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-hm.2 Let r
,
0<-8423 denote any quadratic

residue modulo 23 -

( a is quadratic residue modulo n if
Fx 2- x2=acmod n) )
Then for each ME IN

,

I (2317-8) = 0 Ctnod 23) .
* 24

Pro_of : ecmgi-qcq.gl,
= qcq ;qz(q;q£3
= qcq;q)•Cq?;q↳)• (mod 23)

Note that -

Ecg ;qz= [ c- ifgi
'
+1

n=
- *

Now I + nC3z = @n-if-23.nl#-)---(6n-11Pcmod237
Thus record will be a multiple of 23
iwhen m is not congruent to a square
mod 23 . - ④
In other words

,
this will happen

if in = 23h -1L =/ K? o£l< 23 for some
integers nil & K

.



This implies that l must be an
quadratic non - residue mod 23

,

because if I was a giro . mod 23
,

then 3- set se _=lCmod 237
⇒ in = 2317+1 = 2317-1 se

' ( Mod 23)
= Ñ( mod237 ,

which would contradict ④ .

From the hypotheses, r is Cfo . mod 23 -

Note that 23=-1 ( mod 4)
.

& F K 3- 8=-24 mod 237
⇐ → = - side modest

and
.

-8 = - of -123J I - xf-jcmod.LI)
Now suppose that

- r is a qsrcmodz?
So F y z - r _=y7mod 23.7

⇒ -r = y2 -123T
⇒ y
'

-123T -= -2-jcmod 4?
⇒ y2+a3t= - of- j -14k
⇒ sE+f+j+a3t=4u .

Find the contradiction
,



⇒ - r is gym (mod 237 .

( so - r is one of the l 's)
⇒ e(23h - 8) = ocmod 237 .

☒

Thm.25-CRamarny.am#pc5n-l47---ocmod5)V-n7O
.

Proof :

qcqiq7Ii@sq5_x-qcq5.q_5acq.q)§ ( q ; g)
•

a

= ( qs;q%I pcrnqm"
m 20

Note that

(of ;q%=(q:qP conod 5)
a

⇒
•
= icmods)( q ;q)•5

Hence
•

cq%q% I pcmiqm
"
= qcq;qs£ cmod 5)

M=o
Then the congruence p( 57-147=-0 cmod 5)
will follow if we show that the
coeff . of q5n -15 on the RHS is a melt- of 5 .



I

Observe that

qCqiqEt-qcqiq1@cq.q)£
=

q§←Ñq"")§÷-n%ak+nq"¥)j= -a
• a

= I JC-ij-kczk-iyq.tt + kck¥
j= - k=0

We now use the elementary identity
zcj -117+41-+5--8 { 1+5132+12 +kCL}

- 105-5
Hence 11-5131-+11 + ICKE ) will be a mutt .
of 5 iff 2cj-if-z.la-1112=-0 (Mod 5)

jcj-ifmodgslj-15.no#-0 I 2

I 4 3

2 4 3

3 I 2

4 0 0



K (2k-117 ( mod 5)
O l

l 4
2 0

3 4

4 1

So 24^+17=-0
, 2,3 (Mod 5)

&(2k-1132=-0,1 , 4 am od 5)Hence

2cj-if-GK.tl 72=-0 (Mod 5) only when

24^+17=0 e mud 5) & (21--11)%-0(mods)
⑨

2k-11=-0 Ctnod 5)


