PARTITION IMPLICATIONS OF A THREE PARAMETER ¢-SERIES
IDENTITY

ATUL DIXIT AND BIBEKANANDA MAJI

ABSTRACT. A generalization of a beautiful g-series identity found in the unorganized portion
of Ramanujan’s second and third notebooks is obtained. As a consequence, we derive a three-
parameter identity which is a rich source of partition-theoretic information. In particular,
we use this identity to obtain a generalization of a recent result of Andrews, Garvan and
Liang, which itself generalizes the famous result of Fokkink, Fokkink and Wang. This three-
parameter identity also leads to several new weighted partition identities as well as a natural
proof of a recent result of Garvan. This natural proof gives interesting number-theoretic
information along the way. We also obtain a new result consisting of an infinite series
involving a special case of Fine’s function F'(a,b;t), namely, F(0,q";cq™). For ¢ = 1, this
gives Andrews’ famous identity for spt(n) whereas for ¢ = —1,0 and ¢, it unravels new
relations that the divisor function d(n) has with other partition-theoretic functions such as

the largest parts function lpt(n).

1. INTRODUCTION

The unorganized portion of Ramanujan’s second and third notebooks contains five g-series
identities [40, p. 354-355], [42 p. 302-303] that were first proved by Berndt [19], p. 262-265].
The first one is [19, p. 262, Entry 1]

(—0@)oo <= (=b/a)pa"g /2
(b9)oo _;) @nlbg)n

where a # 0,1 — bg™ # 0,n > 1. It is also recorded in the Lost Notebook [41l p. 370]. Here,
and throughout the paper, |¢| < 1, and

(A)o == (A;9)0 = 1,
(A= (An=(1—-A)(1—-Ag)---(1—A¢""), n>1, (1.1)
(A)oo = (A; @)oo = lim (A4;q)n.

Moreover, the definition in ([1.1)) can be extended to all integers n by defining

. W
(A = (Ag")oo

2010 Mathematics Subject Classification. Primary 11P81, 11P84; Secondary 05A17.
Keywords and phrases. partitions, g-series, smallest parts function, largest parts function, divisor function,

weighted partition identities.



2 ATUL DIXIT AND BIBEKANANDA MAJI

The third one in the list [40, p. 354], [19, p. 263, Entry 2] states that for a # ¢~",n > 1,

oo

> naq™ _ 1 (-1)"la
2 (aq)oonz‘:

n—1 (@)n(agq)n 1—q»

nqn(n+1)/2

The sequence generated by the special case a = 1 of the series on the above left-hand side was
posted by Deutsch on the Online Encyclopedia of Integer Sequences (A115995). Andrews,
Chan and Kim [I4, p. 82] rediscovered the above identity. The second one in Ramanujan’s
list [40}, p. 354], [19, p. 264, Entry 4] is given by

(1-q )( D 1"

n=1

where |zq| < 1,2z # ¢~ ™, n > 1, was rediscovered by Uchimura [43, Equation (3)] and Garvan
[29]. The special case z = 1 of the above identity is due to Kluyver [36]:

n(n+1) 00

o] (_Unflq 5 B qn
;(1—(1")(61% 21— g (1.3)

It was rediscovered by Fine [27, p. 14, Equations (12.4), (12.42)], Uchimura [43, Theorem 2]
and Zudilin [49, p. 4]. Kluyver’s identity admits a beautiful partition-theoretic interpretation
due to Fokkink, Fokkink and Wang [28]. Before stating this interpretation, we discuss the
notation used throughout the paper.

e 7: an integer partition,

e p(n): the number of integer partitions of n

e s(m) := the smallest part of 7,

e [(m) := the largest part of ,

e #(m) := the number of parts of ,

o rank(r) = U(r) — #(m).

e L(m) := total number of appearances of the largest part of ,
o V() =
e P(n) := collection of all integer partitions of n,
e D(n):

e P,(n) := collection of all overpartitions of n,

= the number of parts of m not counting multiplicity,
= collection of all partitions of n into distinct parts,

e P*(n) := collection of partitions without gaps (that is, partitions into consecutive
integers with smallest part 1).

Then the result of Fokkink, Fokkink and Wang, which was, in fact, obtained by Bressoud
and Subbarao [22] much before, states that if d(n) denotes the number of divisors of n,

> (—)FP T s(r) = d(n). (1.4)
mE€D(n)
In his seminal paper [10], Andrews revisited the above interpretation and showed that its

generating function version, namely Kluyver’s identity (1.3]), is simply a corollary of the
differentiation of the g-analogue of Gauss’ theorem [7, p. 20, Corollary 2.4]. There is a vast
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literature on such g-series identities related to divisor functions. For developments on this
topic since the appearance of Kluyver’s identity , we refer the reader to a paper of Guo
and Zeng [32] though we do point out those that are relevant here. As shown in the paper
of Ismail and Stanton [35], the genesis of many of such g-series identities lies in the theory of
basic hypergeometric functions. For recent developments since the appearance of Guo and
Zeng’s paper, see [45] and [46].

Andrews, Garvan and Liang [I6] denoted the left-hand side of by FFW(1,n) and
considered its generalization FFW (¢, n) defined by

FEW(e,n)i= > (~D)F0 ! (1 et ™71, (1.5)
w€D(n)

They showed that [16, Theorem 3.5]

n(n+1)

- no- (D)l O™
2 FEW(emd" = g g = 1—(:(1 (cq>oo>' (1.6)

n=1 n=1

The above identity is valid for |cq| < 1,¢ # 1. It is worth mentioning that Yan and Fu
[47, p. 117] obtained (|1.6) a year before [16] appeared. Another generalization of (1.4)) was
obtained by Patkowski through a ‘sum of tails’ identity [39, Corollary 2.4].

In this paper, among other things, we generalize the above result of Andrews, Garvan and
Liang by introducing one more variable, namely, z. This is achieved by first obtaining a more
general result which generalizes yet another beautiful identity of Ramanujan which is the last
one in [40, p. 354], [19, p. 263, Entry 3]. This identity does not seem to have received the
attention it should have. It states that for a # 0, |a| < 1, and |b] < 1,

> (b/a)pa™ B > ”—b”
> A~ .7

n=1 nll_q

2. MAIN RESULTS
Our generalization of ([1.7]) is given in the following theorem.

Theorem 2.1. Let a,b, c be three complex numbers such that |a] < 1 and |cq| < 1. Then

= (b/a) na i (b/c)mc™ ( aq™ bg™ )
Z = — — . (2.1)
— (1 —cqn) = (D)m 1—aq 1—bq
Moreover, for |a| <1 and |b] < min(|c|, 1),
= (b/a) na b/cOo b/c a™—bpm
. 2.2

Remark. We mention here once for all that in the identities in the above theorem and
elsewhere in the paper, the general requirement observed is that all values of the variables
leading to zero in the denominators of the expressions involved are to be omitted.
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It is easy to see that when we let ¢ = 1 in (2.2), only the n = 0 term survives in the series
on the right-hand side resulting in ((1.7)).

Letting a — 0 and replacing b by zq in (2.1)) leads to the aforementioned generalization of
Andrews, Garvan and Liang’s ((1.6)) given below.

Theorem 2.2. For |cq| < 1,

TL 1 ’Vl n(n+1)

TR O
> Zl . 23

n=1

The study of weighted counts of partitions was initiated by Alladi [I], [2], [3]. There have
been interesting further studies on weighted partition identities [5], [10], [I8], [30], to name a
few. Comparing the coefficients of ¢ on both sides of , we obtain the following general
weighted partition identity which gives several interesting corollaries, some of which are new
and others, well-known.

Theorem 2.3. If z and c are not functions of q,

z S(W)
Z (_1)#(#)71Zl(ﬂ)+1fs(7r)cs(7r)71 (c) Z # 7r) 1 (1 1)”4(77)_1 ) (24)
meD(n) (C) mE€P(n

If we let z = 1 in Theorem we obtain the following result, of which (2.5)) as well as the
left-hand side of (2.6 was obtained by Andrews, Garvan and Liang [16].

Corollary 2.4. For |cq| < 1,¢ # 1, we have

()T X g/t 1 (@)
; (1—cq")(q)n nz::l (Dn T 1-c (1 (cq)oo> : (2.5)

Hence if ¢ is not a function of q,

s(m) _ 1 1 vg(m)—1
_p#Em-L (T (m-1(1_ = . 2.
) DREILUS] Calt B R (o 20
wED(n) mEP(n)

One of the most important g-series of Ramanujan, and which has been the source of
investigation from the point of view of both analytic and algebraic number theory, is

n(n+1)
Z =

For deep results associated with o(q), the reader is referred to [§], [9] and [15]. In [17],
some results associated with one- and two-variable generalization of o(¢q), namely o(c, q) and
o(c,d,q) were obtained. These functions are defined by

g"(nt1)/2

7€) =D T g @1
i (—Cd)n<1 _ qu2n)qn(n+1)/2

O’(C, d, Q) = ~ (1 _ an)(l — dq”)(—Q)n
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For example, it was shown that [I7, Theorem 1.1] for |¢| < 1,

+22 q

mnO

n(n+1 /2 1

DIt il ol GO

n=1

1)nqn(n+l)/26m+n+1
q n (1 _ qn—l—m—i-l)

Letting 2 = —1 in Theorem gives us a simpler representation of o(c, q) given below.

Corollary 2.5. For |cq| < 1, we have

n—1_n

¢ q

)nfl
(=@)n

q" (n+1)/2

gl—cq —@)n i

n=1

—_q
C

If ¢ is not a function of q, then

_ (_\s(m) vg(m)—1
_ 1 \rank(m) (1 ( C) ) _ _1\#(m)—1 (7)-1 _1
> (e CE ) S oo (1

€D (n) TeP(n)

When ¢ = 0, the left-hand side of the above equation readily implies the result in [§] (see
Equation (2.1) with ¢t = —1) that o(q) is the generating function for the excess number of
partition of n into distinct parts with even rank over those with odd rank.

Now let ¢ = 1 in Theorem 2.2] to get

Corollary 2.6. Equation (1.2) holds. Moreover, if z is not a function of q,
-1 i1 (L= 20
T™)— ™
> (RO —— )=
w€D(n) din
Again, if we let ¢ = —1 in Theorem then we get the following corollary.

Corollary 2.7. We have

n(n+1) o)

() egm T s (D) (—2q) 1"
nzl L+aM)(zgn 2 (2@)n '
Hence if z is not a function of q,

T (L1l s ((—2)5(”)_1> R R

m€D(n) -1 TEP(n)

n=1

A few more weighted partition identities resulting from Theorem are discussed in
Section Bl

Theorem also allows us to give a natural proof of a recent identity of Garvan [30}
Equation (1.3)] used to prove nice weighted partition identities [30, Corollary 1.3]. It states
that

> (_1)n 1. n,n? n(nt1)

Z 4 " 7 (69
2 (2¢; ¢*)n(1 — 2¢>") 2 (2¢; @)n ' (2.9)

n=1 n=1
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Garvan’s proof in [30] requires that both sides of the identity be known first, that is, the
identity is proved by reducing it to an equivalent one and the latter is proved by showing
that the coefficients of 2™ of this equivalent identity are equal. Our proof, on the other hand,
is direct.

Differentiation of g-series identities often plays a crucial role in deriving new and funda-
mental results in the theory of partitions and basic hypergeometric series [10], [16], [24], [25],
[26]. The g-series identities in this paper are no exception to this.

Differentiating both sides of with respect to z and letting z = 1 leads to the following

new result.

Theorem 2.8. Let Fine’s function F(a,b;t) be defined by [27, p. 1]

F(a,bt) := ZO EZZ)):t". (2.10)

Then for |cq| < 1, we have

> (—1)n1p, n(n+1)/2 © _n(n+1) n—|—1OO
T O (g, g g

) T N Dy sy T

n=1 n=1

e S C O =
(-0 (c) (1—0 1_q>- (2.11)

n=1

While we are unable to further simplify the second series on the left-hand side of the above
theorem for a general ¢, the simplification is achieved in the special cases ¢ = 0, 4+1. In fact,
it is a pleasant surprise that letting ¢ — 1 in the above result and equating the coefficients
of ¢" on both sides of the resulting identity, yields Andrews’ famous identity [10, Theorem 3]
given below. This is proved in Section [7}

Corollary 2.9. Let spt(n) enumerate the number of smallest parts in all partitions of n and
Na(n) be the second Atkin-Garvan rank moment defined by [10, Equation (2.13)]

(e 9]

Ns(n) = Z m?N (m,n),

m=—0oQ

where N(m,n) is the number of partitions of n with rank m. Then
1
spt(n) = np(n) — §Ng(n). (2.12)

The case ¢ = 0 of Theorem is not interesting. However, the special case ¢ = 0 of
Theorem gives a nice relation between the divisor function d(n) and lpt(n), that is, the

total number of appearances of largest parts in all partitions of n.

Corollary 2.10. We have

n (n+1) o

oo qn oo
2 g +> - Z (2.13)

n=1 n 1
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Let v(i) denote the number of appearances of i in a partition of a positive integer with the
understanding that v(I(m)) = L(w). Define w(n) by

I(m)—1
wi)= AT (L;”) —b (ﬁ (v(i) - 1). (2.14)
V(i) 2o <i L) =1
Then implies
d(n) + w(n) = lpt(n). (2.15)

In his fascinating work on Vassiliev invariants, Zagier [48, Theorem 2] found a nice sum of
tails identity:

> (@) = (@) =~ 3H(0) + @ (5~ B @) (2.16)

where

with (2) being the Jacobi symbol.
Using this result as well as our Corollary we find an explicit representation for w(n)
in terms of the divisor and partition functions.

Corollary 2.11. Let w(n) be defined in (2.14). Then

w(n) = —2d(n) — % Lmiﬁj k (f) » <n _ %;”) , (2.17)

k=1

with the understanding that p(x) = 0 if x is not a positive integer.

As defined in [16], let V' denote the set of vector partitions, that is, V' =D x P x P, where
P denotes the set of partitions and D denotes the set of partitions into distinct parts. Let S

denote the following set of vector partitions:
S :={7 = (m,me,m3) €V :1<s(m) < ocoand s(m) < min(s(ma), s(m3))}-
Let wi(7) = (—1)#(™)~1 and define the involution map 2 : S — S by
o(7) = o(my, o, ) = (71, T3, M2).

Define an S-partition @ = (71, e, 73) to be a self-conjugate S-partition if it is a fixed point of
1, that is, if and only if w9 = m3. Let Ngc(n) denote the number of self-conjugate S-partitions

counted according to the weight wq, that is,

Noo(m)= > (). (2.18)
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Andrews, Garvan and Liang [16, Theorem 1.2] showed that the generating function of Ngc(n)

o0
-1 n—1_n
equals Z (()2)(]’ which is a mock theta function studied by Andrews, Dyson and
q;97 )n
n=1

Hickerson [15].
If we let ¢ = —1 in Theorem we obtain a result involving the generating function of
Nsc(n).

Corollary 2.12. Let Nsc(n) be defined in (2.18)). Then

0o n(nJrl)
Q)oo (—@)n
(Q)OOZENSC(”) (=)o nzz‘{ L—q") ( (@n 1)

_ L1 (Q)oo % @)oo i , (2.19)

Using a result conjectured by Beck and proved by Chern [25] Theorem 1.2], we show in

Section [7| that the above identity reduces to a new representation for the generating function
of d(n).

Corollary 2.13. We have

&)
q
T > pr3 (2.20)

n=1

Hence

Y @Lm) -1 - > L(m)(L(r) - 1) (2v(i) — 1) = d(n). (2.21)
TEPo(n) TEP*(n) =1
l(m)overlined L(m)>2

Further special cases of Theorem when ¢ = ¢, and more generally, c = ¢, m > 1, are
given in Section [7}

The last of the five ¢g-series identities of Ramanujan [40, p. 355], [19, p. 265, Entry 5] given
by

- (Q)n—lan o O et
712—:1 (1= q")(a)n B T; 1—q"’ (2.22)

where (a), # 0,n > 1, was proved by Berndt as a special case of (1.7]). In the same vein, our
Theorem gives the following generalization of ([2.22)):

Theorem 2.14. For |zq| <1 and |cq| < 1,

-1, n

= (9)n— 1Z q = ZQ/Cn 1" g
E —_— E . (2.23)
1—zq"

n=1 n=

Moreover, for |zq| < min(|c|, 1),

; (1—cq")(zq)n  (20)c0 > (@)n Z = cqmn’ (2.24)
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This result gives a nice weighted partition identity given below.

Theorem 2.15. If z and c are not functions of q, then

ST WO (1 1y (SO S At (1 1) ),

z z—cC C

TeP(n) TeP(n)

From the above theorem, we obtain two beautiful weighted partition identities, the first of

which is

Corollary 2.16. The following identity holds:

o0 o0

SR VN Gl P N
nzl 1—g2n nzl( & (@n 1—-gq" (2.25)

Hence if dy(n) denotes the number of odd divisors of n,

do(n) = Y (1)W1 L (). (2.26)
TEP(n)

Though Corteel and Lovejoy [23, p. 1631] have obtained , their partition-theoretic
interpretation of the coefficients of the power series representation of the right-hand side
of [23, Theorem 4.4] is different from the right-hand side of (2.26). Garvan obtained
another weighted partition representation for d,(n) in [30, Corollary (1.3) (i)], and yet another

one is given in Section [5

The second result that we obtain using (2.23)) is

Corollary 2.17. The following identity holds:

Hence

Z(_l)dd: Z (_1)rank(7r)712ud(7r)fl.

dln weP(n)
L(r)isodd

This paper is organized as follows. In Section [3| we collect some of the fundamental results
in g-series that will be used several times in the paper. Section [4]is devoted to the proofs of
Theorems and In Section [B, we give proofs of the weighted partition identities
mentioned here in Section 2] Many other weighted partition identities are also derived here.
Section |§| is reserved for proving Garvan’s identity , obtaining number-theoretic infor-
mation from its proof, and for giving another proof of Andrews, Garvan and Liang’s (|1.5|)
using the Bhargava-Adiga summation. In Section[7} we prove Theorem [2.8 and its corollaries.
Finally the concluding remarks and possibilities for future work are addressed in Section [§]
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3. PRELIMINARY RESULTS

For |z| < 1, the ¢g-binomial theorem is given by [7, p. 17, Equation (2.2.1)]

3 (@hnz" _ (82)cc (3.1)

=0 (Dn (2)oo

Let the Gaussian polynomial [n] be defined by [7, p. 35]

m

m

[”] _ [”] :: (4 Dn(@ O (@ )ty 0 <m <mn,

0, otherwise.

We have

1 oo
(2)v 2

=0

N+j—1] .
+ ] 2 (3.2)
j

from [7, p. 36, Equation (3.3.7)]. The partial fraction decomposition of F(a,b;t), which is
defined in (2.10)), is given by [27, p. 18, Equation (16.3)]

o (ag)s = (b/a)n (aq)"
Pab0 =Gy nz% (@)n 1—tg" (33)

Heine’s transformation [7, p. 19, Corollary 2.3] gives
a, b b, az; ¢z
201 1,2 | = w2¢1 b :q,0 ). (3.4)
c (¢;259) 0 az

4. GENERALIZATIONS OF RAMANUJAN’S THREE ¢-SERIES IDENTITIES

We give two proofs of Theorem in this section. This is followed by proofs of Theorems
2.2 and .14

Proof of Theorem [2.1] Let

Note that

)G(aq, bg; c). (4.1)
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We now use the result in Berndt [19, p. 264, Equation (3.4)], that is,

= (2),0" _ a b
2 (D)py1  1—a 1-0 (42)

n=1
which is obtained by specializing Heine’s transformation and then employing the g-binomial
theorem. Thus substituting (4.2)) in (4.1]), we find that

c—b a b
G(a,b;c) — <1—b> Glag,bg;e) = 7— = 17—

We now create a telescoping sum. To that end, replace a and b by aq and bg respectively,

(4.3)

then multiply the resulting equation by (¢ —b)/(1 —b) to get

c—b ‘ c—b c—bq 9,92 . _[c—b ag bq
<1—b>G(aq’bq’c> (1—1))(1—bq>G(aq’bq’C)_<1—b>(1—aq 1—bQ>'

(4.4)
Add the corresponding sides of (4.3) and (4.4]) to obtain
(¢ —b)(c — bq) 27 2 a b (c—b) aq bg
G(a,bjc) — ——— =G bq*;c) = — - :
(@550 = Ty A =g C ) = T, 103 ) Yoy U sag ~ 100
(4.5)

Repeat this process, that is, first replace a by aq and b by bg in (4.4), multiply both sides by
(c—b)/(1 —b), and then add the corresponding sides of the resulting identity and (4.5)). At
the n'" step, this gives

() n ok (L) adk bo*
Gla.b: ) — It yaa™ L bt o) = ¢k a Y9 .
(CL, 70) (b>n+1 (aq » 0q ,C) kZ:O (b)k 1— aqk 1— bqk

Now let n — oo. Now first assume |c| < 1. Since G(ag"*!,bg" !, c) — 0 as n — oo, the
second expression on the left goes to zero. Therefore,

G(a,b;c) = i < (g)k ( ad’ ba" > ) (4.6)

—ag®  1—bg*
— Ok \1—ag® 1—-bg

which proves (2.1)) for |¢| < 1. By analytic continuation, it is then easily seen that the result
is true for |eq| < 1. From (4.6)), for |a| < 1,|b| < min(]c|, 1),

[e'e] Ck (Q)k [e'e]
c (am_bm)qkm

G(a,b;c) = Z

= (O

( )OO m=1 - n=0
L (e @a (D) K am b
RO R P S e

m=1

where in the penultimate step, we invoked (3.3). This completes the proof of Theorem 2.1} [
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Second proof.|I| From [31, p. 72, Equation (3.2.7)], for [DE/(ABC)| < 1 and |E/A| < 1,

we have
A,B,C DE By (BE A2 D E
3¢2< ;4 ABC) = (3)oe (5o 3¢2< B2 q, A)'
D, E (B)s (450) D, B¢

= Q

[e.o]

Let A =¢q,B = %q,C = c¢q,D = bqg and E = cq? in the above transformation so that for
la| <1 and |cq| < 1,

1 Y q,cq 1 % q,a
a . — c . . 4.
(1 — Cq)3¢2 ( bq, Cq2 y 4, CL> (1 — (L)S(Z)Q (bq7 cq yq,cq ( 7)

However, one can observe that

n

u-—cm3¢2< 2’%a> RCEDP I =roon

bg, cq —

13@&%;w@=u—m (4), (0

¢ B)n(1 — bg")(1 — ag")’

(1-a) bq, cq =
which, together with (4.7]), gives (2.1)) upon simplification. O
Proof of Theorem 2.2 Let a — 0 in (2.1)), use the elementary identity lim,—o(b/a)na™ =
(—b)”q”(”_l)/2, and then replace b by zq to arrive at (2.3). O

We now prove the generalization of (2.22)) given in Theorem
Proof of Theorem [2.14, To obtain (2.23)), divide both sides of (2.1) by 1 —b/a, let b — a,

then replace a by zq and simplify. Now, additionally if |z¢| < |¢|, perform the same operations
on (2.2) to obtain ([2.24)). O
5. WEIGHTED PARTITION IDENTITIES

5.1. Weighted partition identities resulting from Theorem and its corollaries.
We begin with a lemma which will be used several times in the sequel.

Lemma 5.1.

Proof. Note that

)

lim <1 - 1>Vd(ﬁ)_1 L i mm =1
0, it yy(m) > 1,

IThe authors are indebted to George E. Andrews [12] for this proof.
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where, as remarked in the introduction, v4(7) the number of parts of 7 not counting multi-
plicity. Therefore we need to consider only those partitions 7 of n for which vy(7) = 1. If m

is a divisor of n then we have n = m/, for some positive integer ¢, so we can write n as

n=m-+m-+---+m.
£ times

Therefore corresponding to every divisor of n we can obtain a partition whose number of parts
without multiplicity is 1 and conversely, any partition = of n with v4(7) = 1 corresponds to
a divisor of n. O

Proof of Theorem [2.3] To prove that the left-hand side of (2.3) is the generating function
of that of (2.4) we first write the former as

n(n+1) 00

n 1 n n—lzn 14+24--4n

o (=D)"="q
Z l—cq (2q)n _nz:l(1—zq)(l—qu)--~(1—zq”)(1—cq")

n=1

(5.1)

and use

k;=0
for 1 <i<mn-—1, as well as [16, p. 214]
kn
q" _ i (5" - 1ckn—1ann
(I—zgM)(A—cq®) = (5)-1

in the summand of the series on the right-hand side of (5.1). Thus

) (_1)n 1 nqn(n2+1)
; (1= cq)(2q)n

(o) o0 (
— Z Z (_1)nflzn+k1+k2+---+kn,1Ckn 1

z

C

n=1k;=0,1<i<n—1 (
kn=1

) -1 g 2k
zZ
:

Now write the exponent of ¢ in the form a; + a9 + - - - + a,, where

a; = (ky+ 1)+ (ko + 1)+ + (ko1 + 1) + ky,
as = (ko + 1)+ (ks + 1)+ -+ (k1 + 1) + ky,

an = kn.

Thus a1 + as + - - - + a, is a partition of a number into distinct parts, where the largest part
is a1, smallest part is a,, and n is the number of parts. This proves that

> L

n=1

'I’L

n n(ntl) o 2\ 8(m)
'2nq :Z Z (_1)#(w)—1ZZ(W)H—S(W)CS(W)—l(E) -1

el K
1 —cq")(zq)n eDin) () -1

no(5.2)
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Next we write the right-hand side of in the form
oo 20/ Duot 2o (- 20) (L= 207) (L= 20") g
c Z (2Q)n (cq)" = Z

e (1—zq)(1—2¢?) - (1—2¢"") (1—z2¢")

For 1 <i<n—1, we have

1-2¢ > 1 : - :
g S e S
k;=0

ki=1
where
1, if k; =0,
ay, =
1-1, if k> 1.
Furthermore, write
o
z2q" K 1k
1 — zg® - Z S ’

kn=1

Using these series expansions in the above identity, we get

5 00 (zq/c) . [e) n—1 0o A 00
2 g =2 T | 2 et S
¢ Zq)n =1 i=1 \ k=0

n=1 kn=1
Here the typical exponent of ¢ is ki + 2kg + --- + nky,, where k; > 0 for 1 < i <n-—-1
and k, > 1. This corresponds to an ordinary partition of the exponent where, each part i,
1 <i < n, appears k; times, the largest part is n and the number of parts is k1 + ko +- - -+ Ky,
Thus

. 00 wale) o0 vg(m)—1
¥l o (DOl G S FA

n=1 n=1 \weP(n)

From (2.3), (5.2) and (5.3]), we obtain (2.4]). O
When ¢ = z, Theorems and give the following corollary.

Corollary 5.2. For |zq| < 1,

n(n+1) 0

e (_1)n—lznq ) B (Q)n—l "
D e e Sh e o
Hence, if z is not a function of q,

vi(m)—1
S (O gy = 3 <1_1> T

z
meD(n) TEP(n)

n=1 n=1

We note that (5.4) can also be obtained by letting ¢ = 0 in the first equality of Theorem
2.14

The above corollary, in turn, specializes to Kluyver’s identity and the result of Fokkink,
Fokkink and Wang:
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Corollary 5.3. The identities (1.3) and (1.4]) hold.

Proof. Let z =1 in Corollary and employ Lemma to get the second equality. O

Corollary also gives a new weighted partition identity, namely, when z = —1,

Corollary 5.4. We have

- q 2 _ - (_1)n— (Q)nfl n
nzz:l (1+a")(=Dn nz::l (=@)n
Hence,
Z (_1)rank(7r) 8(71') _ Z (_1)rank(7r) 2Vd(7r)—1_ (5.5)
m€D(n) TEP(n)

Example 1. Let n = 5. In the first table below, we list the partitions of n into distinct parts,
and in the other, all partitions of 5.

7 € D(5) | rank(w) | (—1)2k(™ () m e P(5) rank(m) | (—1)rank(m)gra(m)—1
5) 4 ) ) 4

441 2 1 4+1 2 2

3+2 1 —2 3+2 1 -2
3+1+1 0 2

2+2+1 -1 -2
24+1+1+1 -2 2
1+1+14+1+1+1 —4 1

It can be checked that the sum of the last columns in each of the tables is equal to 4, which

verifies (5.5) for n =5.
Similarly when ¢ = —z, Theorems [2.2] and [2.3] result in the following.

Corollary 5.5. For |zq| < 1,

n—1_n nnt n—l(

N (_1) ~4q § _ — (_1) _Q)n—l n
nzzl (1+2¢")(2q)n _g (2q)n (zq)". (5.6)

n=1

Hence if z is not a function of q,

va(m)—1
Z (_1)#(7r)—1zl(7r) _ Z (_1)l(7r)—1z#(7r)+l(7r)—1 (1 n 1) d ' (57)

z
=D (n) 7eP(n)
s(m) odd

Proof. Equation (5.6]) is immediate after we let ¢ = —z in Theorem To obtain (5.7)), let
¢ = —z in Theorem and note that the resulting left-hand side is non-zero only when s()
is odd. g

Now if we let z = 1 in the above corollary, we obtain



16 ATUL DIXIT AND BIBEKANANDA MAJI

Corollary 5.6.

T'L—l n(n+1)

= 2 n—ln
Z 1+q><> ¢

n=1 n=1 n

Hence

> (-1 )~1gva(m)—1 (5.8)

TED(n) 7r673(n
s(m) odd

We note that in Andrews, Garvan and Liang’s notation in , the left-hand side of the
above weighted partition identity is nothing but FFW(—1,7n). As mentioned in [I6, Remark
3.7], Alladi [4, Theorem 2] has obtained a simpler representation for the left-hand side of
, namely, it is equal to (—1)\/5*1 if n is a square and zero otherwise.

Lastly if we let 2 = —1 in Corollary we obtain

Corollary 5.7.

00 n(n+1) fo%)

q 2 B q"
2T, T (5:9)

n=1

Hence if de(n) and d,(n) denote the number of even divisors and the number of odd divisors
of n respectively,

So (1Ot = dy(n) — dy(n), (5.10)

we€D(n)
s(m) odd

Proof. Letting z = —1 in (5.6) immediately results in (5.9)). To obtain (5.10)), let z — —1 in
(5.7) and observe that analogous to the result in Lemma the following limit holds:

1 va(m)—1
lim Y~ 2 (1 + > = do(n) — dy(n).
z

z——1
meP(n)

g

Example 2. Suppose n = 10. Below we list the partitions of 10 into distinct parts such that

their smallest parts are odd.

™ rank(m) | (—1)rank(m)
9+1 7 -1
7T+3 5 -1
T+2+1 4 +1
6+3+1 3 -1
5+4+1 2 +1
4+3+2+1 0 +1

It can be easily checked that d,(10) = d.(10) = 2 and that the sum of the last column equals
zero. This verifies (5.10) for n = 10.
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Remark 1. Recall the definitions of D(n) and P*(n), namely, the collections of partitions of
n into distinct parts, and into those without gaps respectively. In all of the weighted partition
representations of expressions in the above theorems involving partitions into distinct parts,
one can replace D(n) by P*(n), and interchange l(m) with # (), and s(w) with L(w). This
simply follows from conjugation of partitions. See, for example, Ando’s representation [0,

2] of the left-hand side (1.4)).

5.2. Weighted partition identities resulting from Theorem and its corollaries.
The details of its derivation of Theorem 2.15 from Theorem 2.14] are similar to that of Theorem
from Theorem hence a proof is omitted.

Note that letting ¢ = z in (2.23]) does not produce anything interesting, however, ¢ = —z
gives the following result.

Corollary 5.8. For |zq| < 1,

SR N ) MY G
r; (14 2¢")(2q)n ngl (2q)n 1 —zq®

Hence

Um)++##(m)—1 1 Vd(ﬂ)_l_ AU =1 #(n) 1\va(m)—1
Z z 1 = Z (—=2) z (1+1) L(m).

z
TEP(n)
L(w) odd

Let 2 = 1 in Theorems [2.14 and [2.15] This gives

Corollary 5.9. For |cq| < 1, we have

o
B 1" g
Zl—cq )(1 — g") _Z - 1—qgn’

n=1 n=1

Hence if ¢ is not a function of q,

Cd -1 ; 1 vg(m)—1
_ (m-1(1_1
R D] CEE RO}

dn meP(n)
Proof of Corollary [2.16]. Let ¢ = —1 in the above corollary. g

Remark 2. One more representation of d,(n) that one can obtain is

Ao =5 3 )L,

TEPo(n)

To see this, write the right-hand side of (2.25|) as

oo n

1 (COn1 g }OO _Q)nfl Nk
3 IR T EtD Dy runa SLU A S

n=1 n=1
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It is well-known that the generating function for overpartitions is

Zp _1+22

where p(n) denotes the number of overpartitions of n. Thus, the presence of (1 — ¢™)? in the

nll_q

denominator of (5.11) suggests that the series is the generating function of the total number
of appearances of the largest part L(m) of a partition m weighted by (—1)(™=1,

Now let z = —1 in Theorems and to obtain

Corollary 5.10. For |cq| < 1,

-1 n

— (@n1(-1)"¢" = q/cnlc q
S a1 ol

(1 - Cq n—1 n 1

Hence if ¢ is not a function of q,

rank () — L(1) oug(m)—1 (=1) L) —L(m) m)— T vg(m)—1
T (L)L) CUET =) SR -d gy (1 1y
w€P(n) TEP(n)

Proof of Corollary 2.17] Let ¢ =1 in the above corollary and observe that

> in(ﬂ)”qn
1 1+q n

n= n=1 1_(]

6. SOME MORE APPLICATIONS OF THEOREM [2.2]

6.1. Proof of Garvan’s identity (2.9). Replace q by ¢, z by z/q, and then ¢ by z in (2.3).
This gives

i( (—pntang izqum 17)7” L (6.1)
n=1

2¢;¢%)n(1 — ZqQ” — (2¢; 4% )m

By (3.2),

1 e 2; 2mj— i
5 = L
2

(2¢;q “ (¢%¢%);(¢% ¢*)m—1
Employing this on the right-hand side of (6.1]) gives

o0

(o)
(49 1 q q +j—1 i
> 2! zj Jmo1 _ Z A 12 n (ZQ)j

— (2¢;4 — (@) m-

o0 q2j+2
Z 2q) 21 1% 2q7 | (6.2)
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where in the last step we interchanged the order of summation, and then replaced the index
of summation of the inner sum, that is, m by m + 1. Thus using the above equation along
with Heine’s transformation (3.4]) in the first step below results in

Z Zm 2m—1 q’ )m 17 = zqz zq 2J+2 Zq q el Z Zq2’ 2)k 2]+2)k
(2¢;4*)m (2¢% ¢?) (263 ®)k(d% @®)x
k=0
:Zq(q 107 zq ¢°) Z (2¢% q kg i(zqz"”“)]
(26% ¢%)o (263 ¢®)k(¢% @®)x = (a%4?);
_ (04500 (20% ¢%)o Z zq q kq 1
(Zq q )oo (243 ¢2)r(d% ) (242715 ¢?) oo
. (0% 4%) o0~ (24 ,qg)k g% (6.3)
- (2% ¢%) (%% 1 — 2gk+1 ‘

k=0

where in the penultimate step, we applied (3.1)). Now replace ¢ by ¢2, t by zq, a by 1 and b
by zq? in (3.3) so that the right-hand side of ([6.3) can be simplified to

Z zq q 2 (@ (2)*
Zq q % 7o 1_Zq2k+1 1_zq2 — (zq4;q2)k
[e.@]
k:
=2 G WS (g, (6.4)
— (24%¢%)
Thus, from (6.3)) and (6.4)), we obtain
o om—1 (@ )m—1 B 2 (¢%¢*)h-1 &
2"Mq e = s (29)". (6.5)
= (2¢;%)m =1 (2¢% 4%k

By a result of Ramanujan [I3, Entry 1.7.2, p. 29], if [b| < 1 and a is an arbitrary complex

number, then

0o n a n o) n n(n+1)
Z(—l) (@G On(=F 5 n b :Z(—l) (=F59nb"q > (6.6)
=0 (ag; ¢*)n+1 =0 (=0 @nt1
Replace a by zq and b by —zq in to get
00 0o n(n+1)
(@*:6%)n-1,, \n 2" 2 (G3q)n-1
——(2q)" = . 6.7
nzl (242 ¢*)n ) nzl (2¢: @)n (6.7)

From (6.1)), (6.5) and (6.7)), we obtain ([2.9).
Remark 3. Let z =1 in (6.1)), (6.5) and (6.7). This gives

i (_1)n71qn2 0 q2n71 i Z qn (n+1)/
@)l —¢?)  1-gt Ll g 1—qn

n=1

The equalities between the last three expressions are well-known; see, for example, [37, p. 28].
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Now if we let z = —1 in and ., we get

[e's) 0o q q [e's)
2n—1 7 n
= 7y = 2 (-1 (=a)
n=1 1+ q n) n=1 n=1
n(n+1)
_ Z (g Q)n—l. (6.8)
¢ Qn

Equation encodes interesting number-theoretic and partition-theoretic information. To
see this, let Q(n) be the set of partitions of n in which all parts except possibly the largest
part are odd and all odd positive integers less than or equal to the largest part occur as
parts. Also let £o(7) denote the largest odd part in a partition. Then, Garvan [30, Corollary
1.3(ii)] has obtained the weighted partition identity resulting from equating the extreme sides
of , which can be stated as

S (- EEEHEE = (1) 5 g (n), (6.9)
T€Q(n)

where dg 1(n) is the number of divisors of n congruent to £1 (mod 8) minus the number of
divisors of n congruent to £3 (mod 8).

With the two new expressions linking the extreme sides in that we have obtained,
further information can be extracted, namely, if Pyqq(n) denotes the number of partitions of
n into odd parts, then the expressions on the extreme sides of are also equal to

S () ) (6.10)
T€Poda(n)

since
o0

Z )" 2n 1 Qaq ) -1 _ Z( Z (1)1(7rg+1+#(7r)211d(77)—1> q",

n=1 94 ) n=1 *71€Poqa(n)
as can be seen using similar techniques employed in Section

Moreover, we note that the third expression in occurs in a recent work of Wang and
Yee [44]. From their Theorem 1.3 and Corollary 5.2, we have

o o 7]
Z (Q_Q’ (2]2);—1 (_q)n _ Z (_1)m71qk272m2.

Thus, if

k2—2m2=n

k k—1
kZlﬂ‘LfJSmS LTJ

then the expressions in and (6.10) are also equal to r*(n).
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6.2. Another proof of a result of Andrews, Garvan and Liang. As we have seen,
identity follows from by substituting z = 1. Another proof of it can be obtained
through the Bhargava-Adiga summation [20, Equation (1.1)] (see also [I1, Equation (1.3)]),
which states that for |a| < 1,|d| < 1 and b # ¢™, m € Z,

o0 (q/a)na” B (d/b)oo(ab)oo(q)go
nz_:oo (d)n(1 = bg") — (q/b)oo(d)oo(@)oo(b)oo” (6.11)

Replace d by ¢ and b by ¢ in (6.11)) to get

- (%)n a” _ (ac)oo(q) oo
2 (@n(1—cq")  (S)oo(a)oo

n=—oo

Now split the sum on the left into two sums, one over n > 0 and the other over n < 0. Since
1/(q)n = 0 for n < 0, the second sum vanishes. Separate the n = 0 term to get

1 - (%)n a”’ _ (ac)oo (@)oo
N Z_:l (@n(1=cq")  (0)oo(@)oo

Now let a — 0 to deduce (1.6 upon simplification.

Remark 4. Let ¢ = q in (1.6) and simplify so as to obtain

TL 1 n(n+1)

o0
Z =2
l—q’”rl (@n 1—q

If we let a — 0, b= zq and ¢ = q in (2.2) and then let z — 1, we obtain

n—l n(n+1)

)
Z _ n+1 )n - il_% 1 < Z Z m+n+1

n=1

C’omparing the right-hand sides of the above two equations, we see that the double series

Z Z 1— qm+n+1 diverges.

n=0m=1

7. IMPORTANT g-SERIES IDENTITIES THROUGH DIFFERENTIATION
Here we first prove Theorem [2.8] and then proceed on deriving Corollaries [2.9] and

Proof of Theorem [2.8 Differentiate both sides of ([2.3) with respect to z so as to obtain

o ( 1)n 1,n—1 n(n+1)/2

nZl =)o (”*Zl—zq>
n1cq z f Q)" (& —q"/e =~
+cz (;1—zqk/c+zl—zqk>‘

k=1
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Now let z =1 and employ (3.1]) to simplify the first series on the right-hand side so that

i n(n+1)/2 o0 (_1)n71qn(n+1)/2 n qk
_ _ _ 4k
n=1 1 cq")(@)n n=1 (1= cq)(@)n e
-1
_ 1 < (Q)oo 1) + 1 i (%)nfl(CQ)n n qk B n qk/c (7 1)
¢ =1 \(cq)oo c= (@n fel—qb =1-gF/c
To simplify the second series on the left, we employ van Hamme’s identity [34]
_ gk _ qk ) :
l—gb =k (1—¢")

which gives

i n 1 n(n+1)/2 n q i (_1)n—1qn(n+1)/2 n (_1)k—1qk(k+1)/2
_ gk _ =
—~ 1 cg)(@n =1-d" = (-cq") 0= Dr(Dnr
B oo 00 (_1)mq(m+k)(;7l+k+1) qk(k+1)/2
- _ +k _ gk
o= =g (@r(@)m (1 —q~)
k:2+k: 0 (—1)™ A Lk

m"qs

q
k(1 —q~) Z (@)m (1 — cgmtF)

k2+k( k+1)

q q o) k. .k
= ——F——F(0,q";cq"), 7.3
— (Q)(1—¥) ( ) (73)
where in the last step, we used the a — 0 case of (3.3).

To simplify the series on the right-hand side of (7.1]), we use the result of Guo and Zhang
[33, Corollary 3.1] which states that if n > 0 and 0 < m < n,

> H il

k=0
k#m
n—1 k—m k—m
m(m+1) [ n _ wq q
= (-1)"q (wg™™) —— =
m " k:zo 1 — wghk—m ; 1 —ghk—m
k#m

Let m = 0 in the above identity and simplify to obtain

Enl ¢* —nf wg w1 5 [n] (o))t (7.4)
k:ll—qk k:ll—qu l—w (w)nkzl k L-dt

That this is a generalization of ((7.2)) is easily seen by letting w — 0 on both sides.
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Invoking ([7.4)) with w = 1/c¢ in the series on the right-hand side of (7.1)), we see that

1T (Do) (S~ ¢ & gF/e
CZ)<21_ FTL 1_qk/c>

n=1 (@)n k=1 q k=1

_ 1 (@oo )1 (@) o~ 1| (c@)r(1/c)n-re®

- (1) 12 «méH [—¢F

_ 1 @ ) 1 = 1/0)jleq) (g ¢°

S () 12 ), ,;1() T 79

Finally, substitute ([7.3)) and (7.5 in ([7.1]) so as to obtain (2.11)) upon simplification. O

We now give various corollaries that follow from Theorem [2.8]

It is first shown that Andrews’ famous identity for the spt-function, namely , can be
derived from Theorem This identity was the main ingredient in obtaining his beautiful
congruences for spt(n) modulo 5,7 and 13 [10, Theorem 2]|. The generating function version
[10, Theorem 4, p. 137] is

> spt(n)g" = i
n=1

(@)oo

q" n q" 3n+1)/2( + qn)

1—q Z (1—qm)*

© n=1

Mg

n=1

Note that [10, Equations (3.3), (3.4)]

(q:)loo Z 17?:;71 - z:lnp(n)qn (7.6)
o n n(3n+1)/2 n o
Z q(l qn)2< +q") _ Z%NQ(n)qn. (7.7)

71:1 n=0

Andrews proved ([7.7)) by applying the operator %‘ . to a representation of the generating
z=
function of N(m,n), namely [10, Equations (2.15), (2.17)]

00 00 1—» 0 —1)n n(3n+1)/2
R(z;q) =1+ Z ZN(m,n)zmq” = ( ) Z ( )1 a — (7.8)
m=—oon=1 (Q)oo n=-—oo — 4
Here we require another representation of R(z;q), that is [10, Equation (2.16)],
o TL2
q
Rzg)=S —L 7.9
=0 = 2 G o (79

Proof of Corollary 2.9 Let ¢ — 1 on both sides of (2.11]) to get
o0 (_1)n—1nqn(n+l)/2 0 qn(n—i-l)(qn—i-l)oo

2 (1 —=¢")(@)n (1 —=q")(@)n

n=1 n=1

— lim —¢ (9)os ¢ — (c)n "
_}:—>1{(1—c)2+(c)oo (1—C+nzl @n 1—qn>}' (7.10)

F(0,9";¢")
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From [16, Theorem 3.8, Equation (3.24)]

00 o - n(n+1)/2
spt(n)q™ = 7.11
; (n) nZl 1 @ (7.11)
We first show that
® n(n+1)(,n+1 oo
q (q )OO n, n 1 n
F(0,4":4") = (@)oo ) 5N2(n)q". 7.12
> s g 0054 = (@ 3 5Nl (7.12)
From [27, p. 13, Equation (12.33)],
1 & 2
F(0,t;t) = —— 5 (7.13)
1—t = (tq);
Invoking (7.13)) with ¢ = ¢* in (7.3)), we see that
 _n(n+1)(,n+1 o0 n2+n o0 242nj
q (@™ oo q q
F(0,4":4") = (¢)
nz::l (1= ¢")()n nz::l (@)2(1—q)? jzo (¢"+1)?
I et i o
=g
T (1= gn)? ~ ()2
n j=n
=S
= (0
; (@) = (1 —q")?
d2 > qn2
o3 7.14
de? 7;) (2@)n (=" a)n z=1 -
as can be seen from a laborious but straightforward calculation. From ([7.9)),
d2 o0 an 1 d2
0 —5 —_ = - —R
d22n§:0(ZQ)n<z_IQ)n B ( ) d22 (Z Q) -
o Y Na(n)q", (7.15)
n=0

where the last step follows easily from the first equality in (7.8) or from [10, Equation (3.4)].

Equation (7.12) now follows from and (7.15).

Lastly, we show that

oo

. —C (@)oo c > (cq)n ¢" _ ng"
lf%{(l—c)?*(c)m (1—c+nz<q>n1—qn>} g (9

=1 n=1

Let L denote the above limit. Then employing (3.1)) in the first step below, we see that
Qoo o1 c ¢ = (Dn n, = (c@)n q"
L=1 1 — n
cl—%(cq)oocgﬁl—c l—c¢ l—cnz(q)nq +Z(q)n1—qn

IR (RN ¢ NN P N
_‘IH“_C{ 2 (@)n * +Z(q)nl—q"}

n=1
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. 1 = (CQ)n—l n 1_an
_ilgil—cz (@)n 7 _C+1—q”

n=1
0 " e ng"
— (1 _ qn)2 nz_:l 1— qr (7 7)

From (7.10), (7.6), (7.11), (7.12) and (7.16]), we arrive at ([2.12). O

Remark 5. Note that one can equivalently start from Ramanujan’s identity , differ-
entiate both sides with respect to z and then let z = 1 to arrive at . This way, the
calculation involving the right-hand side of would be straightforward in comparison with
that in . However, our intention to derive from is to show the uniformity
in the approach in deriving , and .

Proof of Corollary [2.10, Let ¢ = 0 in Theorem and divide both sides of the resulting
identity by (q)eo. This gives

1 o0 (_1)nflnqn(n+1)/2 o0 qn(nJrl) o q"
+ — V5 — —_— 7.18
=2 @ D AP SR D
By a recent result of Merca [38, Theorem 1],
1 ) (_1)n71nqn(n+1)/2 _ i q" (7 19)
(Q)oo n—1 (Q)n n—1 1- qn' .

Substituting (7.19)) in (7.18]), we arrive at (2.13]).
In order to prove (2.15)), we first observe that

> 7" = 1 " = 0
nz_:l =)@ nz_:l (@1 (T—g")? nz_:llpt(n)q . e

In order to show that

0 qn(n—H) o0 ( ) .
g — = E w(n)q"”,
= (1-g; =

where w(n) is defined in (2.14]), we write

Z qn(n—H)
= (1=q")(a)}
_ i q 2 o qnfl 2 q2n
—\l-g¢ 1—g=t) (1-q")
o0 o0 [e.9] o0 1
= Z Z (ky—1)g™ | - Z (kp—1 — 1)gtn=Dhn—t Z §k‘n(k‘n —1)g"kn
n=1 \k;1=2 kp—1=2 kn=2
0o o 1 n—1
_ 1\ k1 2kt nkn
=3 5 (n — 1) [ ki = 1)gh 2+

n=1k;>2,1<i<n i=1
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= Zw(n)q”. (7.21)

n=1

From (22.13)), (7.20) and (7.21)), we deduce (2.15)). O
Proof of Corollary 211 We begin with [

00 00 qn > qmn
Ipt(n)q" = Y
; ; (1 =¢")(@)n m’zn;l (@n
-2 (e )
m=1
1 I s (12 =2
_ 1 14 22
2 1—q <q>m;"<n)q%’ (722)
where in the last step we applied (2.16)). Combining this with (2.13)), we see that
X grntD) 1 > g > 12 n%-1
=—-—-2 . 2
n:ll—q 2 1—q 2:: ( )q“ i
Now
V24n+1 |
1 = 12\ 20 & L 12 (k% —1)
S - - il a2 N L 24
e G Laa o IV GO s | LR

Thus comparing the coefficients of ¢™ on both sides of ([7.23]) and employing ([7.21]) and (7.24)),

we get ([2.17]). O

Proof of Corollary 2.12] Recall the definition of Ngc(n) in (2.18). Let ¢ = —1in and
use [16, Theorem 3.8, Equation (3.25)],

1)n71 n(n+1)/

> (@n(l+ ") ZNSC E

n=1
to get
o n(n+1 n+1
q ) n._om

ZNSC quZ 1_q =F(0,4";—¢")
1 1 (Q)oo 1 QOo

- - _ = - . 7.25
17 1. 2 qmz (7.25)

g

2It was during the international conference on the occasion of Ramanujan’s 125th birth anniversary at Uni-
versity of Delhi in December 2012 that the first author learned from George E. Andrews about the connection
between Ipt(n) and Zagier’s identity in Equation (7.22). Both the authors thank Andrews for the same.
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We now simplify the second series on the left using [27, p. 17, Equation (15.51)],

1—gn > qnj+j(j+1)/2

(=¢")o0 =5 (1= q"H)();

F(0,q";—q") =

Thus

n n+1)( n+1) n(n+1) n+1 > n]+j(j+1

o " q
> @, T Z 20

n=1 0 ]
B 1 (Q)oo o qn(n+1)/2(_ )n q(n+J)(n+j+1)/2
2= @R Z (@0
fl (Q)oo > qk(k+1)/2 k (_1)71 n(n+1)/2
" 2(—9)eo ; (@)e(1 = q*) nzl [n] @)
1 (@ x FEDZ M (—q)
= 3 g 2= A=) ( @ 1) %)

where the last step follows from the ¢-Chu-Vandermonde summation [23] Corollary 1.2].

Finally, (2.19)) follows from (7.25)) and (|7.26}).

Before proving Corollary we begin with a lemma.

Lemma 7.1. We have

00 00 M 00 qn
B DRI pit s
n=1 n:1 n=1
Proof of Corollary 2.13] From [16, Equation (1.12)],
o oo
1 (_Q)n—lqn
> Nsclng" =~ > . (7.27)
n=1 (_Q)oo n=1 1- 7"
Let
[ee] n oo
—49)n—14
> Cad S e (7.25)
n=1 q n=1

Then a(n) equals the number of partitions of n in which only the largest part is allowed
to repeat. From Andrews [I1} p. 153], these partitions are conjugates of compact partitions.
Hence if ¢(n) denotes the number of compact partitions of n, then a(n) = ¢(n). However, by a
result conjectured by Beck and recently proved by Chern [25, Theorem 1.2], ¢(n) = ssptd,(n),
where ssptd,(n) denotes the sum of the smallest parts in all partitions of n into distinct parts

which are odd in number. Hence
a(n) = ssptd,(n). (7.29)

Let ssptd(n) denote the sum of the smallest parts in all partitions of n into distinct parts,
and ssptd,(n), the same with the added restriction that the parts be even in number. As can
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be conjured by observing that the left-hand side of (1.3) is the generating function of that of

9.

00 "(n+1) 00 00
; D) Z ssptd(n)q¢" = 1; ssptd,(n)q" + g::l ssptd,(n)q". (7.30)
Thus, from (]7.27[), [728), (7-29) and (7-30),
[oe} 00 n(n+1) )
—@) o nz:l Nsc(n nz:l =) = nz:l ssptd,(n) — ssptd.(n)) ¢"

n

— q
214
=

where the last step follows from the Fokkink, Fokkink and Wang identity (1.4). This proves
the lemma. O

Proof of Corollary 2.13]  Multiply both sides of (2.19) by 2(—¢)c/(¢)oc, employ Lemmal7.1]
and simplify to obtain

[y

7’l

> n(n+1)/2 1 ( q) 1 > q
- x© _ - = . 7.31
Zl q % 1— q" 2 (q) 2 Z 1— qr ( )

n=1 n n n=1

Now from [23, Equation (1.3)],

(_Q)oo _ - (_1>7l n(n+1)/2
( Z:] 2 . (7.32)

Invoke in and simplify to obtain
To prove , note that

I(m)—1

> n(n+3)/2 0 T ) —
Z . :Z( > U )(Lé )= V) 11 (2V(z')—1))q" (7.33)
n=1

n=1 —4 TEP*(n) =1
L(m)>2

can be proved along exact similar lines as (7.21)). As far as proving

= (_q)n q" . > B .
nzl (@ 1—q" _nzl< ﬂg{;m (2L(m) 1)>q (7.34)

l(m)overlined

is concerned, it is easily seen that

i (0o d"  _ i (=@)n-14"(1+4")

=@ 1=¢" = (Dnr (1—g")?
= Z Z (2kp, — 1)g"*
T kp=1

which proves ([7.34]). Together, (2.20)), (7.33) and (7.34) give (2.21]). O
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Another special case of (2.11]) when ¢ = ¢"",m > 1, is stated below without proof.

o0 (_1)n—1nqn(n+1)/2 0 n(n—l—l)( n—i—l)

0 n—+m
D TR D sy Ty UL ALY
_"((@m —1) - [n+m] q"
= 1= gm)? +(Q)m—1nz::1 n —q
When m =1, it simpliﬁes to
n(n+1)/2 X n(n+1)(,n+1 o n
q (4" )oo nt1 q
F(0 = . 7.35
nzl i, 2 i, O S e )

8. CONCLUDING REMARKS

We hope to have demonstrated the richness of partition-theoretic information embedded in

our generalizations (2.1]), (2.3) and (2.23)) of Ramanujan’s (|1.7]), (1.2)) and (2.22)) respectively.

In Corollary we have shown that the one-variable generalization of o(g) defined in
, namely o(c,q), admits a simpler representation. We have also given the partition-
theoretic meaning of its coefficients. Thus we may analogously ask if o(c,d,q), the two-
variable generalization of o(q) defined in also admits a simpler representation than the
complicated one given in [I7, Theorem 1.2]. However, following the approach in our paper to
accomplish this would first require finding a generalization of with one more variable d.
Without doubt, this would be interesting in itself.

Except for the special case ¢ — 1 of Theorem that is, the one which gives Andrews’
identity for spt(n), each of the cases ¢ = 0,—1 and ¢ in (2.13]), (2.20]) and (7.35)) respectively
o

mn

involves the divisor generating function Z 1 . This is intriguing, to say the least, and

n=1

— qn
certainly merits further study.
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