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MA 509~ REAL ANALYSTS -~ LECTURE 38 >
A veweion of the mecan—value theorem o
Vel tor ~valued Funcbone

Thm.511 Ouppose f is & continvods mappin

—~

of L[a,h] ,n-(-o fP\"‘ and f is different-abie in'(a,n)
Then F xela,b) >

| Feo) - ] 2 (bma) [ E ]|

P‘“’_OF—‘ et 2= r(b3-f§).
Define Qo= 2. F()  (asth)

(P (8 a vweal-valued cont-- rﬁm on Eq,b']

‘N (a, b) . Hence l:\«r +Lthe usual meagn—"~’
’\/'Ol’uc {—A@qu

=1
eh)— Geay= (b -2 @'tar=(b-a) -
-Po'xc‘PSON)fxe—(q 15 ( )

But- @ebr— pear= 2 ACB) — 2. F()
= %‘%:’l%|9_~

Bj Cauckd— Schware INequality,
|21 (harzr L] 2 (b-a)iwl | Fogl,

Henee (2l 2(b-a) | £eol.
&Y



Chapter 6— The Riemann- Stielties integral

RIEMANN TNTEGRAL: Defn . & existence.

Conszider the 'nbevval LCa,b] . By a PdrT'bn{-r:on P of
[a,b], e mean a 'flfm'bt set of points Xo,%,--, Xy,

wkcrc_ az X, 2 & - =Xy, £ An<b -
Let A= 2; ~ A;_ (L= .,N)
SuPpose —ﬁ e A LOundLo\ «‘ead Lunctton of EC? b].
Set Mpz sup  Fo0)
xx—ts"X"X
M= inf fcaen
9Lll"'l '>(<.x(_

DR f):= jf"l A
L(Pf): = 3 M A,

a.nd ‘(L’jco(rxgz m'F L (P, 'F>

O —
Rf:e?::m /r\+<_3y-o?7 FEEL]
Floge b
§ £ dn = Sup L(p,f~) |
Ja Pe['quJ
= [ower Rre mann ;’n{xg«m.l? of  over [La,b]
E = fﬁZ d« , we say :F e Riemann
a

1 Prke: “@J)gor\ [a,f), oand we wyite ’JCG@_ wher~e
(PL enotce the set of Riemann mbcjmuanr\d:'om



_nvebecmann n'héeﬁ'ralbo'ﬁ F ia denoteat 6'\({)
S f dac o L:f jv{lw:)drw_.
a

aQ

Since € is 3‘:'\/c_r\ +o be Eoundto\, 3— M, ™M & IR 5
m < f£ex) 2 (agxab).

This implies thot for evevry paxtitfon P
==

meb-a) S LIP, ) s V(P f)2 Mb-~a).

Proof-: M; =Sup fex) & M (r<isn)
[xi—l,%n

n n ™M
=> ZI‘ MfA'Z,' < ZMA'?(; = Mid-”(.":éxn'—éfX0
LS L=
(e, UCP,{-)& ™M (b-~a)
Similar| , mib-a< L(P)'ﬂ)
Bub {_&Df)s ef) Hence thc claim.
C Nl My 4 )
Thus, the numbexe LIP ) and O(P, £) form o—
bounded set 5 and that Hthe_ L,(PPt'\(' AL lowe~s
R /emann in-f:tg"ral:s exiat fov evey boundes

funeti'on £




STIELTTES INTEGRAL

Let & he a monotonically incnqs?r\j Function
on L[a b]. Note that since of(a) and §(b) ave
F?n;bc.) X ‘s bounded on EQ,fDﬂ'

Let P be a pavtition of [a,b] and sct—
Ad: = X (%) — X _,) -
Then Ao 7o -
Let £ be a bounded_veal functton on [4,b7].
SC& UCPJ'P,O(').V: Z MEAO([
tat (mi, ™M;

L(P, R, x)i= j M, Ad; iifc'::f_\)qs

Deline (b{'dq = inf U(P}.{Z’ a)
a Pela,t)
b

£ = L(P4,
[ Faa: e e )

I+ (L,.)Cdo( = j"ba-fld a, we denote this common value
a a

l:"J faﬂdo& _m’ b‘:f Frdxen) . This i cailed
Q

a

the Riemann-~ Otieltjes integal ,ov sirply the
Stic\tjes inbegval of £ wr+t-o, over [a, 67.
We v be "_Fé CRCO(.)

* o) =x qlives +he Riemann 3n‘(x§rf‘a4'

+ Howevex for a geneval g, even con-t—l'm(;{:t( is
Nnot qu_u;frco( .



b
Q: LOhen docs VL"J," do  exist &

@in A pactition P* s said to be a wefinement

of P if P P.

Glven 2 Pc:w’{—f{;—fons P, and P,_’ we Say ')D* s
theiv common ¥efinement i P*¥= P, UP, .

Thm 6.1 T P* is avefinement of P, +hen

LR f,a) = LIPS A ) —— (1)
V(RF, ) £ UCP,L &) — (2)

Froof: We only pyove (). (2) can be similavly FY(MJ,-

SuP'Poét Five b +hat ,P* containg only ene Move —
point than P ,8ay X et & < e 2, s wheve
., and X, ave 2 consecutive f)o7n'l-.5 OfF* P .

Let wo t= inf fe=e) (2., 2% < x¥)
wy: = infd fex) C ¥ X = ;)

The n wyzm L Wezm, whoe

m; = i nA "FCQ’) ( X4 L% _4_’3({)_
Thus,

L(P*)rll,o()—- L<P,"f‘ <)

= wi (Keo®) ~ A xy )j—l- Wy ( 0((%,:)—01(':(”))
= m; ()~ Aexg—))

;(w,..m;)(dcrx#‘). Ky )) +@Q_"f‘7,;)C°(C'X;)~D(C’)?k))
z D

The coge wheve P* {was move than IFG;,\{,
Hhan P can be handlcdﬁs‘mnq'ﬁj,



Thm 6.2 Si‘F det _éfb Fd ot
a

Proof : Let PTbe a cCommon wefinement of ﬁ‘rpz
B:] the above ‘Hheowem,

LCP, qc oﬂ‘L(P f,2) = VP £,«) S UCP, f )
> 'Fo?'1<UCP—:_Fo?7
Fix P,_ & take Hhe SuP'rtmqm ovex all £ %o tha 6

(aacdo( = U( P’)—,’F,o(’),

Now -f;—ake infimum ovex all P, 80 that—

_g fdo < f“qccm o

Thm 1 €:3 :.Ce (R_CO() on La, ‘3] 1 for c,ve»r:[ €720 g—
a Pafrént—on Po> UFF0N-L(PLF)LE -

Pryoof: @ Fox evexy chr{w'tn“or\ P,

LCP'-P ) < Sup L(P*F o) = !{dq< (-F:Doz

P&ra,b) e L.J(P.Fa()
P'ela,b]

S UCREa)
Henee /£ U, N~ LCP L) <2, then

(o ~[fda<e

Thus if UCP,£,a0~ LLP,L£,8) <2 can be satiefied
'Fofrc;va 5_70 we hawve \f,pagdm f#da =) —Fc—@(o()



- ) U
{fda= pnf U@ 4) }w” 2<P5)

” SuFPose 'FG(QCO(’) atra £.>0 |8 Sm/cr) Then
F Pwd,—n{n“oms P and £ >

\1

(R, £ &) <SfFo!ox+%_ — ()
f’FdO( ._%_ 2 LeP f,x) — W

Now talze P* 45 he the common vefi'nemen b—
of P,2P,. Bj Then: 6.1 (a) L ¢B),
VCH £x) S VPR A Q) <f$doa+s < LCR,fa)te

S LCPR A ) e

= uer” A N— P F ) <e ,me-bhb]oqw—.e,anP
&



