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An open cover of a set E
in a metric space X is a collection {Ga}
of open subsets of X F E C Y Ga .

Defy. A subset K of a metric space X is said
to be if everyopen cover of K
contains a finite sub cover .

This means if { Ga } is an open cover ofK
,

that is
,
K C Y Ga . Then F finitely many a, a,

a - - an Z
KC Gai

Eg . A finite set -is always compact .



Tamia Suppose KCTCX . Then K is compact
relative to X iff K is compact relative to 9 .

Proof.
"

⇒
"

suppose k is compact relative to X .

Let { Va } be an open cover of K -consisting of 813
Cian : Kc i

Va
;
for some Va ,

'

s in { Va} . int .

Note that by the previous theorem, 7{Ga } -
a collection of open sets in X - such that

Va = X n Ga for each d .

Since K is compact relative to X and { Ga}
is an open cover of

K ( o: KC Va Va Clf Ga)
there exists finitely many indices, say ,
Al g 92g . . - , An Z

K C tf
,
Gai

since KCX
,
K C

,
Ga;) n T

n
= U@aint )i -

- i
n

= U Vai
i = ,

⇒ K is compact relative to X .

Suppose K is compact relative to Y .

Let { Ga} be an open cover of K consisting of
Let Va - Tn Ga Open sets in× .
Now Kc

'

Ug q ( s

: K CX & Ua Ga is an
open cover of K and since
Tn (y Ga ) = y Tn Ga = G Va )



F finitely many indices 91 , - - -

, an 2

Kc Vai .

But Vai c Ga , t i z l si En .

⇒ KC Gai .

⇒ K is compact relative to X .

Thin - 2 - 19 Compact subsets of metric spaces are
-

closed .

12¥ Let k be a compact subset of a
metric space X -

claim :
-

IT is open .

Let peke . We show F nbhd V of p a VC KC
-

To that end
,
let qek . Then dcp, > o .

Then consider nbhds Vq and Wq of p and q
respectively of radius < £ dcp , q) .

qyqLet Wq be an open cover of K . ①
Then k compact implies F a finite
sub-cover Wq, z k CiU, Wqi W .

seeing:÷÷:: *.



First
,
V is open . ( finite intersection of open setsBy construction, V n w =p .

Also
, p EV and k CW .

⇒ The nbhd V of p is contained in Kc .

⇒ p is an interior pt - of Kc
.

⇒ Kc is open , so k is closed . And

Then - 2.20 Closed subsets of compact sets are
-

compact .

Proof Let FCK CX
,
where F is closed ( relative)

to the metric space X , and K is compact . Then ,
let { Va } be an open cover of F .

Then { Va} UFC is an open cover of K .

( open)

• By compactness of K , 7 a finite subcover
of { Vayu F

' which covers K ( and hence F).
K compact ⇒ F Vai , Kien, t k

C

,
Vai)VFc .

• If Fc is a member of this finite sub cover
,

remove it ; still we get a finite subcover
of F .

⇒ F is compact . Me

Cor . 2.21 If F is closed and K is compact,
then FAK is compact .

Proof : k compact ⇒ K closed
⇒ Fn K closed & thus a closed subset



Of compact set K , and hence compact .


