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MA 633 - Partition Theory - Lecture I

Defn : A partition of a number n is a non -increasing
. sequence of positive integers which sum

to n
.

Eg : n=4 4
3-11
2-12

2-11-11
I 1- 1-111-1

• Defn : partition function pen) counts the
number of partitions of n .

⇒ p (4)
= 5

.

PC 5) = 7 5

4-11
3+2

31-11-1

21-2-11

21-11-1-11

I + 11-1+11-1

PCG) = 11

p (207=627

p 11007
= 190569292

p (2007=3972999029388 '



• Piazza congruences for pen ) . ( 1919£

pcsn -14) = 0Cmod 5)

p (717+5)=-0 ( mod 7)
Pll In -167 = 0 Ctsnod I 1)

"

It appears that there are no equally simple
properties for any moduli involving primes
other than these 3

"

.

- proved by Scott Ahlgren & Matt Boylan
( 2003)

• Ramanujan 's more general Conjecture :

Let 8=5971011 ' & ✗ is any integer 2
244=-1 (Mod 8) . Then

pens -1 A) = 0cmod 8) .

Ctwa : (24112437=1 Cenod 73 )
but 73 ✗ p(243)

correct conjecture :

8=5^75it
,

b' = {
b

.
if 6--0,1

,
2

Lb-¥j
,

if b-2
.

pens
'
+f) = ocmod S

' )
.



* Sometimes we are not interested in all

partitions of n but only those belonging to
a particular subset of n .

•
Eg .

P.cm = the number of partitions of n into
odd parts .

A-5 5 -

4+1 ✗ Pol 5) =3
3+2 ✗

3-11+1✓

2-121-1 ✗
2-11+1-1 I ✗

I 1- I -1 I + I 1- I -

• Pd (n) = number of partitions of n into
distinct parts

5 -

4-11 ✓ pd (5) =3
3+2 -

3-11+1 ✗

2-12-1 I ✗
2+1+1-1 I ✗

I 1- I 1- I 1- I + I ✗

⇒ p.es?--Pdcs)



17=6 6 ✗ pls) =/ I
5+1 ✓

4-12 ✗ Poco) = 4
4-111-1 ✗
3+3 ✓

3+21-1 ✗
31-1-11-11 -

21-21-2 ✗
21-2-111-1 ✗

2 -1 I -11-111-1 ✗
I -11+1 + I -1 It I ✓

6 ✓
5+1 =
4-12 Pd (6) = 4 .

4+11-1 ✗
3+3 ✗
3+21-1 ✓

31-1-11-11 ✗

2-12-12 ✗

21-2-111-1 ✗

2 -1 I -11 -1 It I ✗
I + I -11 + I -1 It I ✗

⇒ pols ) -_pdc67.EU#:pocn)--pden7V-nc- IN
.



De_fn .

Generating function : The generating function
fcq) for a sequence ao

,

ai
, az , -

- -
is the

•

power series Ian of .

n=O
HEN

.

Deft. Let It be the set of positive integers,"

H
" denotes the set of all partitions
whose parts lie in H .

p(
"
H
"

,
n) = number of partitions of n
that have their parts in H .

H
.
= set of all odd positive integers .

p(
"

Ho
"

;^) = poem
.

Defn . Let
"

H
"

(Ed ) denote the set of all

Toartitions of n whose parts lie in 1-1 &

do not appear more than
'

d
'

times .

p(
"

N
"

( £11
,
a) = pdcn) .

-hm Let H C- IN & let
•

f- (g) = I p(
"
H
"

,
'm q

"

17=0

a

f-dead = I P (
"
H
"

G- d) ,n7q^ .

17=0



Then
,

for 191<1 ,

f-(g) = IT
here ¥n ;

fdcq) = ITC-iqn-q4-r-i-q.de/--1T1-qd--'"
net net 1- q^ .


