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MA 509 - REAL ANALYSIS - LECTURE 38 -

A version of the mean-xaluet#nor
vector -xalued functions

Thm.5 Suppose F is a continuous mapping
of Ca , b] into 112k and F is differentiable in Ca, b).
Then F x C-Ca , b) 2-

I Fcb) - IC all E (b - all f-
'

cool .

Proofs : Let 2- = Fcb)- Ica) .

Define Cfcf) = z . Ict) ( as TED
.

Then ① is a real - valued cont - fin - on carb)
,diff - Pin Ca , b) . Hence by the usual mean-

value theorem
,

Geb)- Cfca) = ( b -a) gkn)=(b -a) z . f- In)for some xC- (9, b) .

But Gcb) - g ca) = Z - IC b) - Z . f- Ca )
= Z . 2- =/ 712 .

By Cauchy- Schwarz inequality ,
I zf= ( b - a) Iz - f-

'

call E (b- a) 12-11 F' en ) l .

Hence ht s@- a) I I'Cnn l .
Ex



Chapter G- The Riemann - Stieltjes integral
RIEMANN INTEGRAL : Defn . & existence

Consider the interval [a
,
b] . By a partition P of

[a,b]
,
we mean a finite set of points scope, . . - -pen ,

where a-- do En, s - - - - E xp,
E Knab .

Let d Xi -- Xi - see- ,
C i = 1,2, - - - , n ).

Suppose f- is a bounded real function of [a. b) .
Set Mi := sup f- (x )

Xi- i EX E NE

mi : = inf fcn) .

Xi-i EX E Xi

UCB f) : = ¥2
,
Miami

LLP
,
f) : = EI

,

mi Ini ,

uppearnd bfdse : =.ph?fa.bgUCP, f ) ,
Riemann integral
of f over
↳ ' b {baf dm : = sup LCP, f) .

Peta
,B

t lower Riemann integral of t over La, b]

If Jabfdx = Ibaf doe ,
we say f is Riemann

integrable on [a. b) , and we write f- ER , where
R denotes the set of Riemann integrals , functions .



The Riemann integral of f- is denoted by
Jab f- dm for by fabfcnsdn .

Since f is given to be bounded
, F m, M C- IR t

m s fck) E M ( a ExEb ) .

This implies that for every partition P,

Mcb - a) E LCP
,
f) E UCP

, f) E M Cb -a ) .

Proof : Mi -- sup f-ex) E M ( l E i En)
[ Xi- i.Nil

M
⇒ In

,

Miaa; s i. Man ; = ME
,

an:-.@ xn-and
i - e ; UCP,f) E M Cb - a) .

Similarly , Mcb - a) E LCP
,
f)

But Up
,FIE UHF). Hence the claim .

( r : mi ⇐ Mi ti )
Thus

,
the numbers LCP

,
f) and UCP

,
f ) form a

bounded set -, and that the upper & lower
Riemann integrals exist for every bounded
function € '
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' l
l l it#
l l l l l l

! l l l
i t i

^

a

'

n,

'

ma
'

n
,
ha ng ka b -

- na
17

No



STIELTJES INTEGRAL

Let a be a monotonically increasing function
on [a

,
b] . Note that since a ca ) and acts ) are

finite
,
2 is bounded on Ca

,
b] .

Let P be a partition of [a , b) and set
22; = a Cni ) - demi - . ) .

Then da; 70 .

Let f be a bounded real function on [ 9 , b] .
get UCP

,
f
,
a) = €

,

Mi Adi
( mi

,
Mi

( ( P
,
f
, 2 ) : =

,

mi Ia ;
defined as
before)

Define fabfda :-c inf U ( Bf , 27PEG
,
b)

& Ibaf da : = sup LCP
,
f
,
a )

Pesca
,
b]

If {
b
f da = fabfd 2 , we denote this common value

by fabfda or by fabfcn) da en) .

This is called

the Riemann - Stieltjes integral , or simply the
Stieltjes integral of f wir- t - 2

,
over Ca

,
b] .

We write f- c- Rca ) .

• 2cm =x gives the Riemann integral .

• However for a general a , even continuity isnot required .



Q : When does Jabf da exist 9
Defy . A partition P* is said to be a refinement
of P if P#s P .

Given 2 partitions P, and Pa , we say P
*
is

their common refinement if P* =P,
UPe .

-hm.6 If p* is a refinement of P
,
then

L ( P
,
f
, a ) E L ( P

*

,
f
,
2 ) - ( I )

U ( P,*f , a ) E UCP
, f, 2)
- C 2)

Pref: He only prove ( t ) . (2) can be similarly proved.

Suppose first that P* contains only one more
point than P . say x* ; let sci. ,ex*c Xi , where
Xi. , and Xi are 2 consecutive points of P .

Let wi : = int fee ) ( see ,
Ex Eze

*)
wz : = inf f- Cx ) ( x

# KE ki )

Then w , >mi & W27 me , where

Mi = int foe) ( Xi, Ese Eni) .
Thus,

up#
,
f , N - LCP, f, a)

= wildcat ) - acne- e ) ) t wz ( demi )- a cx* ))
-

mi ( a Cni ) - demi-e ) )
=@ i - mi ) ( acn's- demi- il ) +@z -mi) ( 9Cni) - dent))
7- O .

Thecase where P * has more than I poinf
than p can be handled

.similarly .



Thm.6.2-f.ba f da s fab fda
Proofs : Let P

#
be a common refinement of P, & Pz.

By the above theorem,

LCP
, ,f , a) E LCP

*

,
f
, 2) E U (P

*

,
f
, a) E U ( Pz

,
'f
,
2)

⇒ LCP, , f , 27 E UCR,f , 27
Fix Pz & take the supremum overall P, so that

fbafda E U ( Pz
,
f
,
a)

.

Now take infiinutn over all Pz so that

fba f- da s fab fda *i

Thm3 f- E RCN on Ca
,
b] iff for every E >0,7

a partition P t UCP
, f, 27 - LCP, f. al CE .

Proof : ¥" For every partition P,
-

LCP
,
f
,
a) E ?p¥Ea!!tgif , 2) = f f da s f f da

= inf UCP's f, a)
p 't ca, b]
E UCP, f, a )

.

Hence if UCP
,
f
,
27- LCP

,
f
,
27 LE

,
then

• E Tfda - f f da < E
Thus if UCP

, f , a) - L ( P, f , a) LE can be satisfied
for every E>0, we have f-fda = ffd a ⇒ ft Rea).



If da = feta
,
by CP, f. a ) ,

Tfda -pseud?,gkP,f, a)
' '

⇒
"

suppose ft Rea) and E . >o is given . Then
F partitions P, and Paz

UC Pz
,
f
,
a) - ft da te - ca)

2

ftda - Eze Le P, ,f , a ) - Cb)

Now take P
* to be the common refinement

of P
,
& Pz . By Then . G - l

,
Ca ) & C b?

UCP# f. a) SUCK,f, 2) LffdatEze LCP, ,f , a)+ E
E LCP

*

,
f , 2) te

⇒ UCp*
,
f
, a) - LC p*, f, al -E for thepartietionp.

④


