APPLICATIONS OF THE LIPSCHITZ SUMMATION FORMULA AND A
GENERALIZATION OF RAABE’S COSINE TRANSFORM

ATUL DIXIT AND RAHUL KUMAR

ABSTRACT. General summation formulas have been proved to be very useful in analysis, number theory
and other branches of mathematics. The Lipschitz summation formula is one of them. In this paper,
we give its application by providing a new transformation formula which generalizes that of Ramanujan.
Ramanujan’s result, in turn, is a generalization of the modular transformation of Eisenstein series Ej(z)
on SLy(Z), where z — —1/z,z € H. The proof of our result involves delicate analysis containing Cauchy
Principal Value integrals. A simpler proof of a recent result of ours with Kesarwani giving a non-modular
transformation for >~ >° | oam(n)e™"Y is also derived using the Lipschitz summation formula. In the pursuit
of obtaining this transformation, we naturally encounter a new generalization of Raabe’s cosine transform
whose several properties are also demonstrated. As a corollary of this result, we get a generalization of
Wright’s asymptotic estimate for the generating function of the number of plane partitions of a positive

integer n.
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Let a, 8 > 0 with a8 = 72 and m € Z\{0}. Ramanujan’s famous formula for ¢(2m + 1) is given byEl

[42, p. 173, Ch. 14, Entry 21(i)], [41l p. 319-320, formula (28)], [6, p. 275-276]

n—2m—1

1 > n 1 >
i —¢(2m+1 ¢ =(=8)" < 5¢2m+1 B 1
a 2C(m—|— )+n§:€2na_1 (—8) 2C(m+ )+;162"5—1
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1Ramanujan’s formula is actually valid for any complex «, 3 such that Re(a) > 0,Re(B) > 0 and o8 = 7°.
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- )¢ By, B
_92m 2kP2m+2-2k m+1—k gk 1.1
;;) 2k @m + 2 — 2k)” g (1.1)

where, as customary, ((s) denotes the Riemann zeta function and B, denotes the n*® Bernoulli number.
The above formula has received enormous attention from several mathematicians over the years and has
been rediscovered many times, for example, see [23] Theorem 9] and [33]. It is an impressive result,
for, it encapsulates not only the transformation formulas of the Eisenstein series on SLy(Z) and the
corresponding ones for their Eichler integrals but also the transformation property of the logarithm of
the Dedekind eta function. For a delightful historical account on it, we refer the reader to the excellent
survey [8]. There are several generalizations of in the literature, for example, [11], [12], [14], [16], [17],
[29] and [24]. In his second notebook [42][p. 269], Ramanujan himself provided the following generalization

of .

Let a and B be two positive real numbers such that a3 = 472. Then for Re(s) > 2, we have
'(s)C(s) > nS* 7s\ D(s)C(s) = ns!
s/2 _ 38/2 R
“ { (2m)® +COS< )Ze — g COS<2) (2m)s +;e”5—1

n=1
. /TS oo sl 1

where PV denotes the principal value integral. The above formula has been proved in [7, p. 416]. Also

see [9, Section 9] for a recent generalization of ((1.2).

Unfortunately, Ramanujan’s formula has not received as much attention as ([L.1]). But it is also a
noteworthy result because it not only gives the transformation formula for the Eisenstein series on SLy(Z)
in the special case s = 2m,m € N, m > 1, but also reveals the obstruction to modularity for other values
of s, which is evident due to the appearance of the integral on its right-hand side. Note that the last
term involving the integral disappears for s = 2m.

One of the goals of this paper is to derive a generalization of (|1.2]):

Theorem 1.1. Let Re(a),Re(B8) > 0 such that af = 4% Let 0 < a < 1. Then, for Re(s) > 2, the
following transformation holds

F(S)C(S) 1 [ee] 3 e7ris/2 e—WiS/Q
s/2 ) Z\°)5\°) - s—1

@ { (271')5 T 2 Zn ena—2mia _ | + ena+2mia _ q
255/2{ I'(s) icos ”s+27rak) +§:M

(27)* k=1 n=1 eln=®f —1

1 00 L 67r7,s/2 e is/2 1
s—
_Q’LPV/O X e2rr—2mia _ | - e2me+2mia _ | cot <2B$> dr o (13)

The above theorem reduces to Ramanujan’s formula ((1.2]) for a = 0. Also for s = 2m,m € N and
a =0, it gives (|1.1)).

A special case of Theorem [I.1]is the new transformation given below.




LIPSCHITZ SUMMATION FORMULA AND RAABE’S COSINE TRANSFORM 3

Corollary 1.2. Let m € N. For Re(a), Re(8) > 0 such that aff = 472, we have
© 2

m nm—l . [e’e) (n_1/2)2m—1_ . o - B2m
: ;enaﬂﬁ_ﬁ) ;em—umﬂ——{a — (27 = D(=-p)"}

dm

(1.4)

Equation ((1.4]) is a “hybrid” analogue of the following transformation formula for the Eisenstein series
over SLa(Z) in that the role of n in the first series is played by n — 1/2 in the second.

oo an—l oo n2m—1 B2m
mj : o aym z : _ m __ (_ p\m
@ fene —1 (=A) — e — 1 {a (="} dm

As an application of Corollary we obtain closed-form evaluations of two infinite series, which, to the
best of our knowledge, are new.

Corollary 1.3. For any odd positive integer m greater than 1,

et 1 4m’
n=1
o0 2m—1
n _1—om B2
and E 47:2 1=2m—em
enm — 1] m
n=1

First, let s =2m and a = 1/4 in , then let s = 2m and a = 3/4 in , and add the corresponding
sides of the resulting identities. This leads to the transformation between just the infinite series which
we record below in . Similarly subtracting the corresponding sides of the two resulting identities
expresses a principal value integral in terms of a Lambert series, which is given in .

Corollary 1.4. Let Re(a),Re(B) > 0 such that a8 = 4w2. For m € N;m > 1,

meadm—1 | T(2m)¢(2m) m 2, p2m-l
“241{@Wm+“”+?;wm+d

[ee)

g {(_1)m+1r(2m)g(2m)(22m1 -1, 5 (n -1t i (4n — 3)2m-1 } | 15)

(2m)2m i B/A ] | 2 (B ]
and,
- - 1 am e X(n)n?m
Pv/o sech(z) cot (26z) 2"~ 1da = (—1)" 141 Z_:lenﬁ_l (1.6)

where x(n) is a Dirichlet character modulo 4 given by
1, ifn=1 (mod4),
x(n) =19 -1, ifn=3 (mod4), (L.7)
0, if n=0,2 (mod 4).

We note that the series on the right-hand side of (1.6 cannot be treated using [11, Theorem 1].

We now transition towards to the second goal of our paper. Recently, the current authors, along with
Kesarwani [16], extensively studied a more general Lambert series

Z enyns_ 7= Zas(n)e_”y (s € C, Re(y) >0) (1.8)
n=1 n=1
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than the ones appearing in (1.1)). Here o4(n) := Zd‘n d® is the generalized divisor function. Among other
things, they obtained [16, Theorem 2.5] an explicit transformation for any Re(s) > —1 and Re(y) > 0,

which is given next.

Z os(n)e”™ 4+ % ((ij) - cosec (%S> + 1) ¢(—s) — ;C(l )

- i S (o (505 ) - () e (7)) o

where 1Fy(a;b,¢;2) ==Y, %, zeC, (a), = F(Fa’(gl) is the generalized hypergeometric function.

The explicit transformations of the type are always desirable due to their possible applications in
analytic number theory, especially in the theory of zeta functions. See the recent paper [3] for a beautiful
application of in the theory of ((s) by applying the operator % ’820 on both sides, thereby resulting

o log(n)
ey —1

The authors of [16, Theorem 2.5] also analytically continued to Re(s) > —2m — 3, m € NU{0}.

Then, as a special case, they not only obtained Ramanujan’s formula and the transformation formula

in a transformation of the Lambert series of the logarithm, that is, Z

of the logarithm of the Dedekind eta function but also new transformations when s is an even integer.
For example, they established an explicit result [16, Theorem 2.11] for (1.8) when s = 2m, m > 0. We
record it in the following theorem. It comprises two special functions Shi(z) and Chi(z), known as the
hyperbolic sine and cosine integrals, respectively defined by [36], p. 150, Equation (6.2.15), (6.2.16)]

i) = [T a1, i) =y +hogle) + [ MO

dt, (1.10)
t
where « is Euler’s constant.

Theorem 1.5. Let m € N. Then for Re(y) > 0, we have

gjlazm(n)e”y - gﬁ)i (@m+1) 4 22— (_qym2 <2W>2mﬂ igzm(n){ sinh (4”2”) S <47T2n>

2my T™\Y = Y Y
4 2 4 2 m 4 2 —2j
_cosh<Wn)Chi<7rn>+Z(2j—1)!<7rn> .
Y Y = Y
(1.11)

The modular transformation for > 7 | oam41(n)e™™ transforms it into

Zagm+1(n)e—4”2”/y - _ Zagm+1(n){ sinh <M> — cosh < T n> } (1.12)
n=1 n=1

Y Y

In view of this, it is important to note that while going from s =2m +1tos=2min ) >7, os5(n)e ™,
the expression sinh (%) — cosh (4”;”) in (1.12)) is to be replaced by the corresponding one on the

Y
series on the right-hand side of ((1.12]) is essential for its convergence; for details, see the proof of Theorem

in Section [4])

Theorem readily gives the following asymptotic estimate for Y o2 | oom(n)e"Y:

right-hand side of (L.11)). (Note that the finite sum 3 7", (25 — 1)! (M) " in the summand of the
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Corollary 1.6. Let m € N. Asy — 0 in |arg(y)| < 7/2,

o0 —n (2m)! Bom 2 r+1 I'(2m+25)C(2m + 25)C(2)) o:_ ;
;azm(n)e V= y2m+1C(2m -1)- 27721y ~ n(2m)2m1 ; (@m) 110 (573

(1.13)

The case m = 1 of the series on the left-hand side of (1.11)) (or (1.6)) has the following interesting
connection with the generation function for plane partitions studied by MacMahon [I} p. 184]:

S oa(m)e ™ = - log(F (), (1.14)
= dx
o 1
where F(z) := H A=z with y = log(1/z), where || < 1. In his work on finding the asymptotic
—x

n=1
estimate of ¢(n), the number of plane partitions of a positive integer n, Wright [46, Lemma 1] first found

the asymptotic estimate of F'(x) as  — 1~. His result on F(x) follows readily from our Corollary
and is rephrased in the following corollary.

Corollary 1.7. As x — 17, we have

r+1
F(z) = ¢°(log )"/ exp <1§§)$> exp j;@-(log 2)% | (1+ O, ((logz)* 1)), (1.15)

where, ¢ is a constant, and

(25 + 2)¢(25 + 2)¢(2))

0; = ,
I 2m25(2m)%

(1.16)

It is important to note that Wright obtained the above result through a long calculation (see [46], pp.
180-184] whereas it is a trivial consequence of our Corollary as shown in Section|s| On the other hand,
the advantage of his method is that it gives a representation of the constant ¢ in terms of an integral,

oo
1
namely, ¢ = 2/ 7% 08(y) dy
0 ey — 1

The Lambert series , whose special cases were considered in and , has been studied by
many mathematicians over the years. For a detailed survey, see [16]. One of the earliest mathematicians
to study it was Wigert, who wrote several papers on this subject. In [45], Wigert examined the Lambert
series when 0 < s < 1. Later, Kuylenstierna [30] provided a simple proof of Wigert’s result using double
zeta (a(s,7) = Z;’anom, Re(s) > 2, 7 € C\(—00,0]. However, both of them were interested
only in the asymptotics of the series in , not in explicit transformations. In his work, Kuylenstierna
essentially uses the Lipschitz summation formula [32]:

Theorem 1.8. Let 0 < a < 1. Then for Re(s) > 1 and 7 € H, we have

i eQﬂ'iT(nfa) B F(S) e2miak (1 17)
—_a\l-s  (—_9m5)s s° :
= (n—a) (—2mi) = (k+71)

The Lipschitz summation formula has several nice applications and generalizations, for example, see
[0, 28] 37]. Theorem is usually proved using Poisson summation formula, for example, see [40, p. 77—
79]. For other proofs, one can look at the paper of Végi [44].
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It does not seem to be easy to get Theorem as a special case of Ramanujan’s formula or our
generalization , because one has to transform the Lambert series and the principal value integral on
the right-hand side of into the series in involving the special functions Shi(z) and Chi(z).

In this paper, we prove Theorem and Theorem using the Lipschitz summation formula .
The proof of Theorem through this approach involves a nice generalization of the following identity
[14, Theorem 2.2]

i/owm dt:;{log(;;)—;@} (;>+¢<_;>>} (1.18)

where Re(u) > 0, and 9(z) := I'(2)/T'(2) is the digamma function. In [I4, Theorem 2.4], the above
identity was employed to obtain a two-parameter generalization of . Various applications of
can be found in [15, [16].

Observe that the summand of the left-hand side of is the Raabe cosine transform defined for
Re(w) > 0 and y > 0 by [18, p. 144]

*° tcos(yt)
R = ———— dt.
)= [

Before stating the generalization of ((1.18), that is sought for, we first introduce a new generalization
of Raabe’s cosine transform, valid for Re(w) > 0,Re(z) > 0 and y > 0, by

R, (y,w) = T2 +1)/°O L 1 (yt) dt (1.19)

w) = =I'(2z oS . .

N 2 o \(t—iw)2 L " (t4iwyeert ) Y

It is easy to see that Ro(y, w) = R(y, w). Also for w > 0, R, (y, w) satisfies a nice identity, namely,

w¥R,(y, w) = yF R, (w,y), (1.20)
which is easily seen by making the change of variable ¢t = zw/y in ((1.19)).

Our first result on R, (y,w) gives a closed-form evaluation of an infinite series containing R, (y, w).

Theorem 1.9. Let ((z,a) be the Hurwitz zeta function. For Re(w) > 0 and Re(z) > 0, we have

D2z 7 1) & 2 w) = : . 2
T2+ 1) ;% (270, w) ;:1/0 <(v SR + @ +zw)2z+1> cos(2mnv) dv

_ % {<(1 + 2z, iw) + (1 + 22, —iw) — Czsgz) } . (1.21)

Note that this result is not straightforward to obtain as one cannot interchange the order of the
summation and integration as doing so leads to a divergent integral. The primary tool to prove this

result is Guinand’s generalization of Poisson’s summation formula [22, Theorem 1]; see Theorem

The generalized Raabe cosine transform R, (y, w) itself can be evaluated in terms of exponential integral
functions and incomplete gamma functions which are not so popular. However, the beauty of Theorem
is that the infinite sum of R, (y,w) can be evaluated in terms of the well-known functions such as

Hurwitz zeta function ((z,a) and cos(z).

An immediate consequence of Theorem [1.9] is

Corollary 1.10. Fquation (1.18|) holds true.
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Our next result gives an evaluation of a double integral which is imperative to prove Theorem

Theorem 1.11. Let Re(w) > 0 and Re(z) > 0. Then

1 1 )
/ / ( F—w)2etl + i+ iw)QZH) cos(2mut) dtdv = ~ ST sin(mz). (1.22)

Equivalently, in the notation of (1.19),

> 1
R, (210, w) dv = ——— (22 + 1) sin(72).
/0 (2mv, w) dv e (22 4 1) sin(7z)

It is effortless to see that for z € NU {0}, the above integral evaluates to zero. The particular case

z = 0 is already obtained in [14, Lemma 3.4].

We now provide an new equivalent representation for R,, (1, w), where m € NU{0}. This representation
appears in the transformation of Y 2 | o9, (n)e~" given in Theorem

Theorem 1.12. Let Shi(z), Chi(z) and R,(y,w) be defined in (1.10)) and (1.19) respectively. Let m €
NuU{0} and Re(w) > 0. Then

—1)™(2m)! [ 1 1
() = L2 ((t_m)zmﬂ+(t+iw)2m+1)cos<t> dt

= sinh(w)Shi(w) — cosh(w)Chi(w) + Z (25 — D=2, (1.23)

The special case m = 0 of this result was derived in [16, Lemma 9.1].

As mentioned earlier, we provide a new proof of the Theorem [I.5]in this paper. It is done by employing
the Lipschitz summation formula and Theorems and Deriving it this way is simpler than
obtaining it as a special case of (1.9). The latter was done in [16, Section 9.

This paper is organised as follows. In Section |2 the proofs of Theorems and are given.
Sections [3] and [] are devoted to proving Theorems [I.1] and [L.5] respectively.
2. THE GENERALIZED RAABE COSINE TRANSFORM R, (y, w)

This section is devoted to obtaining the results associated with QR.(y,w) and which are crucial to
proving Theorem The first result below gives the asymptotic expansion of R, (y, w) as y — oc.

Lemma 2.1. Let R,(y,w) be defined in (1.19). Let Re(w) > 0 and Re(z) > 0. Then as y — oo,

cos(7z) = I'(2z + 2n)

R ~ —
Proof. We use the analogue of Watson’s lemma for Laplace transform in the setting of Fourier transforms
[35], [13] Equations (1.3), (1.4)]. It states that if the form of h(t) near ¢ = 0 is given as a series of algebraic

powers, that is,

£) ~ > bt A (2.1)
n=0
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as t — 0", then under certain restrictions on h (see [35], [I3, Section 2] for the same),

/ e'*'h(t) Zb (M ERTD (4 ) s
0 n=0
as § — oQ.
Let
ht) = — !

(t _ Z’w)Qerl + (t + Z'w)2z+1 :

Then, near ¢t = 0, it is easy to see that

h(t) = (—iw)~ =D i 22+ 1) <t>n + (iw) (=D Z (22 +1), (_.

n! W

n=0

o
= gur 0y B2 D gy (T Y

nlw™
n=0

Therefore, it is clear that our function h(t) satisfies (2.1)) with A = 1 and

2w~ (24t (22 4+ 1), “in <7m z)
— -

nlwn

b(n) =

From (2.2)) and (2.3), as y — oo,

o 1 1 3 - i(n z —n—
/0 ((t o L T m)zz+1) e dt ~ Y eI (n 4 1)y

n=0

where b(n) is given in (2.3). Similarly, as y — oo,

> 1 1 —1i i(n+1)Z —n—
/0 ((t—iw)22+1+(t+iw)2z+1>e ¥ dt ~ Zbe AT (n+ 1)(—y)

From (2.4)) and (2.5, we see that as y — oo,

o 1 1
o \({f— ,L'w)2z+1 + (t + iw)2=H cos(yt) dt

—<2z+1>z 224 D it g (5t —m2) 1+ (=)
wn n

— 9 (221D Z Menﬂ sin <7T(2n_1) _ 7TZ>

2n—1,,2n
w
n=1 Yy

2w~ 2% cos(7z) i I'(2z + 2n)

I'2z+1) (yw)?n

(2.3)

(2.4)

(2.6)

Lemma follows upon multiplying both sides of (2.6 by %F(2z + 1) and then using the definition of

R (y, w) from (T-19).

Remark 1. The special case z =0 of Lemma was obtained in [14, Lemma 3.3].

Our next task is to evaluate the double integral in ((1.22]).

0
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Proof of Theorem [1.11] Note that double integral in ((1.22]) is not absolutely convergent which means
we cannot interchange the order of integration. Securing convergence of the integral over v near v = 0 is
straightforward. Along with this, Lemma implies that the double integral in ([1.22)) is convergent.

)

v

We first evaluate a more general integral by introducing the exponential factor e™ ¥ inside the integrand
and then take limit N — co. Let N be a positive integer and consider the integral

I(w,z,N) / / N <(t - ”10>22+1 + (t+zi))2z+1> cos(2mut) dtdv  (Re(w) > 0, Re(z) > 0).
(2.7)

By invoking Fubini’s theorem we can interchange the order of the summation and integration in the above
equation to see that

o 1 1 W2
I(w,z N) :/0 <(t—iw)22+1 + (t+iw)22+1>/0 e~ N cos(2mvt) dvdt

_ V 7TN o0 e—NW2t2 ( 1
(

. + . dt, 2.8
t—iw)2tl o (t+ zw)QZ“) (28)
where we used the fact that e=?*/V is self-reciprocal (up to some factor) with respect to the cosine kernel

(See [21, p. 488, Formula 3.896.4]). Next invoke the identity [4, p. 88, Section 2.5.5]

(1= VO 4+ (L VB =22R (5,54 5i5i€)

with € = —w?/t? and s = 2z + 1/2 in (2.8)) to deduce that
2

X N2 2a1 1 1w
I(’IU,Z,N):\/W/ (& 4 t z 2Fl Z+7)Z+]—;7' dt
0

2 27 12
N [ 1 1
_ \/7;7/ e—NWQ/xe_12F1 <Z + 572 +1; 5? _w233) dz, (2.9)

1/y/xz. From [39, p 319, Formula 2.21.2.6], for Re(p) >

< 7, we have

ey D(O0(@)Da — a)(b - )
/0 2Fi(a, bie; —ww)d T(@T(B)(c—a)

+ pT(—a)aFa(a, b; e, + 1;wp).

where we made the change of variable t =
0,Re(a —a) > 0, Re(b— ) > 0 and |arg(w)
aL(c

oFy(a—a,b—a;1 —a,c— a;wp)

Let p=N7n? a=2+1/2, b=2+1, ¢ =1/2, a = z and w = w? in the above integral evaluation,
use the reflection formula for the gamma function I'(1/2 + s)I'(1/2 — s) = 7/ cos(ws) and substitute the
resultant in (2.9) so that for |arg(w)| < 7/2,

VTN {cos(m)2 5 (1

I(w,z,N) =

— 1 - 1 1
2 2z 9’ 11—z, 9 N 2“’2) + (N7‘2)ZI (=2)1 11 ( + 553 7r2w2>}
zZw F s N

(2.10)

We now wish to take limit N — oo on both sides of the above equation. To that end, we need to find
the behavior of the functions on the right-hand side as N — oco. The following asymptotic is given by
Kim [27]: as © — oo in —2F < arg(z) < 3, for a # Z U {0},

L'(p1)T(p2)

(@) (K22(z) + Loo(—7))

o F1 (1, a5 p1, p2; ) ~
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where, with v =14+ a — p1 — p2,

1
Kao(z) = 2¥e"2 ko (Pl — QP2 — Q5 x) ,

and
_ IMNa—1) 1
L =2t Fi(1,2—p1,2—p22—a;—
2(x) = T(p1 — DT (ps — 1)3 1 ( , P1; p2; a; x)
_ MNao)I'(1 — o)

+az @

1
Foll+a—p,l+a—ps——).
T(p1 — )l (p1 — )2 0( ez ias >

We let @« = 1/2, pg = 1 -2, po = 1/2 — 2z and 2 = Nn?w? in the above expression to get, for
—%T” <arg(w) < 7,

oIy (;, 1;1— z,% — z;Nﬂ2w2> ~ ra/2 _\j;rr(l —?) {(NWsz)QZeN”2w22Fg (; — 2, =2 —; ]\77712202>
+N7r3/2w21’(—f/2 —T(—)* <1’ 1+s % +5 g; _N7r12w2>
+;r((;/]2\[i2g2r>(—lf)2Fo <; 21+ 2 — _N;%Q> } (2.11)
as N — oo. Also, from [43] p. 189, Exercise 7.7],
By (a3 ) ~ ewxl‘izj‘(c) g (c— a):l(!l —a)p - ?—(Tz‘l_x;; ::oo (a)n(1 Z!a —C)n (o)™, 3 — o0,

where —37” < arg(z) < 5. Upon letting a = 2 +1/2, c=1/2 and z = N72w? in the above formula and
using the series definition of 9 Fp, for —%T” < arg(w) < 7, we see that

11 2,2 VT (NT?w?)? 1 1
F *'*'N2 2 NN7F”LU F o .
1 1<Z+272, 7Tw> € F(Z+1/2) 2470 272 zZ; ’N7T2UJ2
) 2,,2\—(2+1/2) 1 1
—7i(z+1/2) ﬁ(NW w ) F -1 N 2.12
+e F(—Z) 2rp | 2+ 9’ + 25— Nr2w2 ( . )

as N — oo. Substitute ([2.11) and (2:12) in (2-10)) and observe that the terms involving o Fy (—z, & — z; — W)
cancel each other out. Also note that ,Fy(ai,---,ap;bi, -+ ,bg;1/N) =14+ O(1/N), as N — co. Hence,

for =5 < arg(w) < §, as N — oo,

) = {ETO Betm) [ 1220 (0 (1)

s o] (o ()

We next let N — oo on the both sides of the above equation. By using the dominated convergence
theorem, we can take the limit N — oo inside the integral sign in (2.7]). Thus,

e ! 1 i —miz
/0 /0 <(t — jw)2e L - (t+ iw)2z+1> cos(2mvt) dtdv = ol {e — cos(mz)}

_ Z e—ﬂ"iz B eZT('Z + e—’LTI'Z
2w2z+1 2
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i eirrz _ e*iﬁz
S { ' } , (2.13)
s s

which proves our theorem for —F < arg(w) < §. We next prove the result in the remaining region
T <arg(w) < 3.

By invoking the asymptotic [36, p. 411, Formula 16.11.7] twice, for § < arg(w) < 7, as N — oo,
1 1 I'(1—2)T (% - emi/2 2 (—1 BT (L~ &
2 b <,1; l-2z,5 -2z N7T2U}2> ~ (=2 (5~ 2) ( )1 ( SN CRaL) (Nw2 2 _7”) "
2 2 r(1/2) VNmw £ kT (5 — 2 = k)T (=2 — k)
e ( )kF (_7 _ k‘)

N7rw2 — kIT (— 2=k (-3 —2—k)

(N7r2 2 —7rz) —k

4 (N7T2'UJ2)22 eN7r2w2 ch(N7TQw2)_k} , (214)
k=0
and
11 I'(1/2) _ > —|—z+k) _
F *N22N N22 7'("L Z+1/2 N22 mTi\—k
11<z+22 Ww) F(z—i—%){( Z k'I‘ —2) ( )
=0
F(Nr2w?)7eN™w? Z } (2.15)
where
1 k—1
Cr = 7z Cmek,m,
m=0

with Cp =1 and

1 1
(k+1—m)

Upon simplifying (2.9)), (2.14) and (2.15)), and observing that the terms containing e mw? cancel each

™

other out, for § < arg(w) < 7,
wi/2 ] 1
e
e UXZ2 O -
SWEE] (e cos(mz)) + (\/N)

as N — oco. Employing the dominated convergence theorem to take limit N — oo inside the double

I(w,z,N) =

integral, we deduce that

1 1 '
/ / ( [ —iw)2et + i+ iw)2z+1> cos(2mvt) dtdv = ~ 5 sin(mz).

This along with ( - completes the proof of the theorem for —% < arg(w) < 7. O

As discussed in the introduction, Guinand’s generalization of Poisson’s summation formula [22] Theo-
rem 1] is critical to prove Theorem We record Guinand’s result in the following theorem.

Theorem 2.2. If f(z) is an integral, f(z) tends to zero as x — oo, and xf'(x) belongs to LP(0,00), for
some p, 1 <p <2, then

&%( / e )— Jim_ (ijgm)—/fg(v)dv),

1
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where
—00
g(z) = / f(t) cos(2mat) dt.
0
Proof of Theorem [1.9] Let
1 1

f(v) = (0= ) + (0 + w)= (Re(w) > 0,Re(z) > 0),

> 1 1
g(x) = 2/0 ((v )T + o z’w)22+1> cos(2mzv) dv. (2.16)

Now employ Theorem [2.2| with f(z) and g(x) as above. Invoking Theorem we see that

o ‘ M 1 1
Z 9(n) = A/}lgloo { Z_:l <(n — jw)?# 1 + (n+ iw)ZZH)

_/M 1 n 1 gt _;.( ) (2.17)
0 (t _ Z'w)Qz—i-l (t + Z‘w)23+1 ?U2Z+1 SI(7mz). .

Note that series and integral on the right-hand side of the above equation exist individually in the limit
M — oo. Therefore,

B N dt — ——— si _
nz:lg(n) Z <(n — jw)2etl + (n+ iw)2z+1> /0 <(t — jw)2et] + i+ iw)2z+1> pyo sin(7z)

n=1
(2.18)
It is easy to see that for Re(z) > 0,
- 1
— +
Also,
00 dt B (:':Z')—Zzw—2z 590
0 (t:Fz'w)Qz‘H - 9z ) (2.20)
Substitute (2.19) and (2.20)) in (2.18]) to deduce that
> cos(7z) 1
Zg(n) = (14 2z,iw) + (1 + 2z, —iw) — PO e P sin(7z)
n=1
, . cos(mz
=((1+2z,iw) + ¢(1 + 2z, —iw) — 275172: ), (2.21)
which follows using the fact
C(s,a+1)={((s,a) —a*. (2.22)
Therefore, (2.16) and (2.21)) yield Theorem [1.9} O

Proof of Corollary [1.10 'We wish to take limit z — 0 in (1.21)). To that end, we use expansions of the
functions involved around z = 0. As s — 1, we have [21I] p. 1038, Formula 9.533.2]

1
((s,a) = o1 ¥(a) +O(]s — 1)
The above equation implies that, as z — 0,

C(1+ 22, +iw) — 2% — p(iw) + O(|z]). (2.23)
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It is easy to see that

cos(mz) 1
as z — 0. Using (2.23)) and , we deduce that
lirr(l) (C(l + 2z, iw) + (1 + 2z, —iw) — COS(Z?) = —Y(iw) — Y(—iw) + 2log(w). (2.25)
Z— W
Let z — 0 on both sides of ([1.21)) and use (2.25) so that
v cos(2mnw) 1
2 = - {21 — ] —1 . 2.2
Z ) o= g 2ol (i) + v} (226)

Make the change of variable 27rnv = t on the right-hand side of (2.26]) to arrive at

Z/ TN t cos(t dt log(w) — % (Y (iw) + P (—iw)) .

27rw
Finally let w = u/(27) in the above equation to conclude the proof of the corollary. O
Theorem [1.12]is proved next.

Proof of Theorem [1.12] From [16, Lemma 9.1], for Re(w) > 0, we have

¢ tdt
/0 tg(iiiw? = sinh(w)Shi(w) — cosh(w)Chi(w). (2.27)
Now ([1.23)) follows by expanding W in partial fractions, that is, by writing Mﬁ = % ( t}iw + t+1iw>’
and then by performing integration by parts 2m times the left-hand side of (2.27]). O

3. PROOF OF OUR GENERALIZATION OF A FORMULA OF RAMANUJAN

We first find an inverse Mellin transform which will be used to prove Theorem [I.1]
Lemma 3.1. For1 <d:=Re(z) <3 andx ¢ Z,

cot(mx) = 5 W

¢(1 — 2)tan (%) x”%dz, (3.1)

where, here, and in the sequel, f dz represents the line integral f dz with ¢ = Re(z).

Proof. We want to use the series representation of ((1 —z) to evaluate the integral on the right-hand side
of . To that end, we shift the line of integration to —1 < ¢ < 0, use residue theorem while noting
that the integrals along the horizontal segments tend to zero as the height of the contour tends to co, to
deduce that

27TZ/ Cl—ztan< ) 7Zdz_?1x+% ()C(l—z)tan(7r22>a:zdz

= 4 3.2
B n27rz/ 7) = (3:2)
We employ [34, p. 182, Formula 2.4.4],
1 TZ\ 2y
L <7> fp=2_Y <o <1,y #+1),
210 Jiey) )y Ty?—1 ( “ y# )
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with y replaced by z/n in (3.2)) so that for z ¢ Z,

/ C(1—2)t ( ) 24 1 n 1 f: 2z
— 2) tan x fdy = — 4+ — —_
2mi 2 L et x2 —n?

Equation (3.1)) now follows upon using the well-known fact

7 cot(mx) ——i—z 5~ (3.3)
x2—n

O

Next, we note the following result of Hardy [26], pp. 56-57]. This result helps us justify the interchange
of the order of the summation and integration having principal values, and will be employed in the proof
of Theorem [L.1l

Proposition 3.2. Let

z) =) ug(w)
k=0

be a series whose terms are functions of x and is convergent with the possible exception of a closed
enumerable set of points for values of x in a finite interval (a, A). Let a denote one such point in this
set. If

(1) the series S(x) is integrable term by term over any part of (a, A) which does not include «,
(2) the function

:ZPV/ up (t)dt
k=0 a

s a continuous function of x except at o, and
(3)
IEI%){F(CY—E) —F(a+¢€)} =0. (3.4)

Then, one can interchange the order of summation and integration, namely,

A ©© 0 A
PV/ > ug(t)dt = ZPV/ g (t)
¢ k=0 k=0 a
Remark 2. We note that [20, pp. 58-59, Section 7] (also see [25, p. 27]) if
up(z) = k)

)
T—«
where vi(x) is a function of x and has a continuous derivative for all x € [a, A], then

PV/ x)dr = 2ev,(a + p), for some p € [—e, €.

Also if v (x)| < Vi for all values x € [a, A], Vi, being independent of x and Y p-, Vi is convergent, then
the condition (3.4)) holds true for ui(x) given in (3.5).

In the next lemma, we justify the interchange of the order of the summation and principal value
integral.
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Lemma 3.3. Let k € N, 0 < a <1 and Re(y) > 0. For Re(s) > 2, we have
o0 o) o0 oo
2 2
Z sin (2mak) PV/ 2* ek Y cot(ra)da = PV/ (Z sin (2rak) e 4" kz/y) 25 cot(mx)dex.
k=1 0 0 \k=1

(3.6)

Proof. Note that the presence of cot(mwx) implies infinitely many singularities of the integrand on the left
side of (3.6). To handle this integral efficiently, we use (3.3) so that

oo 00 1 oo 00
Z sin (2mak) PV/ gs~Le~4mkaly cot(mx)dx = — Z sin (2mak) / 25264 kT Y oy
0

k=1 0

2 > ahay s
— sin (2mak) PV xS TTREY dx
+ 23 sin2rab) PV | >
k=1 n=1
(3.7)
We can interchange the order of summation and integration in the first expression on the right-hand side

of (3.7)) by easily employing [43] p. 30, Theorem 2.1]. The delicate part is to show the same for the second
expression on the right, which is done next. We first show that

—471' kx/y

PV/ 5 —47T2k$/y Z x dl‘ — Z PV/ fngd;ﬂ (38)

n=1

The ingenious argument given in [I0, pp. 909-911] can be adapted here as well to prove the above claim.

We give the complete details though to make the paper self-contained.

Let w(t) € C§° be a smooth function such that 0 < w(t) <1,V t € R, w(t) has compact support in

(—%, %), and w(t) =1, t € ( T 4) Note that the right-hand side of (3.8) can be rewritten as

o0 4. e—47r kx/y Ak ( 2 ( —n)
24T x/ s, —4n*kz/
E PV/ p R dac—g / gy - :c—n2 d —i—E PV/ x°e ny_nQd:r.

(3.9)

Again, an easy application of [43, p. 30, Theorem 2.1] allows us to interchange the order of summation
and integration in the first expression of (3.9)). If m is a positive integer such that m — % <z<m-+ %,
then

y wleon_wleom) (310)
n=1

Hence, using (3.10)) in the second step below, we have

x m1/2 -
—4n’ka/ — 5 74#2]693/ .73 n
PV/O z’e yz xQ—nz melPV/ml/2 yz xz—nQ
o m+1/2 o

— Z PV 25 —4m2kx [y (2'7" 77;) dx

1 m—1/2 = —m

_ Z PV/ $s€f4ﬂ2kx/y ( 77’;) dx

0 e —1m
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The above fact along with (3.9) gives

§ : L 6_47r ha/y s _—Anlkx § : )) 8 747r2k:(3 § : LU — n
PV/ _nzd(]}:PV/O Tr e /y _n2 d$+PV/ /y :1:2_”2
_ > —472k S 1
—PV/0 e $/yzx2—n2dx'

n=1

This proves the claim in (3.8). Therefore, we can write

—471' kx/y

Z sin (2mak) PV/ gSe4m ke /y Z o n2 dx = Z sin (2mak) Z PV/ ﬁdx.

k=1 0

Fubini’s theorem allows us to interchange the order of the double sum on the right-hand side of the above
expression so as to obtain

0 00 o0 1 747r kx/y
Zsin (2mak) PV/ xse_4”2kx/yz s dr = ZZsm (2mak) PV/ ————dz. (3.11)
k=1 0 n=1? —n? n=1k=1
Now
—471' kx/y —47r kx/y
Zsm 2mak) PV/ ————dr = Zsm 2mak) (/ / ) — 5 dx
k=1 n+1 2 —n
1 [l ps—1 —47r2kx/y 251 —47r2kaz/y
—l—/ —dz + PV/ —dx ,,
2 Js z+n r—n

where 0 < § < 1. Note that there is no need to take principal value for the first three integrals on the

right-hand side of (3.12f). Therefore, it is easy to take the summation inside these integrals using the

standard techniques, for example, [43], p. 30, theorem 2.1]. To interchange the order of summation and

the last integral in (3.12)), we now show that the hypotheses of Proposition are satisfied. Let us define
vg(2)

uy(z) = P and vg(z) := g5 Lem4m ke /Y ¢ip (2mak) . (3.13)

It is easy to see that the conditions and of Proposition are satisfied with ug(x) being defined
in (3.13). To fulfill (3.4), we show that the equivalent condition discussed in Remark [2| is satisfied. To
that end, observe that z € [0, n + 1] and use e=* > 3!/z3, 2 > 0, so that

2 Re(s)—5 3| A7k
s—2 —dr2ka/y 1 4ok T 3! 1 mekx
ve (S y S @ /yP R =1+ y
M 3! 4m2k(n + 1)
Saeppe P
=: Vi,

CACIIRS

Re(s)=5 ig continuous on the compact interval [0, n+1], and hence

where we used the fact that the function x
bounded by some constant M > 0 (which may depend on ¢ and n). Since the series Y, Vi converges,

all conditions of Proposition are satisfied. Hence we can interchange the order of summation and
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integration even in the case of the last integral of (3.12]). This fact along with the discussion following
(3.12)) implies that

78 —47r2kx/y oo [ X s
Zsm (2mak) PV/ ————dr = PV/O (Z sin (2mwak) 6_4w2km/y> 21’ dx. (3.14)

x2 —n?
k=1

Using the fact sin(f) = (e’ — e=%9)/(2i), we find

2 L —4n2akfy _ 1 & —(4”y2z—27rm k 1 & 47721-{-27”@)]6
Zsm wak)e 2226 ZZG
k=1 k=1 k=1
1 1 1
= — — . 3.15
21 (e‘“‘jz—%ria 1 e%—%—%ria _ 1) ( )
Substitute the above value in (3.14]) to arrive at
o s, —4n2kx/y 1 00 1 1 s
" sin (2rak) PV/ = PV/ - - R
Pt 0 xc—n 2i 0 ot mia _ EA2ma g ) 2T =
(3.16)
Equations (3.11f) and (3.16|) yield
00 0o 00
2
Z sin (2mak) PV/ gie A kely Z 55
k=1 0 a1 T
1 > 1 1 z*
=—% PV - dx.
21 nzz:l /0 (647;/205_2”& _1 64“y2””+27ria _ 1> 2 — n? v

Again employing the trick that we used after (3.8) to interchange the order of the summation and

integration, one can take the sum over n inside the integral on the right-hand side of the above equation
to deduce that

Z sin (2mwak) PV/ aSe kel Z
k=1 0

2 —n2
n=1

o0 1 1 =1
—PV — Sdzx. 3.17
21 /0 ( Lk J P 47ry21+27ria . 1) Z o ( )

72 _ n2
e v -1 e

n=1
Substituting (3.17)) in (3.7), we obtain

Zsm 2mak) PV/ a5 Lem A ke y cot(mz)dx
k=1

1 o s—2 - . —4n?kx/ 1 o 1 1
=— x E sin (2mak) e Yde + —PV -
T Jo 0
k=1

o0
1
S
i anls _orig ar?e L oniq ) Z 2 —n2’ dr
e v -1 e v —1/ n=1
1

oo [ 00 9 oo [0 S) 1
= / (Z sin (2mak) 6_4”2’”3/9) 252 de + = / <Z sin (2mak) e~ 4m*kaly Z x*dz,
T™Jo \;o o \i=

2 —n2
n=1

where in the ultimate step we again used (3.15)). Finally employing (3.3) in the above equation, we arrive

at .

We have now collected all ingredients to give a proof of our generalization of Ramanujan’s formula

0
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Proof of Theorem [L.1] Letting 7 = iyj/(27), Re(y) > 0, in Theorem then taking summation over
j > 1, and then employing the series definition of the Hurwitz zeta function for Re(s) > 1, we obtainﬂ

o (n—a) ! T(s) 3 2makz
— e(n—a)y _ 1 ( 27‘(’1) ez (k + zyy)
Z 27rmk<< 27T2]€>
kEZ Y
_ F(S)C(S) + F(S) Z {eQﬂiakC (8, 1 — 27T2k> + e—27riakC <8, 1+ 27T2k> } ) (318)
v y = y y
Invoking the well-known formula [36, p. 609, Formula 25.11.25]
T(2)¢(2, a) = / S, (Re() > 1, Re(a) > 0) (3.19)
0 _
in , we obtain
o0 _ \s—1 o0 00 . - . - s—1
(n CL) _ F(S)C(S) I i Z/ ez<27rak+2Tkt> + 6—7,<27rak+27kt> t dt
e(n—a)y _ 1 ys ys 0 et — 1
n=1 k=1
r 2 o [ orkt) 71
:(S)C(S)+2/ <27ral<: a ) -
Y Y* = Jo y Je—1
T 2 o 00 9 s—1
= L(s)e(s) +— Zcos(Zwakz)/ cos <7Tkt) i dt
Y Ut 0 y Je-1
2 o . © [(2mkt\ t*!
b kZ:lsm(Qwak)/O sin <y> o ldt. (3.20)

Our next goal is to evaluate the integrals in (3.20). From [34] p. 42, Formula 1.5.2], for 0 < Re(z) < 1,

we have

/000 cos(z)z* " tdx = T'(2) cos (%z) .

Making the change of variable x = 27er15

1 —Re(s) < Re(z) < 2 — Re(s),

> 2kt 2k ' 0
/ cos ( T ) t5 2 g = <7T> I'(s =1+ z)sin (E(s + z)) . (3.21)
0 Y 2

)

Equation (3.19) with a = 1, (3.21)), and an application of Parseval’s formula [38, p. 83, Equation (3.1.14)]
gives, for 1 — Re(s) < ¢ = Re(z) < min (0,2 — Re(s)),

/OOO cos <27Tkt> ;_11 dt = (2”’“) T M-t 2 (56s+2)) 11 = 2)¢(1 - 2) <27T’<7> >y

Yy Yy 2mi J (e Yy
1—s
= (27;k> {cos (%8) I(y, s) + sin ( ) Ix(y, )} ; (3.22)

2The case a = 0 of (3.18) reduces to a result of Kuylenstierna [30, Equation (7)].

and replacing z by s — 1 + z in the above result, we get, for
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where
N(y.s) = 5 ; (s —1+ 2)sin (%) T(1—2)¢(1— 2) (T“)_ dz, (3.23)
L(y,s) = % TGt eos (%) ra - =) -2) (T“) dz. (3.24)

Similarly, using the formula [34] p. 42, Formula 1.5.1]
> : z—1 : nz
sin(z)x* "dr = T'(z) sin (;) . (-1 <Re(z) <1),
0
it can be seen that for —Re(s) < ¢ = Re(z) < min (0,2 — Re(s)),

[ ama=(5) @) ana-e(Fuoa}. o

We first evaluate I (y, s). Apply the functional equation of the Riemann zeta function [36] p. 603, Formula
25.4.2]

C(s) = 2275101 — 8)C(1 — ) sin (%‘9) , (3.26)
in to see that

"~ 2mi

L(y,s) = = /(C)F(sl+z)C(z) <47;2’“>_de.

We want to use the series definition of ((z) to further simplify the above integral. Therefore we shift the
line of integration to d = Re(z) > 1 and use residue theorem thereby obtaining

477214:) o gy — yI'(s)

Li(y, s) ”/(d) F(s—l—l—z)C(z)(

= 2m Y Ak
o —Z
1 / 4r3nk yI'(s)
=7y — I‘(s—l—i—z)( > dz —
712—:1 2 (d) Yy Ak
Ar?\* TN & g —ar?nk yI(s)
:7r< " > Zns e v =T (3.27)
n=1
where in the last step, we used
1
el =— [(z)x *dz (A >0). (3.28)
211 \)
We now focus on evaluating the other integral I5(y, s). Again an application of (3.26) in (3.24)) yields
B(y.5) = 5 [ Tl 1420 ot () S I (3.29)
8) = — s — 2)((2) cot [ — z. )
2 211 (C) 2 Yy

If we shift the line of integration from Re(z) = ¢, where 1 —Re(s) < ¢ < min(0,2 —Re(s)), to 1 —Re(s) <
Re(z) = ¢ < 2, we do not encounter any poles of the integrand in the integral of (3.29). (Note that the
pole of ((z) at z =1 is annihilated by the zero of cot(mwz/2) at z = 1.) Therefore, by the residue theorem

and (3.30)), we have

L(y,s) = — /(C/) ['(s — 1+ 2)((2) cot <%> (4W2k>_z dz. (3.30)

271 Y
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Replace z by s — 1 + z and z by 472zk/y in (3.2§), then use the resulting equation, (3.1)) and Parseval’s
formula to obtain, for 1 — Re(s) < ¢’ <0,

4 2 -z (e%] 4 2 s—1 _ 2z
% (C”)F(s— 1+ 2)((z) cot (%) ( 2k> dz=m PV/0 < ﬂymk) e : cot(mx)dx. (3.31)

The existence of the principal value integral appearing on the right-hand side of (3.31)) is shown by Hardy

[25, p. 31]. Hence, from (3.30]) and ( -7
© /4 2 k s—1 _ane
L(y,s)=m PV/ ( ﬂyx ) e 5 cot(mz)dx. (3.32)
0

Substituting (3.27)) and ( in as well as in (3.25)), we get
°  fopkt\ ¢ 2k \ 1 P A - _ax?k gl
/ cos [ 22 5 dt = (78 oS (E) il Zns_le Y (5)
0 Y et —1 Y 2 Y — Ak

TS © (An2ak\ " _anon
—i—sm( ) PV/ ( ) e v cot(mzx)dr p, (3.33)
2 0 y

< omkt\ t7! ok [ . sms Ar?\ TN & _an?ue yI'(s)
/0 Sm( y >€t—1dt_(y> {Sln(2)<w< y ) Zn C T dwk
s © fAn2ak s—1 _ 4n2ak
— — )7 PV t dx p . 3.34
cos< 5 >7r /0 ( " > e v cot(mx) x} (3.34)

Substituting (3.33)) and (3.34) in (3.20) and simplifying, we are led to

> (n—a)*"t T(s)((s) 27 TS . _an’nk = I'(s) TS\ = COs (2mak)
ngl ey — 1~ + <y> < ) nz:ln 1 ZCOS (2mak) e - (2n)* o8 (?) — ks

2r SR R AC . 2rak)
— <y> sin (%S) ;n 1gsln (2mak) e (27;)3 sin (%8) sin (k:ra

k=1
9 e 0 an2e
+ < Tr) sm( ) E cos(2mak) PV/ e le T cot(mx)dx
k=1 B

and

Y

2 _ 2a
+ (W> COS( )Zsm 27Tal<:)PV/ e le T cot(mz)dz. (3.35)
Y

0

Invoking Lemma we can interchange the summation and integration for the last expression on the
right-hand side of (3.35). Also note that one can justify the same for the series involving cos(2mak).
Hence, after simplification, (3.35) becomes

—~ (n—a)’t  T(s)¢(s) 5 onksy _ L(8) €08 (
nz:le(”—a)y—l = ( ) Zn 12008( +27rak) —4nnk/y _ (27’()8; -

i (ij) / (Z sm< + 27rak:) 4“2’“9”/@/) 251 cot(rz)dz.
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Making the change of variable x — zy/(27) in the integral and rearranging the terms in the above

expression, we get

L(s)¢(s) + <27r> Z sl Z cos (% + 27rak) em4m nk/y

S
Y Y —

_ I'(s) > cos ”S + 27rak) 2 (n— N\ )
(277)3 Z + Z W — PV/ Zsm + 2ma k:) 7" cot 5ygg dzx.

k=1
(3.36)

Now, using the fact cos(d) = (e’ + eiie)/Q we find

Zcos ( + 27rak) —dn’nk/y _ ms/2 Z 4" - 2ma>k + }e—m's/Q i 67<%+2wm>k
2

k=1

1 7rzs/2 —Tis/2
S TR . (3.37)
2 64”1#"—27%(1 1 6472J"+27ria 1

Similarly,

1 e7ris/2 e—7ris/2
—2rkx __
Z sin ( + 27'('0,/{3) v = Z <627rx2m'a -1 - e2rz+2mia _ 1 |’ (338)
Substituting (3.37) and in , we get
F(S)C(s) ()L i o1 emis/2 N e /2
—_— — ] = n
ys y 2 6471';71 _9oria _ 47ry2'n . _ 1

n=1 1 e
s—1

F(s) i COS ”s + 27rak:) N i (n—a)

k=1 n=1 eln=aly — 1

1 0 . 67ris/2 e—m's/? 1
_ QZPV/(; x5 <6271-x—27r7;a -1 - e2nz+2mia _ q cot §y$ dx.

Finally, we arrive at ((1.3)) after multiplying by (27/y) " on the both sides of the above equation and then
letting 472 /y = o with a8 = 472, O

Proof of Corollary [1.2] Let a =1/2 and s = 2m, m € N in Theorem and observe that the principal

value integral vanishes. The result then follows upon using Euler’s formula [43] p. 5, Equation (1.14)]
2mB
2m

(2m) = (- BT Do

2@ (3.39)

0

Proof of Corollary [I.3] For an even integer m, we have [12] p. 23] (also see [2} p. 25, Exercise 15(c)])

i (2n — 1)2m+! _ (g Bomo
— em(2n—1) 1 1 dm +4°

The first result follows upon letting o = 8 = 27 and m to be a positive odd integer in Corollary
and then using the above evaluation after replacing m by m — 1. The second one follows by using the

11 1 1
2-1 2\z—-1 z+1

elementary identity
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and Glaisher’s evaluation [20]

00 _
Z an 1 BQm

e2nt — 1 4dm
n=1

Proof of Corollary [1.4] Letting s = 2m and a = 1/4 in Theorem [1.1] and simplifying, we get
'(2m)¢(2m) > p2ml
m -1 m+1
a { (27r)2m + ( ) nz::l e2na +1

_ gm { (—1()"”I‘(2m) >, cos(1k/2) n i (n—1/4" 1 (=1 /Oo a?m-l cot(Bx/Q)dx} . (3.40)
0

27)2m ~ f2m ‘ en=1/48 _1 2 cosh(z)

o
—_

Now take s = 2m and a = 3/4 in Theorem to obtain

r'2m)¢(2m = p2mol
o { <(2 g)c;m ) 4 gy Z o 1}

om ) (1) (2m) > k cos 7rk/2 2 (n—3/4)2m1 (—1)™ /°° 2?1 cot(Bx/2)
=h { (2m) 2’" zjl z:: (n=3/4)8 _ 1 + 2 0 cosh(z) do-
(3.41)
Now add (3.40) and (3.41)) so that

m ) 5L (2m)¢(2m) me1g~

o {2 @y T 2(-1) Z T

Com ] (D™D 2m) & FYcos(mk/2) = (n—1/4)?m"1 X (n—3/4)2m 1

=p { 27r2m Z:l ka +§:1 e(n—1/4)8 +§:1 e(n=3/4)8 _ 1

Using the fact > 00, (—1)¥/k*™ = 272m(2 — 22™m)((2m) in the above equation, we arrive at (L.5).
Next, subtracting (3.41)) from (3.40) yields

(—=1)™T'(2m) = (1 — (1)) cos(mk/2) ~= (n—1/4)>""1 X (n—3/4)?m!
(27r)2m ; k2m + Z—:l e(n=1/4)8 _ 1 Z—:l e(n=3/4)8 _ 1
© x2m=Lcot(Bx/2)
_(_1\ym
=(=1) /0 cosh(x) dr.

Note that the first sum on the left-hand side of the above equation vanishes. Therefore, rewriting the
left-hand side in terms of the Dirichlet character y defined in (1.7)), we are led to (1.6)). O

4. A SIMPLE PROOF OF THE TRANSFORMATION FOR Yy 7 | oo (n)e™ "

In [I6], this theorem was obtained for the first time as a corollary of a more general result, namely,
(1.9). Hence the absolute convergence of the series on the right-hand side of resulted automatically.
In what follows, we not only give a direct proof of this result, but also prove from scratch the convergence
of the series.
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To that end, we first prove the identity for y > 0 and later extend it to Re(y) > 0 by analytic
continuation. We begin by showing the absolute convergence of the series on the right-hand side of

(1.11)). Note that for w > 0, (1.20) and Theorem imply

sinh(w)Shi(w) — cosh(w)Chi(w) + 2(2]' — D% =R, (1,w) = R (w, 1). (4.1)

=1

w2m

Now employ Lemma [2.1|for R, (w, 1), and then let w = 472n/y, where y > 0 (as assumed at the beginning
of the proof), so that as n — oo, we have

2 2 2 2 m 2 —2j
sinh {27 Y sni (A7)~ cosn (27 cmi (2T +3 25— 1) dmn = Oy oy
Yy y y y ; Yy 7\ n2mt2

J=1
(4.2)
The absolute convergence of > o ; 09;,,(n)/n*™ "2 then implies that of the series on the right-hand side
of (1.11]) with the help of the above estimate.

We now prove ([1.11)). Let a =0 and s = 2m + 1 in (3.18)) so that

> (2m)! > 2mik 2mik
> oom(n)e ™ = = C(2m+1)+2((<1+2m,1+ >—|—C<1+2m,1— )) .
Yy m~+1 Yy Yy
n=1 k=1
Using ([2.22)), we can see that for m € N,

i i i i
¢<1+2m,1+m>+<(1+2m,1— Mk):g<1+2m, 7”k>+c<1+2m,— ”Zk>.
y y y y

Now employ Theorem with z = m and w = 27k /y in the above equation to see that

> —ny _ (2m)! cos(mm) (2w —am e
= [ 1 1
i kg g/o <<v —2mik /g (ot 2mk/y>2m+1> cos(@mmne) dv}
2m)! —nm™ 27\ 2" e
- {<<2m IR 3 IR G D M

t) dt
) /o <(t —Ar%ink/yP T (E 47r2mk/y)2m+1> cos(t) }

where in the last step we made change of variable v = t/(27n). Letting nk = ¢, we see that

= m T —2m 0o
Z oam(n)e”" = ?5321421 {C(Zm +1) + (_;L) <2y> ¢(2m) + 2(2m)*™ Z Z n?m
n=1 — i

X /0 <(t —An2if [y)2mHT + i+ 47r2i£/y)2m+1> cos(t) dt}. (4.3)

Next, invoke Theorem with w = 472¢/y in ([&.3)) to arrive at

_1\m T —2m —1)ym(27)2m X2
= <2y> ((am) + 2EVTEDT 1()2775?!) S oun()

(=1

> m)!
Z oom(n)e” ™ = ;zmgl {g(zm +1)+
n=1
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o () () () (1) S0 (15) )
(4.4)

Using in and rearranging the terms leads to for y > 0. The result can be extended
by analytic continuation to Re(y) > 0. This is seen as follows. Clearly, the left-hand side of is
analytic in this region. We now show that the series on the right is also analytic. In order to prove this
using Weierstrass’ theorem on analytic functions, we need only show that ( holds for Re(y) > 0 as
well. To that end, employing (1 — /&)~ Gm+1) — (14 /€)= Cm+D) = 2(2m + 1)\/5 oF (m+1,m+2;3;¢),
we find that

oo 1 1 22m+1) [ 3.3 %
/0 <(t—iw)2m+1 + (t+2w)2m+1) COS(t)dt: (—1)"71’[1)27”4'2/0 tCOS(t)QFl <m+1,m—|—2, 2 ’LU dt

(4.5)
3
The integral on the right can be evaluated in terms of the Meijer G-function G23 241 < . b2 33 “jf)
) ym+1lm+35,5
employing [19, p. 81, Formula 8.17.6]. That
+1
3,1 1,3 w?\ w? T (2m+2j) —2r—4
24 <1m+1 3,3 4) =~ gt Z % +O(w™ "%, asw — oo, Re(w) >0 (4.6)

can then be obtained using the asymptotic of this Meijer G- function given in [31 p. 179, Theorem 2].
With w = 472n/y, Re(y) > 0, the first equality of and (4.5) finally prove . This completes the
proof of (1.11f) for Re(y) > 0.

O

5. ASYMPTOTICS OF THE PLANE PARTITIONS GENERATING FUNCTION

Proof of Corollary [1.6] The following estimate can be directly shown to hold as y — 0 in Re(y) > 0 as
is done later. However, we first prove it separately for real y — 0% owing to its simplicity.

Indeed, for real y — 07, Lemma along with (4.1)) imply that

2 2 2 m 2 —2j
sinh (47T n> Shi <47r n) — cosh (47T n> Chi (47T n> + Z j—1)! <4W n)
y y y = y

r+1 .
(_1)m+1 m u F(2m+2j) j r+2m
= (V" 2 gy VO W), (5.1)

j=1
For complex y in Re(y) > 0 such that y — 0, (5.1)) is seen to hold from the first equality of (4.1)), (4.5)

and .

Substituting (5.1)) in Theorem we deduce that

= 2m+1 2 o0 r41
me(n —ny _ (2m)! C2m+1) — % — g 21 ym Z oom(n I'(2m + 2j) 2j
= oy 2my  m\ Yy (2m)4m n2m (472n)2%

10 (y2r+3)
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r+1

['(2m + 2j) 2 Z Tam(n 27~+3) '

2 Bom,
_ m) ¢2m+1) - : 2m+2]

y2m+1 me 2m 1 471-2 2j
Using the well-known identity Y 2, o4(n)n™° = ((s){(s — a), where Re(s) > 1,Re(s —a) > 1, in the
above expression, we arrive at ((1.13]). O

We are now ready to derive Wright’s result from [46] as a special case of Corollary

Proof of Corollary [1.15] Letting m = 1 and y = log(1/x), |z| < 1 in Corollary and using (1.14]), as
xr — 17, we have

r+1

2¢(3) 1 1§ T(27 4 2)¢(25 +2)¢(27)
(log z)3 + 12log t e Z (2m)%

d
x— log F(z) = —

o (logz)* ! + O (—(log z)*"+?) .

(5.2)
Now divide both sides by = and then integrate with respect to = to get

3 1 SAT(25 + 2)¢(2) + 2)C(2) .
<1§é:c)>z+1210g10g“ Z o ]);i KB g )% + 0 (g 2 +).

(5.3)

log F(x) =c+

where ¢ is an integrating constant. Exponentiating both sides of the above equation, we arrive at (1.15)).
O

6. CONCLUDING REMARKS

For general a with 0 < a < 1, the generalized Lambert series

o° (n _ a)s_l

Z W (S € (C, Re(Z) > 0)
n=1

does not seem to have been studied before. It makes its appearance for the first time in Theorem [T.1] of

our paper. It may be interesting to undertake a further study of this series.

In [I1, Theorem 1], Bradley obtains a generalization of Ramanujan’s formula (L.1]) for periodic functions

2m—1

g with period m € N. When g is even, his transformation involves the series of the type Z gr)zﬁl
g ) —2m X ) 2m—1

whereas for g odd, it involves Z T Observe that the series in our involves Z oA 1

where x(n) defined in is an odd Dirichlet character and m € N,m > 1, and hence does not fall
under the purview of Bradley s transformation. Thus it may be worthwhile to see if a more general
transformation encompassing our series exists. We note that another series which is not covered by

—2m

Bradley’s transformation is Z for which a transformation was recently obtained in [I6, Theorem

enf — 1’
2.12].

In [16], Theorem was obtained as a special case of ((1.9) by tour de force whereas in the present
paper, this has been accomplished directly. One can then ask if a direct proof of Theorem 2.12 of [16],
e —2m
which is a transformation for Z onp 7 can be derived without resorting to ((1.9).
enB _

n=1
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