be an even integer and m be an integer such that 0 < 2m < k. Then the
following identity holds:

oo 1k+2m -1 Eim—1 k/2 ; i (o
/ t COS(t) dt — 7T( )2 a2m—k+1 Z eXp (m(l _ k _|_ 2m)(2j o 1) _ ae%(?j—1)>
; =~ 2k

t2k 4 g2k 2k

+ exp <_2k(1 —k+2m)(2j —1) — ae$(2j1)> ] .
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00 tk-i—z t
Proof. Let Zj, 4(2) := /0 t%j_o;(k) dt. It converges in —1 — k < Re(z) < k. Employ (6.12)
to see that

k
k_ &

_1\5—1,2—-k _2 ) z B 00 z
Toa(z) = ( 1)2k a ZAj/ t cosZ('t)1 i dt—i—Aj/ t cos(;) . gt
1 0 42 + (agikjf )) 0 42 + (GCLC( J— ))

J

where A; and A; are defined as in Lemmal6.5] Note that the above identity holds for —1 <
Re(z) < 2 since the integrals on the right side are convergent in this region only. Invoking
Lemma 2, we obtain

(_1)571(12—14: %

Ta(z) = ’ ZA B (z aC42] D ) + A;B (z,aCLC(Qj_l)) .

At this juncture, we use Remark {4f to analytically continue the above identity in the region
—1 < Re(z) < k. Now let z = 2m with 0 < m < k/2, in the above identity and then utilize
Lemmal6.I]to derive

k
Tpo(2m) = 27;( 1)5+m—1g2m= k+1z A sz 1)(2j-1) exp( GC42] 1))
7=1

AN g (_a@%—l))l

Finally, substituting values of A;, A; and simplifying, one sees that the proof is complete. [

6.2. Proof of Theorem We first prove the result for w > 0 and then extend it by analytic
continuation to Re(w) > 0. Substituting f(z) = exp(—zw) and F(s) := M(f,s) = I'(s)/w?*
in Theorem 2.4)and simplifying, we get

((=2) G-z 1T(5%) (1+
;O‘ n)exp(—nw) = — 2Z + ” : +kw(§+z)/)kc( kz)
(k+1) z o) 142
(277) +7T2( )= Z S (n)/o H®) ((Qﬂ)l-l-l/k(ny)l/k) y* lexp(—yw)dy, (6.16)
n=1

where S (n) and H ®) (x) are defined in (1.14) and respectively. Our main aim is to
simplify the integral

%) (n) ::/ ak (ayl/k)y%‘lexp(—yw)dy, (6.17)
0

where a = (27)1F/knt/k Assume first 51 < Re(z) < k — 3. Now write 2 (ay/*)

as an integral using (4.52) and interchange the order of integration using Fubini’s theorem

(justified because of the presence of e~ ") to get, for max{0,1 — k + Re(2)} < ¢ = Re(s) <
1+Re(z)
k17

1 TS s—1-2 T (s—1-=2
(k — il -~ R e
Iz’w(n)— ik /(C)F(S)COS< 5 )I‘< . +1> cos(2 < A —|—1>>a

o
x/ ka “leTV dy ds
0
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1 (1+2) TSs s—1—=z T [(s—1—z
= - r — ) —4+1 - —+1
e /(C) (s)cos( 2) ( - + >COS<2 ( - + ))
1+Z—S —l/k —S
><F<k ><aw > ds.

Using the reflection formula

14+2z—s s—1—z ™
P “)‘smwm“»’

and then simplifying, we arrive at
142 I'(s) cos (% —s
I;Ekw(n) = ﬁw_% /(C) COS((7)T (1+2(Zk_25))) (aw_l/k) ds.
Note that our assumption “71 < Re(z) < k—1/2 ensures that the line Re(s) = 1/2 lies inside
the strip max{0,1 — k + Re(z)} < Re(s) < %ﬁ(z) Hence we now employ Theoremwith
G(s) = I'(s) cos (%) (while keeping in mind Remarkﬁand (1)) and F(s) = @,
and use Lemmaso as to get, for -l <Re(z) <k—1/2,

. [eS) tk+z k—z—1 oo ,.k+z
I%) () = w2 / ———— cos <aw71/kt> dt = & / 7" cos(x) dz, (6.18)
0 0

20 ok 2%
t*F 41 w z2k 4 6:7

where, in the last step, we employed the change of variable z = aw~'/¥t. Now observe us-
ing Theorems.7land that the extreme left-hand side of is analytic in Re(z) > —1
whereas the extreme right-hand side is analytic in Re(z) < k. Hence by analytic continua-
tion, holds for —1 < Re(z) < k.

We now find an explicit evaluation of the integral on the extreme-right hand side of
for any complex z with —1 < Re(z) < k. For simplicity, let a = a/w!/*.

First, consider the case k > 2 even and let —1 < Re(z) < 2. Employing the partial fraction
decomposition (6.12) and using the definition of A; from Lemma 6.5, we have

/°° a:k;:cosgf) i (—1)5;1a2k 2 _Aj /°° a;zcos(a;)da:2+Aj/°° x* cos(z) dx !
0 °F +a 0 $2+<aii; 1) 0 (CLC (25— 1)

A;B(z,a i,jc B + A;B(z,a(y, (25=1) )] (6.19)

—
[
NI
IS
|
_
Q
T
ol
. <.
MMW I M
—

j=11L

By analytic continuation (see Remark 4), holds in —1 < Re(z) < k, where B(z,b) is
given in (2.14). From (6.16), (6.17), (6.18) and (6.19), we arrive at for w > 0. Since both
sides of are analytic in Re(w) > 0, the result holds for Re(w) > 0.

We now turn to the case £ > 1 odd. Assume initially —1 < Re(z) < 1. We use the partial
fraction decomposition thereby obtaining for —1 < Re(z) < 1,

k-1

o0 thtz cogt —1) T qlk oo 2+l cogt dt 2 oo ¢rtleost
/ t2k+a2kdt_( )k: / 2+ 2 +Z Bj/ — 2<2dt
0 0 iz 0 424 (aC4ljc>

=1

|
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o oo tz—i—l t
0 t2 + (Qg;fj)
Proceeding along similar lines as in the case when k£ was even, we can see upon using (2.14),
we have, for —1 < Re(z) < k,

k-1
Ootk+z t -1 = ,1—k 2 . _ o
/ o ()Za B(z+1,0)+ Y BB (24 1,a¢) + BiB (2 + 1a;” ) ||
0 -
J=1
(6.20)

From (6.16), (6.17), (6.18) and (6.20), we arrive at (2.16) for w > 0. By analytic continuation,
the identity holds for Re(w) > 0. O

6.2.1. Proofs of Corollaries|2.6|and2.7] Let z = 2m with 0 < m < k/2 in Theorem 2.5]to obtain
0 _9 _9 1T 1+2m 1+2m

2m 9 w k (1+2m) /k

) + PP ), (6.21)

m
n=1

where, with a = a/w'/* = 27(27n/w)V/*,

kg 242
(k) . (=27 (2m)* "% (k 1-2m

1+2m 0o

(=1)3tm-1 /9 & (1=k+2m)(2j—1) 2\ * (2j-1)
_ rom) -
gy a2 e

1
C(1—k42m) (27— 2 ko _(9i_
+C4k(1 Fr2m) @) eXp <—27T (;r}n) C4k(2] 1))],

where we used Lemma [6.1]in the last step. Corollary 2.6l now follows by substituting the
above expression of PZ(Q (w) in (6.21) and defining Ly, .(w) := > o, stk (n) exp(—n/Fw).
The proof of Corollary 2.7)is similar to that of Corollary 2.6|and is hence omitted.

\'Mw\w

=

A;B (2m aCQJ 1) + A;B <2m,aC4k(2jl))]

J=

7. CONCLUDING REMARKS

The focus of this paper was on obtaining the Voronoi summation formula associated with
the function o*) (n). Two versions were achieved. The first one was in Theorem for the

finite sum ), . 5 ng) (n)f(n), where f is analytic, and another, in Theorem for the

infinite series ) -, oM (n)f(n), where f is a function from the Schwartz class. It might be
interesting to find appropriate conditions on the non-analytic functions f for which Theorem
is still valid, and the non-Schwartz functions f for which Theorem [2.4]still holds.

A considerable part of the paper was devoted to obtaining properties of the functions

HY(z) and K (2) defined in and respectively. The proof of the crucial relation
between them which was established in Theorem [2.1| necessitated the use of the theory of
linear differential equations and required properties of elementary symmetric polynomials
and the Stirling numbers of the second kind.

The fact that the differential equation in (4.45) simplifies considerably to Theorem
could be observed only because of the need to prove Theorem Otherwise, it is difficult
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to a priori conceive why the result in Lemma}.6should exist. The latter was the main reason
for the aforementioned simplification.
It would also be interesting to see solutions of the differential equation in Theorem

other than H" () and the integral in Remark [7l This is particularly important in light
of or, more generally, (4.51). Differential equations analogous to the one in Theorem
have played an important role in number theory and special functions. We note two
studies in this regard. The first one is by Wigert [65] and is concerned with our work in
a forthcoming paper [22]. The other is by Everitt [28, Equation (2.6)] who considered a
differential equation having as one of its solutions a generalization of the Bessel function of
the first kind denoted by J, ;. (z).
Since holds, a worthwhile thing to do would be to show that for 0 < j <2k +1,

7fdeML0< v \1<m)%>
\/EQHTZ dxi ~ 0.2k+2 b17--~,b2k+2 4 \2k 2=0

_ %(—1)%F (Lkl_z> cos (g (%)) , if j is even, 1)
0, if j is odd,
where b; are defined in (2.7). We enlist some steps which may aid in proving (7.1).
2\ 2k . kt10 {}
Leté =4 (%) andlet G(£) == G0»2k+2<b1, e boses ‘5) From [9, p. 157],
W a
gt = st () ()

where s(¢, m) are the Stirling numbers of the first kind. Hence

P e = Y stm (e ) 660 = S atmien (e ) 660
= 3 slm)ER™ Y S(m, " G, 72)
m=1 n=1

where, in the last step, we used (4.44). Employing the result [51} p. 621, Formula (38)] (note
that b1 = 0)

dn
eimeo-ces(, B )

2R 7b2k+2
in (7.2), we get
& o kL0 0 1/ a2
@G(f) = xjmzzjls(%m)(%) ;S(Tnv”)(—l) G0,2k+2<n,... bokro ‘1 (ﬂ) - (7.3)

While this suggests an application of L'Hopital’s rule as the next step towards obtaining

(7.1)), we are unable to obtain (7.1)) this way.
An interesting thing we observed now deserves a mention. Note that proving (2.6) is

equivalent to proving (4.52) in view of (2.5). If one formally applies Parseval’s formula
(3.3) to the right-hand side of (4.52), it still evaluates to H ® (x)! This suggests that perhaps
there exists a grand generalization of Parseval’s formula which encompasses Vu Kim Tuan’s
extension given in Theorem to accommodate the case where both functions f and g are
highly oscillatory and neither one has its Mellin transform absolutely integrable on [0, c0).
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Finally, it may be important to study the integral

o - 1
/() i Jyu(xt)J, (t’“) dt,

where J,(€) is the Bessel function of the first kind defined in (1.4). Indeed, for p = v =
—1/2, it reduces (except for a constant in front) to H &) (z) in view of the relation J_; 5(7) =

\/ = cos(z). Similarly, for u = v = 1/2, it essentially reduces to the integral in #I5) since

[62, p. 437]) and appears in his work on self-reciprocal functions [61] and which has led to a
large amount of research; see the survey on p. 5 of [26].

Jija(w) =/ 2 gin(z). For k = 1, this integral was studied by Hanumanta Rao [32] (see also
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APPENDIX

A representation of a Meijer G-function in terms of the Hardy-Koshliakov integral
By Shashank Chorge, Atul Dixit and Aviral Srivastava

This appendix is devoted to proving the second part of Theorem 2.1, namely, the equality
between the Hardy-Koshliakov integral H ®) (x) defined in and the Meijer G-function

x k10 {} 2\ 2 L
T Goorio < b bypes H (%) >, where the b; are defined in 2.7).

Observe that in Section 4, we have already shown that the differential equations satisfied
by these two functions are the same. But we are unable to apply the uniqueness theorem
for linear differential equations [12, p. 21, Section 6] owing to the difficulty in verifying the
initial conditions.

We circumvent the issue in this appendix. Our method is a grand generalization of that
of Hardy [33]. Indeed, as we shall see below, there are several new hurdles that one has to
deal while proceeding with a general k. (Hardy’s method was for k£ = 1.)

The process involved is explained in a nutshell as follows. The general solution of the dif-

ferential equation of the Meijer G-function G(;f—zkklfz ( by {}b ) ‘ 1 (ﬁ)2k> (which is also
’ s "0, U242
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the differential equation of H ® (x)) is [51] p. 621]
2k+2

mikb; 41,0 {} ’(1)’€ 2k
;c]e JGO’%”LQ(bjabl,“wbj1,bj+17"'752k+2 4 <2k> '

where ¢; are the constants to be determined. We use Slater’s theorem (3.9) to express GO1 ,2ok 42

in terms of the hypergeometric function o F»+ 1, and use the analytical properties of H ,§’“> ()
to show that half of the 2k 42 coefficients c; are zero. The resulting expression will then turn
out to be exactly the right-hand side of another instance of Slater’s theorem whose left-hand

side is the Meijer G-function G5, ( b {}b H (252)%> under consideration. This
) 15 baggo

will complete the proof.

We will prove the equality between the extreme sides of Theorem fmﬂ x > 0in the
form

. T k+1,0 {} 1w \2k
Ji(x,8) = et Go,2k+2(bl,...  boko ‘4 (%) ) (7.4)

where s = z — k + 2, the integral J, is defined in (4.3), Ji(z,z — k + 2) = gk (x), and the
b;’s defined in are reformulated as follows:

=, if 1<j<k,

1-s e

o ifj=k+1
bi =< 2kl . ' 7.5
/ WA3=2]  if k+2<j<2k+1, (7.5)

ktlos ' if j=2k+2.

Recall from the proof of Theorem[4.2]that the integrals .J;, and I;; converge in 1—k < Re(s) <
2 and —k < Re(s) < k + 2 respectively. Similarly, one can show that the integral

d o dt
%Ik(x, s—1)= /0 sin(t*) cos (%) m (7.6)
convergesinl — k < Re(s) < k + 2.
We first represent I (z, s) as a Meijer G-function and then use it to prove (7.4).

Theorem 7.1. For x > 0and —k < Re(s) < k+ 2,
m k+1,0 {} ‘1 ( T )Qk
I S ——c e (= 7.7
k(I, S) \/E2s+ﬁ71 G072/§+2 < bll, . 7b/2k+2 4 \9k ) ( )
where

J

b; 1<j<k+1
{ j+k+1> >] > + ) (78)

bj*k*h k+2§]§2k+27
with bj being defined in (7.5).

Let us begin with some lemmas.

Lemma 7.2. Let 0 < s < 1. Fgrll <j <k %Ik(x,s) is uniformly convergent in x on any
compact subset of R. Moreover, CZECTLI i (z, s) is uniformly convergent in x on any compact subset of

RT.

6The result is already proved for x = 0 in the proof of Theorem
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Proof. Depending on the parity of j, we have to show that

:U s —Sln t sm( ) —
d J t/ t°

= (—1)% /OOO sin(t*) cos (%) % or (—1)% /000 sin(t*) sin (%) tj—f] (7.9)

We now show that the integral [, sin(t*) cos (£) ;24 is uniformly convergent in the variable

x in (—o0, 00). The uniform convergence of the other integral can be similarly proved.

Let e > 0 be given. For j < k + 1 — s, choosing g = (e(k —s — j + 1)) k*SiHl, we see that

forany 0 < r < rg,
x - T dt <T0>k78*j+1 B
o8 t8+ﬂk 0t5+j_k<k—s—j+1_6’

(t*) z
Sln COS t5+.7

1
which guarantees the uniform convergence around ¢ = 0. Moreover, if yg = (e(s +j — 1)) T=-7,
then for any yo < v,

o . k xr dt
/y sin(t"”) cos (t) ey

thereby securing uniform convergence around ¢ = oo. Then, using [8, p. 437], it is easy to
see [ ,gj ) (x, s) is uniformly convergent on any compact subset of R for 1 < j < k.

Next, we show that the second integral on the right-hand side of (7.9), namely,
Jo7 sin(t*) sin (£) ;4;, is uniformly convergent on R* for j = k+ 1. The proof of the uniform
convergence of the first integral is analogous and hence it is omitted. First note that for a
fixed e > 0and 0 < s < 1, there exists My > 0 such that [}, sin(T)T* 'dT < e for all
M > M. Next, substitute t = /T to have

o ) T dt oo 2k ) Tstk—1
/0 sin(t*) sin (;) prevas /0 sin <Tk> sin (T') WdT' (7.11)

Now let 0 < zp < < z1. Fix e > 0 and let € = z{e. Then there exists M’ > 0 such that
[ sin (T) TS~ 1T < € so that
/

o zk . Ts+k—1 1
/ sin (Tk> sin (T) WdT < . (o)

This shows the uniform convergence around ¢ = 0. One can prove the uniform convergence
around ¢ = oo by giving arguments similar to that used in (7.10). Then another application of

]t (yo)l—s—j
< . = 7.1
<[ sm< e (7.10)

[e.9]

sin (T) T~ 1T <

— . (7.12)

!

[8, p. 437] proves the uniform convergence of / ,ikﬂ) (x, s) on any compact subset of RT. [
Lemma 7.3. Let 0 < s < 1 and let I}(z, s) be defined in (4.4). Asz — 07,
I (z,s) = O(x). (7.13)

Proof. Write the integral I, as sum of two integrals, one from 0 to 7, and another from 7 to
oo. Then applying the second mean value theorem for the second integral, we get

/:Osin(tk) sin <f>;l§ = sin <7a:> /:sm(tk) ;l: (7.14)



46 ATUL DIXIT, BIBEKANANDA MAJI AND AKSHAA VATWANI

| I (x, s)| < ‘/Owsin(tk)sin <m);ist + |sin <i> /:sin(tk);lst . (7.15)

t
4 dt x
.k .
A Sln(t )tsﬁ + sin (7r>

for some M > 0. O

for some 7 < £ < oc. This gives

As x — 0T, we can write

¢ dt
| Ii(x,s)] < x /sin(tk)ts‘ < Mz (7.16)

We are now ready to represent [ (x, s) in terms of Meijer G-function.

Proof of Theorem[7.1} We first prove the result for 0 < s < 1. It can then be extended by
analytic continuation to —k < Re(s) < k + 2 using [56, p. 30, Theorem 2.3].

It is easy to see using Slater’s theorem that the identity holds for x = 0 as both
sides are identically zero. Now assume z > 0. From Remark [/, we know that, with
s = z — k + 2, the differential equation satisfied by Ij(z,s) is the same as that satisfied

by G(f’;rklfQ <b1, N -{,}b2k+2 ’i (2“"}@)%) , namely, (4.2). Note that the b;’s are as defined in 2.7).

That this Meijer G-function satisfies is shown in the proof of Theorem
Using [51) p. 621], we must have

2k+2 i
_ ikb; 1,0 {} (=1)% (x\2k
Ii(z,8) = z; cje JG0,2k+2<bj,b1 oo bjo1, b1 boprn ‘ 4 (%)
j:

where ¢;’s are constants to be determined. By Slater’s theorem (3.9), I (x, s) equals

T e (S ()% ( ' [GUsyE. )zk>
=1 [P0 40— by © T \L by —brose 1 by —bapga | 4 2k ’
(7.17)

where * denotes that the term 1 + b; — b; is excluded. Now using the series definition of the
hypergeometric function and simplifying, we see that

2k+2 oo
Ii(w,8) = Y Y CiM(j,n)a”* b)), (7.18)

7j=1 n=0

where, with (b), = b(b+1)(b+2)---(b+7r —1),

ikb; [ _(=D* E
cje™ J<4(2k)2k>
M

. (_1)n(k—1)
Ci = 2 » M@n) =505 ' (7.19)
T1 T+ b - by) T (14 ) — byl (2200
=1 m=1
Mz

The goal now is to calculate C}’s. Separating the n = 0 term from each of the 2k + 2 series,
noting that M (j,0) = 1,1 < j < 2k + 2, and substituting the expressions of b; from (7.5), we
see that

In(z,s) = C1+ Coa® + -+ + Cpa® ™V o 4 GV 4 Cppga? ™ + Cpppa® !
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2k+2 oo
oo Gy P73 g Oy 4 Copana™170 ) N CiM(j, n) 2?00
j=1 n=1
(7.20)
We first show that Cy = Cj4; = 0. Using Lemmaand letting = — 07, it is easy to see that
C1 = 0. (7.21)

Also, dividing both sides of by z, noting that Lemma [7.3|implies I;(z, s)/z = O(1) as
x — 07T, it is clear that

Crs1 = 0. (7.22)
We now turn our attention to finding the coefficients C>,Cs,--- ,C g Note that for any ¢
with2 < /¢ < L% + 1], we have 2(¢ — 1) < k, because of which Ij(z, s) can be differentiated

under the integral sign 2(¢— 1) times with respect to « (by appealing to Lemma(7.2). Further,
taking lim, .o+ on the resulting two sides, we obtain

: N ko (T a ISY
Jim [ (=) sinet) sin (t) s = (20— D)IC (7.23)
Again, Lemma|7.2land [8, p. 436] allows us to take lim,_,,+ inside the integral, resulting in
Cr=0 2<e<|E+1)). (7.24)

Our next task is to evaluate the coefficients Cj,, where [k—;g

arguments similar to those used above, we get

| <p < k+1 Using

: > bl x dt
lim (=1)F =P+ sin(t%) cos (—) pr e (2k — (2p — 3))!\Cl1p- (7.25)

z—01 Jo t

By another application of Lemma (7.2} for [%53] < p < k + 1, we get
—1)k—p+1 o0 dt
(=1) / sin(t*)
0

Crp = m 15+2k—2p+3
(—1)k—p+1 p—2k—2—s\ . [(n(2p—2k—2—35
= r — ) 7.2
(2k — 2p + 3)! k "2 k (7.26)
It remains to evaluate CL%HJH’ coo Oy Crao, - 7Ck+[%1—1' and Cyp12. We accomplish

this when £ is odd, and leave the case k£ even for the reader. The reason why one needs to
consider the parity of k at this stage is because the evaluation of C LBt +10 Ci,Crao,- -+,
2

C, S[R3 depends on that of C';42 , and the method for evaluating the latter depends on
2
the parity of k. Note that

s 7(k+1)
x®1 (z,s)
= lim k ’ .
Coit2 20+ (k+1—-s)k—s)---(1—5)

(7.27)

Now we write
15z, s) = (1) 7 / sin <1k> sin(zu)u' Ry = (-1)'T (A(z) + B(z)),  (7.28)
0 U
where

Alz) = /OMsin <1> sin(zu)u® " Fdu, B(z) = /Oosin <1> sin(zu)u® " Fdu.  (7.29)

uk M uk
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We first treat B(z). Expand sin () around u = oo to obtain

s—l—2nkdu

B(x) :/ sin(zu)u®™ 1du+2/ 3111221:)_ il

s—1—2nk:
/ sin(T)T°~ 1dT—I—Z:/ Sm2iul ol du, (7.30)

where, in the second step, we made the substitution 7" = zu in the first expression on the
right-hand side. Around a = 0, we have [49, p. 188, Formulas 8.21.8, 8.21.14]

o (_1)na2nfl

/a sin(T)T*~'dT = I'(s) sin (7;S> +a’ z_:l PR TC—L (7.31)

Apply (7.31) with a = 2 M and substitute the resulting expression in (7.30) to get

_ . (TS = (=D)(Mz)t / " sin(zu)u® "2 duy

B(z) =2~°T — )+ M :
(z) == (S)Sm(2>+ ;(84—271—1 2n —1)! +Z (2n+1)!

(7.32)

Next, substitute (7.32) in (7.28), then multiply both sides by z*, and let  — 07 to obtain

o k1 s
hm+ x I,gkﬂ)(a:,s) =(-1) 3 I(s) bln( 5 ) ) (7.33)

since the integral A(x) is bounded and the two series involved are uniformly convergent on
any compact subset of (0, 1). Therefore, from (7.27), we have

(—1)%%) sin (%)
(k+1—s)(k—s)---(1—3s)
The remaining coefficients are now found using (7.34). Since & is odd, any coefficient among
CL5+1J+1’ -+, C} is of the form Cj+ﬂ, where 1 < j < k—gl, and whose corresponding

2 ) 2
power of z is of the form z¥+%~1. Similarly, any coefficient among Crys, -+ ,C, FrEES] is
k1 and whose corresponding power of z is of the form

Copyo = (7.34)

of the form Cj,, where 2 < p <
p2k—2p+3.

Any coefficient among these two lists has the exponent of its corresponding power of x of
the form k +r + 1,7 > 0. Let us designate such a generic coefficient by C(r). Observe from

(7.20) and (7.34) that

(k+1+4r)C(r) = lim (Ix(z,s) — Cngrga:kH_s)(kHH)

z—0*t
o (k+1) ok sy 0\ (™)
—xlll%L (L7 (z,5) — (=1) = T'(s) sm( 5 E: ) . (7.35)

We proceed to evaluate this limit. Recall the definitions of A(z) and B(x) in (7.29). It is easy
to see that

(7.36)

A () —1)2 fo sin ( k) sin(zu)u® =Ry, r is even,
x) = =
_1 fo in () cos(zu)u* "1 du, 1 is odd.
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Now, if 7 is odd, one can check that

-1 o~ (=1)"M?* (20 —1)(2n — 2) -+ (2n — )22
B(T) = T‘F MS
(z) = — 5 (s):I(s) sin ( 5 ) + ZI; s M
oo 7'71 00 ’
+ nz:l 2n + 1 /M cos(zu)us 2RI gy, (7.37)
whereas, if r is even, then
1 = (=DM (2n —1)(2n —2) - (20 — r)p? T
B(T) = 7,]:‘ MS
Q) $H¢@)($$n(2)+ %;r (s+2n—1)(2n—1)!
n=itg
% > : s—2nk—1+r
+ Z 2n + ol /M sin(zu)u du. (7.38)

Therefore, when r is odd, from(7.35), (7.36) and (7.37)), we see, upon simplification, that

(k+1+7)100) = (1) % {(—1)’"51 /OMsm <Jk>us_1+k+rdu

N i (_l)n—i—wgl Msf2nk+r
= (2n+ Di(s —2nk +r)

Now employ the change of variable 7' = u~* in the integral on the right-hand side, then use
(7.31) with s replaced by —(s + k + ) /k, and then observe that the two infinite series cancel,
thereby leading to

k+r

(1) (s+k+7)\ . (n(s+k+r
S S/ Y P (2. .
) = S rr O k "2 k (739)
If r is even, one can similarly proceed as above and conclude that

C(r) =0. (7.40)

Therefore, from (7.21), (7.22), (7.24), (7.26)), (7.34), (7.39), and (7.40), we see that when k is
odd,

0, 1<j<k+1,
(—1)7 2j—4k—2—s\ ;. (m (s+2—2] .
¢; = { mamrant (— ) sin (5 (5 H)), kt2<j<2ktl, (7.41)

(=1)"F 1(s) sin (22)

o T=s)(k—s)(1=5) J=2k+2.
Similarly, when k is even, it can be shown that
0, 1<j<k+1,
C; = W%%T(—W)Sm(%(#))» k+2<j<2k+1, (7.42)
(~1)2T(s) cos (%) i okto.

(k+1—s)(k—s)---(1—s)’
Therefore, from (7.17), (7.19) and the above expressions for C;, we find that

k-1,
= G))

2k+2

I, = C;x i Fyy, <
j2;2j L0 = by 1+ by — bay
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k+1

kb,
:E Cigpgrx7 0 Fop g
i—1
k41

= Cia™ 10F2k+1<1+b’ oo 140, —
=1 t

where, for 1 <i < k+1, C! = Cit41 and

b — bi-‘rk-i—la 1<i<k+1,
! bi—k—la ]{2—|—2§7J§2]{2—|—2

(=D a2k
<1 +iqppyr — b1 *k 1T+ bigpgr — bargo 4 (ﬂ) >

) o

/
b2k+2

(7.44)

Using (4.19) and the elementary properties of gamma function, one can check that

k41 / 1\ b
Ci = L 2111112:1 [0 = V) ( 1 2k ) . (7.45)
VR T2, T (L + b — ) \ (4(28)%)
Finally, from (7.43), (7.45), and an application of Slater’s theorem, we are led to (7.7). O
We are all set to prove the representation of Jj(x, s) as a Meijer G-function.

Proof of We first prove the identity for 0 < s < 1 and then extend it by analytic contin-
uation to 1 — k < Re(s) < 2 by applying [56] p. 30, Theorem 2.3].
To that end, from {#.13) and Theorem[7.1] we have

k+5 ™ kor k+1,0 {} 2k
(1= (e e) = VE2TE [ R 2k+2(b’1, D2 )4 (2k> >+ (7.46)
d* ki1 {} 2k
(5+k—1)d kG02k+2<b/17. . 2k+2‘4<2k>
(7.47)

We now employ [51, p. 621, Formula (40)] and the definition of A(k, a) given in [51), p. 798]
to get

0 1 e M 1 2k
k+3 k m k+1,~k+1,2k "2k 2k L
(=1) 2 ka"Jy(z,s) = ——= [(Qk) Gy, 4k+2< 4 (7> )
sth—1 k+1 k+2 3k
VE2 % by o o s 9k A2k
0. L ...2k-1 2k
B ko 1,2k 12k T2k 1 (ﬁ)
+ (s +k = 1)(2k) Gy 4iis (b’ W ko k+l 0 3k—1 |4 \2k '
1» 2k+2° 2k 2k > 2k

Now use (3.6) to represent both the Meijer G-functions occurring in the above equation as
line integrals and perform a tedious, though routine, calculation involving Gauss multipli-
cation formula (4.19) and other basic properties of the Gamma function to arrive at

(—1) B 2™ k3 20k Ty, s)  (2k)F+L [ TTh, TR — w)D (= — w) (

L(%)™) dw,
(7.48)

where —1/(2k) < ¢ = Re(w) < 1/(2k). Now replace w by w+1/2 in the integral on the right,
and replace j by j — k — 1 in the product of the denominator of the integrand to obtain

K320k I () 5) k:a:k/ H?:l F(% —w)l (% —w) (1 (& 2\
= — *) > dw,
() T'(

; k+s— 2k+1 2j—2k—3 4 \2k
T 2ms %14_10) HJ i T2+ w)

m 2mi Jo) r(W +w) [T TS5t + w)

k+3 e+k 1

(-1) =2 2

(7.49)
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where —(k + 1)/(2k) < ¢ = Re(w) < —(k — 1)/(2k). The result now follows upon noting
that £ is odd and using the definition in (3.6). The case when  is even is analogous and can
be verified by the reader. O
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