TWO GENERAL SERIES IDENTITIES INVOLVING MODIFIED BESSEL FUNCTIONS
AND A CLASS OF ARITHMETICAL FUNCTIONS
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ABSTRACT. We consider two sequences a(n) and b(n), 1 < n < oo, generated by Dirichlet series

= a(n = b(n
z:l)(\%) and Z()

)
= M

satisfying a familiar functional equation involving the gamma function I'(s). Two general identities are
established. The first involves the modified Bessel function K, (z), and can be thought of as a ‘mod-
ular’ or ‘theta’ relation wherein modified Bessel functions, instead of exponential functions, appear.
Appearing in the second identity are K, (z), the Bessel functions of imaginary argument [, (z), and or-
dinary hypergeometric functions 2 F (a, b; c; z). Although certain special cases appear in the literature,
the general identities are new. The arithmetical functions appearing in the identities include Ramanu-
jan’s arithmetical function 7(n); the number of representations of n as a sum of k squares 7 (n); and
primitive Dirichlet characters x(n).

1. INTRODUCTION

Our goal is to establish two general identities involving arithmetical functions whose generat-
ing functions are Dirichlet series satisfying Hecke’s functional equation. For example, two of these
arithmetical functions are 7 (n), the number of representations of n as a sum of k squares, and Ra-
manujan’s arithmetical function 7(n). Our general theorems involve the Bessel function of imaginary
argument [, (z) and the modified Bessel function K, (z), defined, respectively, in (2.1) and (2.2)
below.

One of the identities is a modular or theta relation in which, roughly, the exponential functions
are replaced by modified Bessel functions. The other is a transformation formula in which ordinary
hypergeometric functions appear on one side. Certain special cases, which we cite in the sequel, of
each of the two primary identities have appeared in the literature. However, the general theorems and
the majority of the examples are new.

We consider the class of arithmetical functions studied by K. Chandrasekharan and R. Narasimhan
[9]. Let a(n) and b(n), 1 < n < oo, be two sequences of complex numbers, not identically 0. Set

ORI N E Dk Y (L)

n=1 n=1

where throughout our paper, o = Re(s), {\, } and {u,, } are two sequences of positive numbers, each
tending to oo, and o, and o are the (finite) abscissae of absolute convergence for (s) and ¥ (s),
respectively. Assume that ¢(s) and (s) have analytic continuations into the entire complex plane C
and are analytic on C except for a finite set S of poles. Suppose that for some § > 0, ¢(s) and ¥(s)
satisfy a functional equation of the form

x(s) == (2m) 7T (s)p(s) = (2m)*°T(6 — s)4(6 — s). (1.2)
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Chandrasekharan and Narasimhan proved that the functional equation (1.2) is equivalent to Theorems
1.1 and 1.2 below [9, p. 6, Lemmas 4, 5], the first of which is due to Bochner [8]. Hence, the validity
of any one of (1.2), Theorem 1.1, and Theorem 1.2 implies the truth of the other two identities.

Theorem 1.1. The functional equation (1.2) is equivalent to the ‘modular’ relation

[e%e] § oo
Z a(n)e M = (T) Z b(n)e*4ﬂ2“"/x + P(z), Re(x) > 0, (1.3)
n=1

n=1
where )
P(x):=— [ 27)°x(2)z *dz,
211 C

where C is a curve or curves encircling all of S.

Recall that the ordinary Bessel function J, (z) is defined by [24, p. 40]

o ()

nT(v+n+1)’

z € C.
n=0

Theorem 1.2. Let x > 0 and p > 20} — § — % Then the functional equation (1.1) is equivalent to
the Riesz sum identity

1 / 1\" 2\ 0+p)/2
- an)(z — M)’ = — b(n) | — Jso (4 )+ x), (14
i 2 2= = (5] S () etanvin + Qe 10
where the prime I on the summation sign on the left side indicates that if p = 0 and x € {\,}, then
only %a(a:) is counted. Furthermore, Q,(x) is defined by
1 x(2)(2m)*a*tP
= 2 1.5

where C is a curve or curves encircling S.

Chandrasekharan and Narasimhan [9, p. 14, Theorem III] show that the restriction p > 20} —
d— % can be replaced by p > 20 — 0 — % under certain conditions. Because we later use analytic
continuation, this extension is not important here.

Theorem 1.1 is not explicitly used in the sequel. However, Theorem 1.2 is the key to our primary
theorems, Theorem 3.1 and Theorem 10.1.

Our examples include the following arithmetical functions: r(n), the number of representations
of n as a sum of k squares; oi(n), the sum of the kth powers of the divisors of n; Ramanujan’s
arithmetical function 7(n); both odd and even primitive characters x(n); and F'(n), the number of
integral ideals of norm 7 in an imaginary quadratic number field.

2. FACTS ABOUT BESSEL FUNCTIONS

The Bessel function of imaginary argument I,,(z) is defined by [24, p. 77]
0 (%Z)V+2n
1 = _ C 2.1
v(2) ;n!mmﬂ)’ 2€C, 2.1)

while the modified Bessel function K, (z) is defined by [24, p. 78]

K (z) = T =02 e g 2.2)

2 sinvm
K,(z) := Vli_r}}ZK,,(z), n € Z.
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Lo (2) = \/% sinh z, (2.3)

As special cases [24, p. 80],

Ky (2) = 56_2' (2.4)
For v € C [24, p. 79],
K, (2)=K_,(2). (2.5)
For Re(v) > 0 [5, p. 329],
lim 2* ¢, (2) = 2V 7IT(v). (2.6)
zZ—r
The three foregoing Bessel functions satisfy the differentiation formulas [24, pp. 66, 79]
d
dz (2" Ju(2)) =2"Ju-1(2), 2.7)
d
e (2"1,(2)) =2"1,-1(2), (2.8)
d
e (2"Ky(2)) = — 2"K,_1(2). (2.9)

We shall need their asymptotic formulas as 2 — oo, namely [24, pp. 199, 203, 202],

J,(2) :\/Z (cos(z —Jvr—3m)+ O (i)) : (2.10)
I(2) :\/;ez (1 +0 (i)) : (2.11)
K,(z) :\/Zez (1 +0 C)) . (2.12)

Lemma 2.1. [24, p. 417] Let a > 0, Re(u) > —1, and v € C. Then,

Ky (aft? +2°}) oy, 2'T(n+1)
t2 + 22 v/2 attlzv—p—1

K, -1(az).

Lemma 2.2. [24, p. 416] Fora,b >0, Re(z) > 0,Re(u) > —1,andv € C,

v—p—1
o0 K, (aV22 + 22 vz 2\ -
/ J,,(bx) (avVz?2 +x )x“'deZ bf (a—l—b) Kl,,#,l(zw/aQ—%—bQ).
0

(22 + 1,2)1//2 aV z

3. THE FIRST PRIMARY THEOREM

Theorem 3.1. Let Re(y) > —1, Re(c),Re(r) > 0, and p > —1. Then,

Z a(n / — )PP+ 2)TVPK (Arr/ ¢ + o) da

n=1

1 > b(n o
Z T2+M ( ) K5+p+1,V(47TC T2+Mn)

- (2m)ptlpyev—o—p=—1 — ( ) (o= t1)/2

+ /OO Q,(z)( + 2) 2K, (4nr\/ 2 + ) da, (3.1)
0

where it is assumed that the integral Q,(x), defined by (1.5), converges absolutely.

p+1
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Proof. Assume that p > 20 — 6 — % Multiply both sides of (1.4) by

(2 4 z) V2K, (4nr/ + x), c,r >0,

and integrate over 0 < x < oo. Let Fi(6, p, ) denote the left-hand side and let F5(d, p, ) and
F3(9, p, v) denote, in order, the two terms on the right-hand side that we so obtain.
First,

Flo) =gy [, 3 00 M ) e
:I‘(pl_mza(n) /:O(if—)\n) (c? +:E)_"/2K,,(47rr\/m)dx, (3.2)
n=1 n

Second, after we invert the order of summation and integration by absolute convergence on the
right-hand side, we are led to the integral

1(0,p,v) ::/ 2 OHP2(2 4 x)_”/2J5+p(47r\/,una:)K,,(élwr\/ 2+ x)dx
0

o0 K, (4mrve? + u?)
_ S+p+1 v
_2/0 u’ TP s p(Amun/fin) (& 1) du. (3.3)

Apply Lemma 2.2 with
w=29a+p, a = 47, and b=47m\/lhn.
Hence, from (3.3), for § + p > —1,

(47 /1 )OTP [/ (dmr)?
(4mr )Y

106 —9
(0,p,v) .

n wma)”“s—p—l

X Ky_5—p-1 (C\/(47r7“)2 + (47r\//Tn)2>

(6+p)/2
ZWOQ + Hn)(yiéipil)/2Ky_5_p_1(47TC\/ TQ + Hn) (34)

In summary, with the use of (3.4) and (2.5), we have

1 - b(n) ;
N Z (r2 + pin )(6+pfu+1>/2K"—d—p—l(‘l”CM)
1 Z " Kspr1—o(dme/r2 1 ). (3.3)
(27T)p+17‘l’c” d—p—1 T2+M )(5+p_y+1)/2 o+p+1—v MUn)- .
Thirdly,
F5(5,p,v) = / Qp(2)(? + ) "? K, (47r/ ¢ + z)da. (3.6)
0

We now gather together (3.2), (3.5), and (3.6) to conclude (3.1), which we have proved for v, r, ¢ >
0. However, in view of (2.12), we see that by analytic continuation, (3.1) holds for Re(r) > —1, and
Re(c),Re(r) > 0. The conditions p > 207 —§ — 3 and § + p > —1 can be discarded by analytic
continuation in p. 0
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4. THE SPECIAL CASEp =0

We consider Theorem 3.1 in the special case p = 0.

Theorem 4.1. Let Re(v) > —1 and Re(c),Re(r) > 0. Assume that the integral below converges
absolutely. Then,

& . |
2nr nZ::l (2 + M) =D/ K, 1 (472 + M)

TR )
Z (rQ + p )(5—y+1)/2K6+171,(47rc\/m)
=1 n

T 9nprev—i-1
n

+ [ Qua)@ ) (e )
0

Proof. First, set
u=4nrrv/c2+z =dr= Y
8m2y2
Hence, in turn, using (2.5), (2.9), and (2.5), we find that

2 V2 (drrr/c2 d:/oo YT Y Kotwd
/n (" +2) y(dmry/ et 4 z)de dnrV TN, (47Tr) (871'27“2) v(u)du
2 / * —ut1
= uw VT K, (u)du
(47”‘)271/ Amr/ 2+ ( )
:2(4777“)”_2/ w T (u)du
Amryv/ 2+,
=— 2(47rr)”_2/ 4 (u_”'HK,Z,H(u)) du
47rv 2+, du

:2(47rr)”_2(47rr\/ 2+ )\n)_”+1K_l,+1(47rr\/ A+ A\)
1
=—— (A + X)) VK, (drry/ e+ ).

2mr
Thus, the sum on the left-hand side of (3.1) reduces to

Ly an) e re /).

2mr £ (2 + \,) D27

The remaining part of the proof is immediate after setting p = 0 in Theorem 3.1. U

Before giving examples in illustration of Theorem 4.1, we offer remarks on previous work. Theo-
rem 3.1 is new. The first author’s paper [2, p. 342] contains the first statement and proof of Theorem
4.1 [2, pp. 342-344]. Our proof here is completely different from that in [2]. Theorem 4.1 was also
established via the Voronoi summation formula in [3, p. 154]. The special case, § = 1, of Theorem
4.1 was first established by F. Oberhettinger and K. Soni [20, p. 24] in 1972.

To illuminate the equivalence of the functional equation (1.2), the modular relation (1.3), and the
Riesz sum identity (1.4), Chandrasekharan and Narasimhan [9] examine the three identities with
particular arithmetical functions. For more details about the functional equations associated with
these arithmetical functions, and for calculations of Qo(z), see their paper [9].

In the examples below we refer to calculations made by Chandrasekharan and Narasimhan [9] to
illustrate Theorem 1.2. In particular, we use a few of their determinations of @, ().
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5. EXAMPLE: 7(n)

Let r(n) denote the number of representations of the positive integer n as a sum of k squares,

where £ > 2. Then
— 7%(n)
= E , o>k/2,
nS
n=1

satisfies the functional equation

7T ()C(s) = 7 FPT (k)2 — 5)Ci(k/2 — 5). (5.1)
In the notation of (1.2),
a(n) =b(n) = rr(n), 0= g, and An = fn = g
From the functional equation (5.1), (;(0) = —1, and ((s) has a simple pole at s = 2k with residue
7/2 )T (k/2). It readily follows that
(2mz)/2
=—14+ . 5.2

Appealing to Theorem 4.1 and (5.2), we find that

1 re(n)
21r — (2 +n/2)v=1/2

K, 1(4mry/c® +n/2)

1 Tk( )
D Z (7 & 1)2) B0 D2 Kk/2+]_—1/<47r6\/7“2 +n/2)

o0 k/2
+ / (—1 + (27m‘)> (A +2)"?K, (4nr\/ ¢ + z)dz. (5.3)
0

T(1+ k/2)

First, making the trivial change of variable x = 2, and applying Lemma 2.1 with a = 47r, 2z = c,
and p = 0, we find that

oo

1

—/ (& +2) VK, (4nr\/ 2 + x)dx = —ﬁKy_l(élﬂ'T’C). (5.4)
0 Tre

Second, again making the trivial change of variable + = ¢2, and applying Lemma 2.1 with a =

dmr,z = c,and p = %k, we find that

* _(2nn)t (2 + 2)""2K, (4rr/ @ + 2)de = ! K (4 (5.5)
/0 m c“+zx v(Arry/c? + x)dx = Sk —k/a—1 Kv—k/2-1 mre). (5.
Now, put (5.4) and (5.5) into (5.3). If we define r;(0) = 1 and use (2.6), we see that (5.4) can be
written as the term for n = 0 in the series on the left-hand side of (5.3), while (5.5) can be considered
as the term for n = 0 in the series on the right-hand side. Multiplying both sides of the resulting
identity by 27r, and replacing v by v + 1, we conclude that

Z (02_’7:]21(7;)”/2[(”(4%7" 2 +n/2)

T e k/2 Z (r2 4 n/2 (’f/2 v)/2 2 Kijo—v(dmey/12 +1/2). (5.6)
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The identity (5.6) was also established by the first author, Y. Lee, and J. Sohn [7, p. 39, Equation
(5.5)]. For k = 2, (5.6) was first proved by A. L. Dixon and W. L. Ferrar [12, p. 53, Equation (4.13)]
in 1934. A different proof for k = 2 was given by Oberhettinger and Soni [20, p. 24].

6. EXAMPLE: oj(n)

Let oy (n) denote the sum of the kth powers of the divisors of n, where it is assumed that & is an
odd positive integer. The generating function for o (n) is given by

o
Gls) = () -k =3 20 sy,
n=1
and it satisfies the functional equation
(27) T (s)Ck(s) = (—1)FHD22m)=*H1=9D(k 11 — 8) G (k + 1 — s). (6.1)
In the notation of the Dirichlet series and functional equation in (1.1) and (1.2), respectively,
a(n) = op(n), bn)=(-)* D26 (n), Ay=pn=n, 6=k+1.
Now Qo (s) is the sum of the residues of
P(2)¢()C( = k)
I'(z+1)
(In Chandrasekaran and Narasimhan’s paper [9], they utilize a different convention for Bernoulli

numbers, and so our representation for Q) takes a different form from theirs.) Observe that R(z) has
simple poles at z = 0, —1, k + 1. Using Euler’s formula,

R(z) :=

o 271')2nt
o) = (=11 BT " Ben > 1.
Clom) = (1 n
where n is a positive integer and B,, denotes the nth Bernoulli number, we readily find that
B o) 2+ (1 (k;—l)/?B k+1
Qola) = o ok G (D) e (62)
2(k+1) 2 2(k+ 1)I'(k + 2)

where
13 lf k == 1,
51,14: = )
0, otherwise.
Applying Theorem 4.1 and employing (6.2), we find that
1§ or(n) -
3 2 (@ gy e (Ve )
n=
Z (r2 + n)(k+2-0)/2 Kk+2—v(4ﬂc\/m)

2V ev—k—2
n=1

[ee) B ) 9 k+1 -1 (k;—l)/QB k+1
+/ (2 bl  OLkT + (2m)™ (=1) k1% ( + x)*”/QKy(élm'\/ 2+ z)dx.
0

(k+1) 2 2(k + DLk + 2)
(6.3)

Let Iy, I, and I3 denote, respectively, the three integrals on the right side of (6.3). In each instance
below, we initially make the change of variable x = 2. First, by Lemma 2.1, as in the calculation of
(5.4),

By [ —u)2 Byt 1
L= 54 1) /0 (2 +z)"/ Kl,(47rr\/m)dI =21 WKV,l(lerc). (6.4)
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Secondly, apply Lemma 2.1 with @ = 477, 2 = ¢, and ;x = 1. Hence,
0 *° _ 2
I, = —12’16/0 (A +2)"?K, (4nrv/ 2 + x)x dx = —51’;€WKV_2(4WTC). (6.5)
Thirdly, we apply Lemma 2.1 with a = 277, z = ¢, and 4 = k + 1. Therefore,
@2m)* (=1)ED2B /Oo 2 —y k
I3 = V2K, (4 ¢ *d
PGt ), © TR AmV G+ mja d
_ (=)EDEB
4r(k 4+ 1)rkt2er—k—2

K, __s(4mre). (6.6)

In summary, putting (6.4)—(6.6) into (6.3), we deduce that
1 3 Uk—(n)K (4mr/c2 + n)
2mr f (62 _'_n)(ufl)/z v—1
n—=
1 )(k+1)/2 w(n) By 1
Z (r2 4 n)(k+2-v)/2 Kk+2—V(4WC\/W) + T K, (4nrc)

onrver—h—2 k+1 drrev—1

) (_1)(k71)/23k+1
— K, 5(4
Lk (4mr)2ev—2""" 2(4mre) + drr(k + 1)rkt+2ev—hk=2
We now put (6.7) in a more palatable form. From (6.1),

L B B
2 "k+1 2(k+1)

K, __o(47re). 6.7)

by [13, p. 12]. Define

_ Bry

2(k+1)
Thus, by (6.8), the first expression after the series on the right-hand side of (6.7) can be expressed as
the term for n = 0 in the series on the left-hand side. Similarly, the last expression on the right-hand
side of (6.7) can be represented as the term for n = 0 in the series on the right-hand side of (6.7).
Thus, we can write (6.7) in the more simplified form

1 %Ky_lmmﬂ /2 4 n)

2 -1
2mr = (c* + n)

(6.8)

L1 & () m) : 2
T o er—k—2 g (r2 + n)(E+2-)/2 Kjyop(dme/r2 4+ n) — 51,167(47”4)26%2 K, _a(4mre).

(6.9)
Multiplying both sides of (6.9) by 277, and replacing v by v + 1, we deduce that

o0

z:o (C;j(:))WKV(ALWT\/ 2 +n)

n—

51,k (k+1 /2 (n)
:_WK,,_l(éhrrc v Z r2—|—n i 10)/2 - Kpqp1-,(4me/ 12 +n).  (6.10)

This identity appears to be new.
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In a 3-page fragment published with his lost notebook [22, p. 253], Ramanujan offered a kindred
formula to (6.10). If o and 3 are positive numbers such that a3 = 72, and if s is any complex
number, then

fZa_ /2Ks/2 2na) BZJ n*?K s/2(2np)

7111 ( > ( ){,B (1-s) a (1-s) /2} + ZF <_§> C(_3>{5(1+s)/2 _ a(1+s)/2}_ 6.11)

Note that (6.11) is not a special case of (6.10), and also note that (6.11) is valid for all complex s,
while k in (6.10) is an odd positive integer.

Unaware that (6.11) was first established by Ramanujan [22, p. 253], A. P. Guinand gave the first
proof in print in 1955 [17]. The identity (6.11) is now known as Guinand’s formula or the Ramanujan—
Guinand formula. See also [7, pp. 25-27] for a proof. Letting s = 0in (6.11), we obtain a well-known
formula of Koshliakov [7].

7. EXAMPLE: 7(n)

Recall that the Dirichlet series for Ramanujan’s arithmetical function 7(n)

= r(n 13
f(s) ::; 7(LS)7 a>?, (7.1)
satisfies the functional equation
x(s) := (2m)°L(s) f(s) = (2m) " 279D (12 — ) F(12 — s). (7.2)
The function x(s) is an entire function, and so Qo(z) = 0. Clearly,
A =ln="n 6 =12. (7.3)

Applying Theorem 4.1 and replacing v by v + 1, we deduce that, for Re(v),Re(c),Re(r) > 0,

z:(T(n)Ku(‘lW\/m rVer— 122 (r2 + 12 u)/2K12—V(47rcm)' (7:4)

2+ n)l//Q

n=1

The identity (7.4) was first established by the first author, Lee, and Sohn [7, p. 40, Equation (5.7)].
8. EXAMPLE: PRIMITIVE CHARACTERS X (n)

Let x denote a primitive character modulo ¢q. Because the functional equations for the Dirichlet

L-series
oo
x(n)

ns ’

L(‘Sv X) =

o> 0,
n=1
are different for y even and y odd, we separate the two cases.
Suppose first that x is odd. Then the functional equation for L(s, x) is given by [11, p. 71]

a\ ° iT s ~(3-9)
x(s) = (q) I'(s)L(2s —1,x) = —\};f) (q) ’ I'(3—s)L(2-2s,%), (8.1)

where X (n) denotes the complex conjugate of x(n), and 7(x) denotes the Gauss sum

q
=3 x(n)e2mina (8.2)
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Hence, in the notation of (1.1) and (1.2),
it(x) _ n? 3
a(n) nX(n)y (n) \/(i nX(n)a n = Hn 2qa 9 (8.3)
Also, x(s) is an entire function, and consequently Qo(x) = 0. Applying Theorem 4.1, multiplying
both sides of the resulting identity by 27r, and replacing v by v 4 1, we conclude that

2@ +Z§/(8q>)y/2 K (dmr/e 4 n?/(20))

n=0
o r“c%;ﬂ 2 n7<>§$>) G Kajz- (Amey/r? + 02/ (20)),

which is new.
Second, let x be even. Then the functional equation of L(s, x) is given by [11, p. 69]

s ~(3-9)
x(s) = (Z) I'(s)L(2s,x) = T(\/é) (Z) ’ r (% —s) L(1 —2s5,%). (8.4)
Hence, by (1.1) and (1.2),

T(x)_ n? 1
— b = —_— A = = — 6 = —. 8.5
alm) =x(w), b = TR, ==, 5= 5
Also, x(s) is an entire function, and consequently Qo (z) = 0. Appealing to Theorem 4.1, multiplying
both sides of the identity so obtained by 27r, and replacing v by v + 1, we conclude that
oo
x(n) 2 2
Z (02 +n2/(2q))y/2K’/(4ﬂ-r c“+n /(QQ))

n=0
TN) <+ X(n)
T ety ,;) (r2 + n?/(2¢)) /212 K o (4mey/? + 12 (29),

which is also a new identity.

9. EXAMPLE: IDEAL FUNCTIONS F'(n) OF IMAGINARY QUADRATIC NUMBER FIELDS

Let F'(n) denote the number of integral ideals of norm n in an imaginary quadratic number field
K=Q (\/ —D) , where D is the discriminant of K. Then the Dedekind zeta function

(s =3 EW

ns ’
n=1
satisfies the functional equation [10, p. 211]
2\ ~° o \ ¥t
— I'(s s)=|—= I'(l—s 1—3s). 9.1
(7)) T = (Z5) ra-sua-s) .1

We note from (1.1) and (1.2) that
a(n) =b(n)=F(n), Ap=pn=n/VD, =1
The function (x (s) has an analytic continuation to the entire complex plane where it is analytic except
for a simple pole at s = 1. From [10, p. 212],
_ 2rh(K)R(K)

lim(s —1)Cr (s) = T w(EWD 9.2)
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where h(K), R(K), and w(K) denote, respectively, the class number of K, the regulator of K, and
the number of roots of unity in K. Furthermore, from (9.1) and (9.2),

. VD 1 VD 2rh(K)R(K)  WEK)R(K)
WO =l e Y s v w®) 9P
For simplicity, set d = v/D,h = h(K), R = R(K), and w = w(K). From (9.3) and (9.2),
1 I'(z) ., _ hR  2mhRx
Qo(x) _27ri/CF(z+ 1)d Ck(2)x*dz = ” + p— (9.4)
By Theorem 4.1 and (9.4),
I & F(n)
2mr 4= (2 + n/d) =172 Ky-1(dmry/e? +n/d)
n=1
__ Ly POk (medi 0l
_27Trl/cl/—2 — (T2 4 n/d)(Z—V)/Q 2—v
+ /OO (—’f + 2”2}“) (2 + 2) 2K, (dnr/ 2 + 7)da. 9.5)
0

Let I; and I denote, respectively, the two integrals on the right-hand side of (9.5). First, by Lemma
2.1, as we did in our calculations in (5.4) and (6.4),

h > h 1
L= _hE (P +2)"2K, (47r\/ 2 + z)dx = ——Ri_lKl,_l(élm“c). (9.6)
w Jo w 2mre?
Second, by Lemma 2.1 with the same calculation as in (6.5),
2mh o h
I = mhit / z(? + ) VK, (drry/ 2 4 x)dx = %Ky_g(élm”c). (9.7)
wJo 2w mréc?

Suppose that we define
_hR
=

Then, substituting (9.6) and (9.7) into (9.5) and employing the definition (9.8) to identify (9.6) and
(9.7) as the terms for n = 0 on the left- and right-hand sides below, we find that

F(0) 9.8)

1 & Fln) 2
27 n=0 (62 + n/d)(uf1)/2Ky71(47rr 2 +n/d)

o)

- 1 F(n) 5
e nz:% (2 5y @ eidmeyr £ n/d). 99)

Lastly, multiplying both sides of (9.9) by 27r and replacing v by v 4 1, we conclude with the identity

©° F(n 1 >° F(n

(9.10)
The identity (9.10) was first proved in 1934 by N. S. Koshliakov [18, p. 555, Equation (15)], who
used the Abel-Plana summation formula.
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10. THE SECOND PRIMARY THEOREM

Theorem 10.1. ForRe(v) > —1, p > —1, §+p+Re(v)+1 > 6} > 0, and Re(\/a) > Re(v/B) > 0,

: ) f: a(n) /:(t - An)pi {L,+1 (”\/7? (\F - \/B)) s (7”/% <\/a+ ﬂ)) } dt

I'(p+1) = dt

2 T(w+d+p+1) Z
(2m)ot2e T(v+2) VA + oy, + 8

b(n) <\/4un Fa— VA, + ﬁ)”“

Vi, + a + /A, + B
Vi, +a — VA, +5>2
V&, + o+ A, + B

V—5—p+2,1—5—p;1/+2;<

1 1 25+2p 2
X + F
(wmnm ¢4un+5> 2

0 (I [ s (1 (Vi V) s (s (v + V7))
(10.1)

where it is assumed that Q,(0) exists, and where 2 Fy(a, b; c; z) denotes the ordinary hypergeometric

function.

Proof. Replace x by ¢ in (1.4), multiply both sides of (1.4) by

Li(eB.t) = o Ll (wvi (vVa - VB)) Ko (nVE(Va+vB)) ). (02)

dt
and finally integrate with respect to ¢ over (0, c0). We see that the left-hand side becomes

F(,O:—l)za(n)/ (t—)\n) I/+1( ﬁ t) (271_(_)[)F1(O[,ﬂ,p)—|—F2(a’ﬁ’p)’ (103)
n=1 n
where
+ 0\ (0+p)/2
(a8, p) Zb / <M> Ts+p (473 1int) Toia (e, B, t)dt
and

)= / (Ol (0, B ) (104)
0

First, examine F} (o, 3, p). Integrating by parts while using (2.7) in the form

(000725, (avB)) = SN2 (),

dt
we find that
Fi(a,B8,p)
=S [T g i) & {1 (+E (VA VB)) Ko (+VE (A V)
_ i%/jz ( (o2 (47r\/ﬁ)) Vi (w\/i (\F_ \/B>) Kooy (m/,} (ﬁJr \/g» i@t

o QWTLi::l lﬁi(f’% /Ooo t(5+p_1)/2‘]5+P—1 (47T\/m) Iy (W\/E (f - \/B>> Ky (77\/% (\/a + ﬁ)) dt
(10.5)
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where we have used the asymptotic formulas (2.10)—(2.12), the hypothesis 6+p > 0, and the existence
of

lim 7,41 (Wﬂ (x/af \/B)) Ky <7T\/{f (\/5+ \/B>> 7

which is explicitly calculated in (10.9) below.
We next employ an integral evaluation from [5, p. 315]. For Re(p) > —1, Re(p + v) > —1, and
Re(m(z +w)) > [Re(m(z — w))| + [Im(£)],

/OOO "t T, (€x) L (7 (2 — w)2) K, (7(2 + w)z)d

CT(p+v+l) (€/2)" VE T a2 — [ 1 dnPu? |
T +1) /2 1 4n222\/€2 4 an?u? \ /€2 + 4n222 + /2 + dn2w?

2
. 1 . 1 g
VE +4n222 (/€2 + dm2u?

VE +4m222 — /€2 + An2y? ’
VE2 47222 + /€2 + 4m2u?

(10.6)

X oFy | v — p, /L,V—I—l(

The Hankel inversion of the formula given above with the same kernel, that is, .J,,, was given by
Koshliakov [19, Equation (1)] and is a generalization of an integral evaluation by V. A. Fock and
V. Bursian [15, pp. 361-363] arising in their study on electromagnetism (see also [14, Equations (31),
(33)D.

In the integral on the extreme right-hand side of (10.5), make the change of variable t = 2 and
then apply (10.6) with § = 47\ /fin, p =6+ p—1, 2 = Vo, w = /B, and v replaced by v + 1.
Thus, for Re(v + 6 + p) > —1 and 6 + p > 0, we find that

Fi(a,B,p) = —21 Z (v +3d+p+1) (27 \/fi)* P!
‘”” 1 Tv+2) /1672, + 472a\/1672p, + 4723

20+2p—2
mn + o — mn +
y (wm Vi ﬂ)” ! 1 . 1 ’
Vi, o+ VA, + 5 1672, + 42 1672, + 4723

¢4un+a—¢4un+5)2 }

x oF7

1/—5—p—|—2,—<5—p+1,1/+2,<
Vi, + o+ VA, + B

2 TwHdotp+l) Z b(n) <\/4Mn+a\/4/tn+ﬁ>y+l
(2m)o*r T(v+2) < /Ay v/ An + B\ VA a+ VA, + B

Vi ¥ a — v, +ﬂ)2
V&, +a+VAp, + B
(10.7)

1 1 26+2p 2
X I —0— 2. —6 — 1: 2:
(¢4un+a+\/4un+ﬁ) S (

Second, from (10.4) and (10.2),

Fo(a, B, p) = /0 OOQ,J@)%{IM (wvi (Vo = V/B)) Ko (i (Va+v/B)) bt 108)
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Now, by the definitions of [, and K, in (2.1) and (2.2), respectively, and by the use of the functional
equation and reflection formula for I'(z), we find that

s (w1 (V3= V) B (8 (v 3))
7 (Arvi(va —vB)™ (nvitva+vB)

= (e (v + 1)) (v +2) (=)
_ m <f ~ VB )”“
2sin(m(v + 1)) (v + DI'(v + DI'(—v) \Va+ /B
1 (a- B\
T2+ (f+ f) : (10.9)

Utilizing (10.9), (2.11), and (2.12) in performing an integration by parts in (10.8), we deduce that, for
Re(v) > —1,

sy () o
_/0 Q)i (nvi (Va = v/B)) Kuur (i (Va+/B) ) dt,  (10.10)

where, for Re(y/a)) > Re(+/3), the boundary term at co vanishes, since by (2.11) and (2.12), respec-
tively, as t — oo,

;)

I(r(Vta — \/1B) ~ —= (10.11)
™/ 2(Vte = V/B)
and
—m(Vta+v/ip)
r(Via + \/iB)) ~ — o (10.12)
2(Vta + /1B)
Finally, from (10.3), (10.7), and (10.10), we deduce that
1 > o d
S [ A s (2 (V) e (5 (1 v3))
1 \F_ /8 v+1
s (s @O

2 T(w+étp+l) Z b(n) <¢4un+a¢4un+ﬁ>”“
(2m)o+2e T(v+2) A oA, + B\ VA o+ A, + B

Vi o — A, +6>2

V—5—p+2,1—5—p;1/+2;(
Vi, + o+ VA, + B

1 1 26+2p 2
X + F
(\/4,un +a Vi, +/3) =

— /Ooo Q)1 (Wﬁ (\/a - \/B» Ky <7T\/E (\/aJr \@)) dt

The proof of Theorem 10.1 is now complete. 0




ARITHMETICAL IDENTITIES 15

11. THE SPECIAL CASE: p =0
When p = 0 in Theorem 10.1, by (10.11) and (10.12), the left-hand side of (10.1) reduces to

3 an) A °° % {1 (wvi (Va = V/B) ) Ko (v (Va+ V/B) ) bt

n=1

= — ia(n).[y+1 (ﬂm (f - \/B)) Kyt (W\/E (\/&-i— \/@) .

Hence, we have our second main theorem.

Theorem 11.1. Assume that Re(v) > —1 and Re(y/a) > Re(y/B) > 0. Also assume that 6 +
Re(v) +1 > o} > 0. Suppose that the integral on the right side below converges absolutely and that
Qo(0) exists. Then,

i a(n)ly41 (W\/E (\/> - \/B)> Ky (W\/E (\/a+ \/B>)
(

2m)~ 6F(V—|—5+1 Z b(n) (\/4Mn+a_\/4ﬂn+6>y+l
I(v+2) VA + oA + 8 \VAp, + o+ VA, + B

1 1 20—2 1 /A 2
X< N > JF) VA, +a \/un+6>
Vg +a A, + B VA, + a4+ A, + B

e () [ e (v (V= V) s (5 (v )
(11.1)

y—5+2,1—5;y+2;<

Next, we show that Theorem 4.1 from [6] can be obtained as a special case of Theorem 11.1. To
that end, divide both sides of (11.1) by (y/a — +/B)**!, and let « — B. In the course of doing so, we
need the limit

g Dt (VA (Vo = VB)) K (m/E(\/a+\/B)):< )V+1A(V+1)/2K”+1(2WF)
2

a8 (Vo — B+t Mv+2)
(11.2)

where the definitions of I, and K, in (2.1) and (2.2), respectively, were used. On the left side
of (11.1), by (2.8) and (2.9), the series converges absolutely and uniformly with respect to o for
0 < y/a < ¢, for each fixed € > 0. Thus, we can interchange summation and the limit as & — ( on
the left-hand side of (11.1) to find that

tim iammﬂ (72 (V&= VB)) Kvan (m/3 (Va + VB))

( )1/+l 00

> amAYTIPE, (20, (11.3)

1/—{—2 n:l

We also take the limit as & — (3 inside the integral on the far right side of (11.1) by using a similar
argument with A\, replaced by z in (11.2). Hence,

i | " Q@) (vvE (Va - VB)) Kunr (mva (Va + VB) ) da



ARITHMETICAL IDENTITIES 16

ﬂ— v+1
_ 5 2v+1)/2
f / Qe Ky 1(27y/Ba)da (11.4)
Next, recall that o F; (a, b; ¢; 0) = 1. Thus, it remains to evaluate the limit
—v—1 _
oy (Vi + a4+ VA £ ) <\/4Mn+a—\/4ﬂn+ﬁ>”“< L, 1 )25 2
oa—f VA, + av/Ap, + B Va — VB Vap, + o Au, + 8
—2y—9 26—2
Ain + @ + /Ay + 1 1
oa—f Vi, + avip, + B Vi, + o Au, + B
9262 v+l
_ i ( VB ) . (11.5)
(4pn + B)° \ 2(4pin + )
Bringing together (11.3)—(11.5), we conclude that
m\v+l oo o—v=2,-0 g(v+1)/2 5 1 oo
(%) (v+1)/2 2 Bl (v+0+
A K 27w\ A
F(V—i— 2) n;a(n) n V+1( ™ n/B) F(V—i— 2 —~ 4,U +5 (5+u+1
E
2 / Qo(2)z V2K, 1y (2m/Ba)da (11.6)

Lets = 27rf. . Multiplying both sides of (11.6) by 2/s and by (%) Y~ T(v+2) and then integrating
by parts with the aid of (2.9) and (2.12), we conclude that
o0
b(n)
< (v+1)/2 __936+v+1_0
Z a(mAVTI2E, L (sv/Ay) =290 D(v 4+ 6 + 1) ; (672, 4 2T

/ Qp(2)z T2 K, 1 (sv/x)da

o0
b(n)
:235+V+1 5 VF 5 1
mos"T(v +6 + )nz_:l (167211, + 52)0+v+1

+ /000 Qo(z)2"? K, (s\/x)dx

We state this last result as a corollary.

Corollary 11.2. For Re(v) > —1, § + Re(v) + 1 > o}, and Re(s) > 0,
oo
b(n)
< AP+D/2 V) =230 +v L8 v S+1
Za v+1(8vV An) ms"T'(v+6 + )T; (1672, + s2)0+v il

+ /000 Qo(z)z"* K, (sv/z)dx

where it is assumed that the integral converges absolutely.

Corollary 11.2 was also established in [6, Theorem 4.1].

12. EXAMPLE: 7 (n)

Recall (5.1)-(5.2). Applying Theorem 11.1 with « and 3 replaced by 2« and 23, respectively, and
v replaced by v — 1, for Re(v) > 0, we find that

5 e (< (Vi V) . (v () -

n=1
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(Voo ddy

I'(k/2+v) Z b(n)
 h/29k— T(v+1) S Vn+ayn+p

¢n+a—¢n+5>2
Vn+a+yn+p

I/—k:/2+1,1—k/2;1/—|—1;<

g <\/n1+a+\/nl+6>k n
_21V<£1£> / Qo)1 (wv2z (Va - V/B)) K, (nv2z (Va+ V/B) ) da

(12.1)

To evaluate this integral, we use an integral in [16, p. 717, Equation 6.576, no. 5], namely, for a > b,
Re(2v) > A —1,and Re(\) < 1,

) bVI‘(Hi‘FZV)F(@) 1—-A4+2 1—)\ b2
- _ 2 2 . .
/0 x Ky (azx)I,(br)dr = ST (T 1)l o F) < 5 3 v+ 1 3

(12.2)

Using (5.2) and (12.2), wherein we make the change of variable { = v/2x and note that A = 1 — £,
a=m(y/a+Vb), andb—ﬂ(\f—\[) we deduce that

/ Q) (z 7r Qx(f—f)) (7r 2x(\/&+\/B))dx

/<:(27r)k/2

= a1 A7) /OOO P (w2 (V= V) ) K (w2 (Ve VB) o
k/2-1_k/2 ©
N 2k/]i1r(1 +k/2) /0 ¢4, (wt (Va = VB) ) Ko (vt (Va+ V5) ) di

k2 (W(\f—\/ﬁ))”l“(ngu)T(%)_QFl +V_V+1.<f—f>
F(1+k/2)22*kf(u+l)(Tr(\/a+\/B))V+k 2 72 \Va+ VB

R () () (et ()

20w +1) \Va+vB/) \Va+VB Va++/B
(12.3)

Invoking Euler’s formula [1, p. 68, Theorem 2.2.5],
oFy (a,b;¢2) = (1 —2) P9 Fy (e —a,c — byc; ).
in (12.3), we find that

[} et (e (va = V) i (o (v )

- <§1§> () (5 es (59) )

R () () (b b (20))
F(%+v) (f—f) ( 1)“ L va \/B>>

k k|
T AT+ ) \Va+vE) \Va VB \/@'2&(1 Ty +1<f+\/3
(12.4)
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Now put (12.4) in (12.1). To obtain the final equality below, we define 7 (0) = 1. To that end,

irkmm (v (va-vB)) K. (rvia (va+ v3))

L(k/2+v) Z (n) <\/n—|—0<—\/n+ﬁ>
 pk/20k- T(v+1) \/n+a\/n+,3 vnt+a+yn+p

: <\/n1+a+\/n1+5>k 22F1 jZIZI\\;ZigY

) ) . - k-2
) i (] ()
P bty

V—k/2+171—k/2;v+1;<

- (?Jr\\?) +7rk/22’l:/12r+uy+1 Z\/n+a3n+,8 Qﬁ;ﬁig)
(it vms) (1 b () )

(12.5)
By a different method, the identity (12.5) was also established in [5, Theorem 1.6].

13. EXAMPLE: RAMANUJAN’S TAU-FUNCTION 7(n)

Let 7(n) denote Ramanujan’s famous arithmetical tau-function. Recall the associated facts and
parameters given in (7.1)—(7.3). Then, from Theorem 11.1, for Re(v) > —13/2,

S o (wvi (Va—v/B)) K (v (va+ v/3))

n=1

_2(2m) (13 4 1) & Z 7(n) <\/4n+oz—\/4n—l—ﬁ>u+l
T'(v+2) “ViAn+ayAn + B \Vin +a+in + B

\/4n+a—\/4n+5>2
Van +a++An + B

1 1 22
X<\/4n—|—a+\/4n+ﬁ) o Fy V—lO,—ll;V—i—Q;(

(13.1)
Letting v = —5 1n (13.1) and using (2.3) and (2.4), we are led to
TL) —m/n(va .
3 e P st /)
_2(2m) T (25/2) & Z 7(n) <\/4n+04—\/4n+5>1/2
N r'(3/2) < ViAn+a/An + B \Vin +a+in+ B
1 1 > e (VAN +a—An+ 2
X (\/4n+a+\/4n+ﬁ> o Fy _21/2’_11’3/2’<\/4n+a+\/4n+5> (13.2)
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Employing [21, p. 461, no. 107]

oF (a,a+1/2;3/2;2) = {@—Vz) 72— 1+ Vz) 2,
2(2a — 1)y/z
with a = —11, we find that
Fy(=21/2,-11:3/2; (1 23 13.3
2 F (—21/2, $3/252) = 46\f{ +V2)*}. (13.3)

With (13.3) in (13.2) and with considerable simplification, we deduce that

3 T~ Aa+VB) ginh (s /m(v/a — /B))

n=1 \/ﬁ

3.5...21 & 1 1
= QTZT(TL) ((4TL+,8)23/2 o (4n+a)23/2> . (134)

n=1

If we differentiate both sides of (13.4) with respect to «, let 8 = «, and simplify, we find that

oo o0

o/ 3-5---21-23 Vart(n)
E T(n)e amvne = 9 12 2: 25/2°
— T —~ (n+a) /

which, with o = s2/(472), gives [6, Equation (7.4)]
> _ 25 sT(n)
sf — 936..23/2p
nZ::lT( ( 2 ) ; (82 4 16m2n)25/2°

14. EXAMPLE: PRIMITIVE DIRICHLET CHARACTERS

Let x denote a primitive character modulo ¢q. Depending on the parity of x, we separate two cases.
First, consider odd . Recall that the functional equations for the associated Dirichlet L-series is
given in (8.1), the Gauss sum 7(x) is defined in (8.2), and the relevant parameters are given in (8.3).
Consequently, by Theorem 11.1 and the fact that Qo(z) = 0, for Re(v) > —5/2,

ni::l”X(”)Iwrl (;;iq (\f— \/B>> Ky (\/W;L»q (\/54— \/B>>

o - ) w2 22 g\
_ —im 3/ F(y+5/2)T(X)Z nx(n) \/ + a \/ +
VAT +2) Y o V(B a) (224 ) NV rat 55
1 1 \/¥+ 248

o F V+1/2,—1/2;V—|—2;

.
JCe) ) R

AT NN) e (V& +a- 2"

e (i) (£40) (Ve )

2
\/2n2+ \/ +5
X o V+1/2,—1/2;I/—|—2; . (14.1)

NEe e
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Letting v = —1/2 in (14.1), using (2.3) and (2.4), appealing to the trivial fact,
oFy (0,—-1/2;3/2;2) =1,
and multiplying both sides by mv/a — 3/+/2q, we deduce that

Z x(mye” VA V) giny (;;iq (va- ﬂ))
i 12T (2) o = G i nx(n) (\/M fa— \/¥ n 5)1/2
o R ) (e )
—iqT a—f) — nx(n
- (er( | 712—:1 (2n% + ozq>§((2)n2 +8q)” (142

Next, let x be even. Recall that the functional equation and relevant parameters are given in (8.4)
and (8.5), respectively. Therefore, by Theorem 11.1, for Re(v) > —3/2,

g:lx(n)ml (;% (va- \/B)> Hrtt G;iq (e \FB)> )

fF(V—i—?)/Q i <\/¥+a_\/2n2+5)+1
R+ <\/¥+a+\/%+ﬁ)+2

\/2n2+a \/2112_’_/8 2
X oF) |v+3/2,1/2;v + 2; . (14.3)
e
Letting v = —1/2 in (14.3) and using the evaluation [16, p. 1067, Formula 9.121, no. 7]

N

2171 (1,1/2;3/2;2) =

we obtain, after considerable simplification,

X(n) — 2 (va+vB) B () ¥ 2n° + aq
Z 1nh(\ﬁ (va f)) 50 z:: <2n2+ﬁq>. (14.5)
Equations (14.1), (14.2), (14.3), and (14.5) are new.

15. A GENERALIZATION OF A THEOREM OF G. N. WATSON
The functional equation of the Riemann zeta function is given by [13, p. 14]
72 (s/2)¢(s) = - PT((L - 5)/2)¢(1 — 5).

Hence, replacing s by 2s, we see that it can be transformed into the form (1.2) with 6 = 1/2,
a(n) = b(n) = 1,and \,, = u, = n?/2. Note that in (1.5),

Qo(z) = —% + V2.
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Employing (12.2) with z replaced by +/z, and then with v replaced by v + 1, and letting A = 0,
a=m(va++B),andb=m (y/a —/B), we find that Theorem 11.1 yields, for Re(v) > —1/2,

o <‘;+§>m+im1 (T2 (va = V) ) Ko (T2 (Va4 v3) )

_ T(r+3/2) (Va-vB)"" \F—\/B)Q
V2rT (v +2) (Va + vB)" va++/B

\/’F( +3/2) © (\/2n2+04—\/2n2+5)y+
fl"(y—{—Q) n=1 (\/2n2+a+ \V/2n?2 —I—B)H_

Replacing o by 2« and 3 by 23, we find that
5 () e (o (V= V) Ko (o (v )
n=1

i+ \Va+ V3
Lw+3/2) (Va-vp)""' \/a—waf
Va+ VB

ZQMF(V—FQ) (\/E+\/B)V+2

v+1

T(v+3/2) (\/n2+a—\/n2+ﬁ> R
TV £ = (vt vat izt B)

o <V+3/2,1/2;l/—|-2;<

\/2n2+a—\/2n2+ﬁ ?
V212 4+ +/2n2 + 3 '

5 oY [V+3/2,1/2;V+2; (

‘2F1 <V+3/2, 1/2;V+2;(

Vn?+a+\/n?+p
(15.1)

2
v+ 3/2,1/2 0+ 2 <‘/n2+0‘_\/"2+5> ] .

Dividing both sides by (y/a — Vb)¥+1, letting o« — /3, multiplying both sides of the resulting identity
by 2(v + D)I'(v + 1)(2y/B)" "1, replacing v by v — 1 and 3 by 22/(47?), and rearranging, for
Re(z) > 0, we recover an important result of Watson [23, Equation (4)]:

1 1 1 > 1
V) +2 < > L(nz) = r<>r<u+> P +2 :

We now pr0V1de a generalization of yet another identity of Watson [23, Equation (6)].

Corollary 15.1. Let K (k) denote the complete elliptic integral of the first kind defined by

1— ]<;2 sin?

/ Ok 0< |kl <1 (15.2)
For Re(/a) > Re(y/B) > 0,
51 o (4 V) o o (5 v5)
- 1 K((\F—\FB>2>+’Y+10g(\/a+\f5)—log4

“r(Va+vB) \\Va+VB 2

2 ViZta— a2+ B\ 1
K —— 3. 15.3
+Z{ (\/”2+a+¢n2+ﬁ> (<\/n2+a+¢n2+6>) 2”} o
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Proof. Corollary 15.1 follows by analytically continuing (15.1) to the region Re(r~) > —3/2 and then
letting v — —1. Since the argument is similar to that given in Section 5 of [5], we discuss it only
briefly here.

Let g(n) denote the n™ summand in the series on the right-hand side of (15.1). It is not difficult to
show that, as n — oo,

a— v+1
g(n) ~ ((271)§3+3

Therefore, for Re(v) > —1,

o — v+1 o — v+1
3ot = 3= (st - ey ) + Cactv+9)

n=1

Substituting this in (15.1) and rearranging, we find that, for Re(v) > —1,

3~ s (70 (Vi = V) Ko (0 (V4 v5))

_ Tw+3/2) (Va-vE)™" o (YA=VBY
72\/%F(V+2)(\/a+\f)”+22F1 V+3/2,1/27V+2,<\/&+\/B)
VAL(y +3/2) & (0 - py*t
e 3 (1~ )
v (T 3/2) (At VB !
+(/a=VE) (fr(wz) prs (2 H9) 4(u+1)(\/a+¢6)”“>'
(15.4)

Observe that both sides of (15.4) are analytic in Re(r) > —2 with a removable singularity at
v = —1, because

T 2 v+1 1
hm [ L@ +3/2) (Ve J;y‘f) C(2v +3) — -
vo-l \(WAl(v+2) 2 4 +1) (vVa+ /)
1
Ty 5 log(va + /B) — log2, (15.5)
which can be seen from expanding each side of (15.5) in Taylor series about v = —1. Thus, letting

v — —1 on both sides of (15.4) and using (15.5), we arrive at (15.3), where we used the identity [16,

p- 908, Formula 8.113, no. 2]
11 2
F L2? ) = 2K
241 (2 27 7$> T (':U)

where K () is defined in (15.2). O

As previously indicated, the identity (15.3) is a generalization of the following identity of Watson
[23].

Corollary 15.2. For Re(f3) > 0,

[e'e] B . ﬁ
Q;Ko(nﬁ)—w{ +2Z<m 2m>}+v+log<2>—log2w. (15.6)
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Proof. 1If we let & — (3 in (15.3) and use the trivial facts
lim+ Iy(m(v/na — /nB))Ko(m(v/na+ v/np)) = Ko(2m\/nf3)
a—>
and K (0) = §m, we obtain (15.6). O

Remark 15.3. Each of the identities (13.1), (14.1), and (14.3) can be analytically continued in the
same manner as that for (15.1) for Corollary 15.1.

Letting v = —1/2in (15.1), and using (2.3), (2.4), and (14.4), we obtain
1 \/>_ \/B 1/2 \/i > e*%(\/aJr\f) .
(%5 3) *wmz_:l (T (va- V7))

n

1 2n —l—a) (15.7)

«
Qﬂm/a— g( > \fm/a— Z g(2n2+5
A rearrangement of (15.7) leads to
o~ (Va+vB)

T (Va- ¢B>+xf2n§:jlnsinh (% (va-va))

el I & 2n + «

Using the elementary Maclaurin series

0k
—log(l—z) = Z%, lz| <1,
k=1
in (15.8), we conclude that

s 1 1 —e™V2e 2n? + a

— — + —1 1 — .
2(\/5 VB) \/ﬁog<1_6_7r 25) 2f0g< > fz <2n2+ﬁ>
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