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ABSTRACT. In 1975, Don Zagier obtained a new version of the Kronecker limit formula for a real
quadratic field which involved an interesting function F'(x) which is now known as the Herglotz
function. As demonstrated by Zagier, and very recently by Radchenko and Zagier, F(x) satisfies
beautiful properties which are of interest in both algebraic number theory as well as in analytic
number theory. In this paper, we study % n(z), an extension of the Herglotz function which
also subsumes higher Herglotz function of Vlasenko and Zagier. We call it the extended higher
Herglotz function. It is intimately connected with a certain generalized Lambert series. We derive
two different kinds of functional equations satisfied by %, n(z). Radchenko and Zagier gave a
1 x
beautiful relation between the integral / %
integral at various rational as well as irratoional arguments. We obtain a relation between Zi n ()
and a generalization of the above integral involving polylogarithm. The asymptotic expansions of
Fi,n(x) and some generalized Lambert series are also obtained along with other supplementary

dt and F(z) and used it to evaluate this

results.
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1. INTRODUCTION

The Kronecker limit formula is one of the celebrated theorems in number theory having applica-
tions not only in other areas of Mathematics such as in geometry but also in Physics, for example,
in string theory for the one-loop computation in the Polyakov’s perturbative approach [22]. Let
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K denote a number field and (x(s) the Dedekind zeta-function of K. If A denotes an ideal class
group of K, then we can write (x(s) = > 4 ((s, A), where, for Re(s) > 1, ((s,4) = > .ca ﬁ,
with N(a) being the norm of the fractional ideal a. Then the Kronecker limit formula is concerned
with the evaluation of the constant term p(A) in the Laurent series expansion of ((s, A). This was
done by Kronecker [I§] in the case of an imaginary quadratic field K. While Hecke [15] obtained
a corresponding formula for a real quadratic field K, it was not explicit as one of the expressions
in it was left as an integral containing the Dedekind eta-function.

In a seminal paper [35], Zagier obtained an explicit form of the Kronecker limit formula for real
quadratic fields. Zagier’s formula gives a new representation for the value

o(B) = lim (DS/%(s,B) - 10%6) ,

s—1 s—1

where B is an element of the group of narrow ideal classes of invertible fractional O D—idealsﬂ of the
quadratic order Op = Z + ZD%\/E of discriminant D > 0, ((s, B), for Re(s) > 1, is the sum of
N(a)~* over all invertible Op-ideals a in the class B, and € = €p is the smallest unit > 1 in Op of
norm 1. The reason such a representation is worth studying is because the special value at s = 1
of the Dirichlet series Lx(s,x) = >, x(a)N(a)™* equals D~/23" . x(B)o(B) for any character
on the narrow ideal class group. Zagier’s formula [35 p. 164] reads

oB) = S Plww), (11)
weRed(B)
where the function P(z,y) for x >y > 0 is defined as
2 1 1
P(z,y) = F(a) = F(y) + Liz (£) = T +log <§) (’y — 5 log(a —y) + 7 log (g)) (1)
with Red(B) being the set of larger roots w = (—b+ v/D)/(2a) of all reduced primitive quadratic
forms Q(X,Y) = aX?+bXY +cY?(a,c > 0,a+b+c < 0) of discriminant D belonging to the class

B. Here v is Euler’s constant, Lis(t) is the dilogarithm function

o0

Zi—z 0<t<1), (1.3)
n=1
and i,
F(z):=Y Y(nz) nlog(”x> (z € C\(—00,0]), (1.4)

n=1
where ¥(a) = I'(a)/T'(a) is the logarithmic derivative of the gamma function. The function F(z)
is similar to a function that Herglotz studied in [16] and hence Radchenko and Zagier [26] call it
the Herglotz function.

The Herglotz function F(z) satisfies several interesting and important properties as has been
demonstrated by Zagier in [35], and very recently by Radchenko and Zagier in [26] where they
study, among other things, the relation of this function with the Dedekind eta-function, func-
tional equations satisfied by F'(x) in connection with Hecke operators, the cohomological aspects
of F(x), and its special values at positive rationals and quadratic units. Prior to this, Zagier [35]
Equations (7.4), (7.8)] had obtained beautiful functional equations that F'(x) satisfies, namely, for
x € C\(—00,0],

T

Flz)— Fz+1) - F (m : 1) — _F(1)+Lis <1ix> , (1.5)

Here two ideals belong to the same narrow class if their quotient is a principal ideal A\Op with N(X) > 0.
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1\ 1., w2 9
F($)+F<x> —2F(1)+§log (:U)—G—x(x—l) , (1.6)
where [35, Equation (7.12)]
F(1) = 1o 7L2 _
- 27 12 15

and 1 denotes the first Stieltjes constant.

Apart from their intrinsic beauty, these functional equations are very useful, for example, Zagier
[35] used them to prove Meyer’s theorem and Radchenko and Zagier [26] have used them to obtain
asymptotic expansions of F'(z) as ¢ — 0 and z — 1. Functional equations of the type in occur
in a variety of areas of mathematics such as period functions for Maass forms [19, Equation (0.1)]
(see also [0, Equation (1)]), cotangent functions, double zeta functions etc. We refer the reader to
a beautiful article of Zagier [37] on this topic.

Several generalizations of the Herglotz function (also known sometimes as the Herglotz-Zagier
function) have been studied in the literature. Ishibashi [I7] studied the j*" order Herglotz function
defined by

2. Ri(nx) — log? (nx) .
B(r) = 3 Gen),

n=1

where R;(x) is a generalization of the function R(z) studied by Deninger [§], and is defined as the
solution to the difference equation

fx+1) = f(z) =log(x),  (f(1) = (=1)"*'¢V(0)),
with ((s) denoting the Riemann zeta function. It is clear that ®;(z) = F(x). Ishibashi’s function

®;(x) appears in his explicit representation [I7, Theorem 3] of the Laurent series coefficients of
Zq,(s), the zeta function associated to indefinite quadratic forms @, where

D*2((s,B) =Y Zg,(s) (Re(s)>1).
¢

Zagier [35] had earlier obtained the constant coefficient and the coefficient of (s—1)~! in the Laurent
series expansion of D*/2((s,B). The Herglotz function F(x) makes its conspicuous presence in
Zagier’s expression of the constant coefficient as can be seen from and .

Masri [21] generalized F'(z) in a different direction by considering

F(a,s,x) := i a(n) (p(nz) = log(nz)) (Re(s) > 0,z > 0),

nS

n=1

where a : Z — C is a periodic function with period M. Vlasenko and Zagier [30] studied the
following special case of Masri’s F(«,s,z) when a(n) = 1 and s > 1 is a natural number but
without considering log(nz) term (which is not needed for convergence of the series since s > 1):

Fi(z) == Z w(ﬂf)
n=1

- (keNk>1,z € C\(—o0,0]). (1.7)

They termed it the higher Herglotz functz’onﬂ and obtained following beautiful functional relations
for it [30, Equations (11), (12)]:
1 k—1
Fi(@) + (—a)* ' F () = —9C(R) (14 (=) 1) = 3¢+ 1 =) (—a) !

r=

21t is important to note that Vlasenko and Zagier [30] define their higher Herglotz function by S Y(nx)/nFt
for k > 2.
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+¢(k+1) <(—x)k - 1) , (1.8)

X

and]
Fu(e) = Bl + 1)+ () LB (T ) = () (Gl 1)+ Gk 1) = 7 (8)

k-1 o)
S k=)= (1) <(x+)1 - ;) ,

(1.9)

r=1

where
C(m,n) = n}n (m>2n>1).
p>q>0p q
The function Fj(z) plays an instrumental role in the higher Kronecker “limit” formulas developed
n [30].
'[I‘hie goal of our paper is to study a novel generalization of F'(z), which we call the extended
higher Herglotz function. We define it by

Fin(z) =3 nx) ;log(”Nx) (2 € C\(—00,0]), (1.10)

k

where k and N are positive real numbers such that k+ N > 1. It is clear that when k > 1, one can
write

— (N > log(nNz
= an

=> 1/}(nk) + N¢'(k) = ¢(k)log z. (1.11)
=1

However, we keep ([1.10) as the definition of the extended higher Herglotz function so as to keep
many special cases under one roof. Indeed, from (1.7) and (1.11]), we have for k € N,

Fi(x) = Fi(x) + ¢'(k) — (k) log z. (1.12)
Also #11(x) is the Herglotz function defined in ([1.4]).
We were naturally led to the idea of considering the extended higher Herglotz function in ([1.10))

from our previous work [9] on a generalized Lambert series. Indeed, the extended higher Herglotz
function turns up after differentiating a transformation for the generalized Lambert series

n=2Nm=lexp (—a(2n)Na)
1 —exp(—(2n)Na)

(1.13)

¢

n=1
with respect to a and then letting a = 1 as can be seen from (4.8]) below.
An application of our extended higher Herglotz functions is in obtaining the asymptotic expansion
of the Lambert series
X, —2Nm-1+N

nzz:l exp ((2n)Na) — 1

as o — 07 which can be seen in Theorem Obtaining asymptotic expansions for Lambert
series and its generalizations has received a lot of attention since last century because of their
applications in the theory of the Riemann zeta function. For example, Wigert [32] (see also [29]

(N odd)

3The interpretation of ¢(1,k — 1) given in [30] p. 28] has a minus sign missing in front of the whole term, that is,
the correct form is — ({(k — 1,1) + ¢(k) — v¢(k — 1)).
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p. 163, Theorem 7.15]) obtained the asymptotic expansion of Y 2 1/(e"* — 1) as z — 0 which
was used by Lukkarinen [20] to not only study the moments of the Riemann zeta function but to
also obtain meromorphic continuation of the modified Mellin transform of |¢(1/2 4 iz)|* defined

for Re(s) > 1 by ffo ¢ (5 +ix) |2 x~*dzx. For odd N € N, Wigert himself [33] p. 9-10] obtained the
asymptotic expansion of the generalized Lambert series
oo

ZW—ZZ e

n=1 j=1n=1

as x — 0. Note that the inner sum in the above double series is a generalized partial theta function.
Wigert not only wrote a paper on this partial theta function [34] but also on the above generalized
Lambert series [33].

Zagier [36] had conjectured that the asymptotic expansion of the Lambert series associated with
the square of the Ramanujan tau function 7(n), that is of >.°°  72(n)e "%, as z — 07, can be
expressed in terms of the non-trivial zeros of the Riemann zeta function. This conjecture was
proved by Hafner and Stopple [14]. Thus obtaining asymptotic expansions of Lambert series is a
useful endeavor.

In this paper, we obtain two different kinds of functional equations satisfied by . y(z). See
Theorems and As a special case of one of these functional equations, we get of Zagier.

For z > 0, one of the beautiful identities that F'(x) satisfies [20] is

2

J(z) = F(22) — 2F(z) + F (g) + 17;—3: (1.14)
where
1 o x
J(x) = /0 lgl(ljtt) dt. (1.15)

Radchenko and Zagier [26] have obtained special values of F'(x) at positive rationals and quadratic
units with the help of which they are able to evaluate special values of J(x), for example,
2

J(4+V17) = _7_,_ log2(2)+%log(2)10g(4+\/ﬁ),

2 117r2 3. 5 5 [(VE+1
J<5)—m+4log (2) —2log ( 5 .
Earlier, Herglotz [16] as well as Muzaffar and Williams [25] had evaluated such integrals but only

of a particular type, that is, J(n 4+ v/n? — 1). For example, Herglotz [16, Equation (70a)] showed
that

J(4+V15) = s — (V15 — 2) + log(2) log(V/3 4+ V/5) + log (\/52+1> log(2 + V/3).

12

Regarding this integral, Chowla [0, p. 372] remarked, ‘A direct evaluation of this definite integral is
probably difficult’. Indeed, these evaluations come from not only employing methods from analytic
number theory but also those from algebraic number theory, which is why they are all the more
interesting!

In this paper, a generalization of involving .#j, y(z) is obtained in Theorem Lastly,
we obtain some results showcasing the intimate relationship between generalized Lambert series
and extended higher Herglotz functions.

2. MAIN RESULTS

"

Throughout this paper, the notation Z ( N 1

1),-(N—-3),--- ,N—3,N—1.

will denote a sum over over j = —(N —
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2.1. Functional equations for extended higher Herglotz functions .7, ().
Theorem 2.1. Let k, N € N such that 1 < k < N and z € C\(—00,0]. Let
(—DFNFHGUNC(1+ &) ifk=N

PB(k,N,x) ::{ 0 kAN (2.1)
Then
(N-1) _inj
1-k -1 k Moo e N
N Fpn(r) — ( N) Z ek 1)/N9N+]\I?—17% <xl/N>
j=—(N-1)
4 C(l"'%) 1=k / 1
= — — 1 k)+ N(C(k)) — ———Ck+N)+AB(k,N,z). (2.2
N (g T (0 loga) () NO')) = —sger (ke + V) + Bk Vo). (2:2)
Also,
o~ 1 (N-1) " 6_%
Fn(x) + N F1:\ w
j=—(N-1)
1 (=2 1 N +1
:N{7T6(Nl)vlogx+2(log:v)2N'y2(N2+1)71}«:CH+%(1,N,x). (2.3)

We note that when N =1, gives Zagier’s as a special case.

In the next theorem, we obtain a different kind of functional equation for .7, ;(z), more specifi-
cally, for a combination of .7}, y functions. There is a trade-off between the two types of functional
equations obtained in Theorems 2 1] and [2.2] namely, Theorem [2.1]is valid for any natural numbers
k and N such that 1 <k < N Whereas Theorem [2.2] is valid for any odd natural numbers £ and
N. These two types are, indeed, equivalent when k& and N are odd such that 1 < k < N. This is
shown in subsection B.1l

The idea for deriving the second type of functional equation, considered in Theorem below,
stemmed from a beautiful result obtained in [9, Theorem 2.2]. This identity, which was instrumental
in deriving the main transformation for a generalized Lambert series in [9], is as follows.

Let u € C be fixed such that Re(u) > 0. Then,

S () () o ()] e

Theorem 2.2. Let k and N be odd natural numbers. Let Re(x) > 0. Then,

N-1 1 inj 1 inj

Z ! exp <—%) {9N+]\1§—17% (l (%)ﬁ 6T> + rgsN+1\l;—17% (—i (2%) N (ZW)}
j=—(N-1)
— (0N ()5 S () + P () +2 (0~ 1o () 6 — VD) + 4k, Vo)

(2.5)
where, for Nk #* =2 L%J,
G = NZAE T P
Gk, N, 2) = (0 (%) +am > (—1) (2m) "k — 2N5)C(2) + 1)a¥

j=1
(2.6)
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andfor%z—Q[kJ

9N |»
2(—1)%% 1
T\ N _ _
(kN2 = 2T (V[ bog () ¢ (L4 ) - ¢ (14 5]
+ar D (=1 (2m) V(R - 2N5)¢(25 + 1), (2.7)
The remaining case not considered in the above theorem, namely, % = -2 L%J = 0, that is,
k =1, is given in the following result.
Theorem 2.3. Let k and N be odd natural numbers and Re(x) > 0. Then,
Nl // in (i q opy L img op\ L imi
S TEO g, (((E)T R ) + 7, (< ()T e )
j=—(N-1)
a T ar iz 1 7T2 2 2w
=-NJ{FiIN (E) + AN (_ﬂ) AT 2N~* +2(N — 1)vylog .

4 2
+log?(2m) — log (2) logz — 2(N? + 1)71> } .

Ramanujan’s famous formula for {(2m + 1) [27, p. 173, Ch. 14, Entry 21(i)], [28 pp. 319-320,
formula (28)], [3, pp. 275-276] is given for a, 8 > 0, Re(a) > 0,Re(B) > 0, a8 = 72 and m € Z\{0},
by

-m 1 9 1 —2m 1 B 1 5 1 —2m 1
@ 7¢(@m+ +Z e =7 (= (AT 50Em+ +Z 2280 _ 1
m+1 JB B
_92m 2j2m+42-2j m+1—j 28
Z 2)lem + 2 — 25)1¢ &, 28

where B,, is the n'® Bernoulli number. The Lambert series in enables us to obtain a two-
parameter generalization of given in [0, Theorem 2.4]. See below.

As a special case, Theorem [2.2|gives a beautiful transformation for a combination of the Vlasenko-
Zagier higher Herglotz function Fj(x) which is analogous to (2.8)).

Corollary 2.4. Let a and B be two complex numbers with Re(a) > 0,Re(B) > 0 and aff = 4r>.
Then for m € N,

s W (ORI ))
= (=B {M(Qm o +,i e (¢ (57) 0 (557)) }
- Z 17¢(1 = 2j +2m)¢(25 + 1)ad 7757 29

It is important to note here that Corollary [2.4] cannot be obtained for any general «a, 3 such that
aff = 472 by applying Vlasenko and Zagier’s (1.§) once with & = 2m + 1 and = = ia/(27), and
again with £ = 2m + 1 and = = i8/(27), and adding the resulting two equations, for, doing so will
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result in
00 . 00 inf inf
G () (5 ()
Z n2m+1 Z n2m+1 Z n2m+1 B Z n2m+1
n=1 n=1

= =y (24 (=8)"a T+ (—a)"F ") ((2m + 1) +iC(2m + 2) (2; v 2 GO

ma—m 2m 7 r—1
W) Zg c@m+2—7r) <2W) ("t 48771 (2.10)

It is clear that it is impossible to get Corollary from (2.10) for any «, 3 such that a3 = 472 be-

cause of the factors of the form (—3)™a ™™ and (—a)™B~™ in front of the series Y oo ; n™ 2" "1y (—12)

and Y 00 n72m Ly ( @) respectively in (2.10]) whereas we do not have such factors in Corollary

24
Only in the case when a = 8 = 27 and m is replaced by 2m is Corollary obtainable from

(2.10). We state below this special case of Corollary namely for m € N,
e’} 2m—1
1 . . e .
> et (Vi) + (=) = —29((4m +1) - > (-17¢25 + D¢(Am+1-2j).  (2.11)
n=1 j=1
Letting m = 1 in Corollary [2.4] gives a beautiful modular relation:

Corollary 2.5. Let a and B be two complex numbers with Re(a) > 0,Re(B) > 0 and aff = 4r>.
Then

s s (o (52) v () = o X (o (52) o (522))

(2.12)

Remark 2.2. Corollary is an analogue of Ramanujan’s formula for {(2m + 1), that is, (2.8).
Indeed, the combination of Viasenko-Zagier higher Herglotz functions in Corollary seems to
mimick the role played by the Lambert series in Ramanujan’s formula.

This phenomenon is seen to be true even when we consider the generalization of Corollary
given in Theorem . Indeed, the combination of the extended higher Herglotz functions Fy n(x)
in Theorem plays a similar role as that played by the generalized Lambert series in Theorem
1.2 of [11]. The latter theorem is the special case a =1 of (4.8).

2.3. Asymptotics of the extended higher Herglotz functions. An immediate application of
the functional equations given in the above theorems is in obtaining the asymptotic expansions
of the extended higher Herglotz functions % n(z) as « — 0. These asymptotic expansions for
different conditions on the parameters involved are collected together in the theorem below.

Theorem 2.6. Let x € C\(—00,0] and k, N are positive real numbers such that k + N > 1. Let
PB(k,N,x) be defined in (2.1). Then as r — oo,
TN (@) ~ = Ch+ N) = nz::l 5 S+ 2nN)2 2", (2.13)

Also, as x — 0,
(i) For k, N € N such that1 < k < N, we have

EN) (o roga) (k) + NCR) +

F, ~ — _
kN () T N sin (%(k
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DR (=)™ NIk = mN)C (1 + m) 2™ (2.14)
m=1

(ii) For N € N,

2
Fin(z) ~ _C(Nx—m + % {7; — (N = 1)ylogz + %logQ:c — N~% - (N2 + 1)71}
+2(1,N,2) = > (—1)"VH(1 —mN)C (1 +m) 2™, (2.15)
m=1

Letting N = 1 gives Radchenko and Zagier’s asymptotic expansions for F(z) as z — oo and as
x — 0 as can be seen from [26, Equation (7)].

Theorem 2.7. Let k and N be positive real numbers such that k+ N > 1 and let Re(z) > 0. Let
€ (k,N,x) be defined in (2.6) and (2.7). Then as x — oo,

TN (;x> + TN < g) ~ f: (_inﬂBM(k +2nN) <2;>2n, (2.16)

n=1

Also, for odd natural numbers k and N, as x — 0,

1 1

Fin (oo |+ TN | —52

’ 27 ’ 27
N+k+2 b_1

o{ (o (%) ) com e vt} e v+ 0 () e (-

o0

_ 2n
XZ Bgn (N—i—k]—i\—an 1)(217:7)1\,7 (2.17)

n COS

)

and for an odd natural number N, as x — 0,

1 1T
FAAN|— |+ PN
2 2

1 (=2 2m 472 9
~— = —-2Ny? +2(N - 1)ylog +log?(2m) — log [ — | logz — 2(N? 4 1)my
N \ 12 T
7 N1 e By, 2n o\ W
—(—1 ——(C |1+ — — . 2.18
+N( ) ;ncos(g\’})<< +N><27r) (2.18)

2.4. An interesting relation between a generalized polylogarithm function and the ex-
tended higher Herglotz functions. The polylogarithm is a generalization of the dilogarithm
function of (1.3)). It is defined by
X in
Lig(t) := vl
n=1
It is clear that Lis(t) converges for any complex s as long as |t| < 1. It can be analytically continued
for |t| > 1. There are a number of generalizations of polylogarithm in the literature.
In the following result, we encountered a new generalization of the polylogarithm function. We
define it for N € N,s € C and [t| < 1 by

o0 tn
VLis(t) =) — (2.19)
n=1

Clearly, 1Lig(¢) = Lis(¢) for |t| < 1.
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Theorem 2.8. Let k and N be any positive integers. Let nLig(t) be defined in (2.19)). Define

L[ ok-1 oN,@2N=1)  ok-1 _q
= — — Lig(—u”) du. 2.2
kv (@) /0 (u -1 u?™ —1 ulogu |V ip(—u”) du (2.20)

Then for x > 0, we have
_ _ x
Jen(z) = Fpn@Nz) - (2k T4 2! k) TN (@) + TN (2*]\,)

_ _ _r\ C(k+ N)
+(2N+2 N _gk-1_ ol ’f) — (2.21)

The integral in is a natural generalization of in the setting of .%, y(z) in the sense
that it arises naturally while extending the Radchenko-Zagier relation between J(x) and F(z) in
(1.14). Indeed, it can be easily checked that Jji(x) = J(x) and that follows by letting
k=N =1 in Theorem 2.8

The above theorem leads to the following relation involving polylogarithm and Vlasenko and
Zagier’s higher Herglotz function Fj(z) from , which is valid for a positive integer k > 1:

Corollary 2.9. Let x > 0 and let k > 1 be a positive integer. Let Fi(x) be defined in (1.7)). Then

1 k-1 k—1
2 2 21 -1
/ - v Lig(—u") du
o \u—1 w*—1 ulogu

— Fy(22) — (2’“*1 + 21*’6) Fi(z) + Fy (g) n (2 gkl 21*’“) (g’(k) — (k) log + %((k v 1))

1
+ %C(k +1).

For k odd, Corollary in turn, gives an evaluation of an integral involving polylogarithm
function in terms of the higher Herglotz function Fj(2), special values of the Riemann zeta function
and its derivatives as stated below.

Corollary 2.10. Let k > 1 be an odd positive integer. Let Fy(x) be defined in (1.7). Then

1 k-1 k—1
2 2 281 -1
/ - v Ligx(—u) du
o \u—1 w?—1 ulogu

= (1= 2"7%) B(@) + (257 = D)¢k) + (; - 2’“) C1) + (2= 2871 = 2175) (k)
k—1
51t (2’?*2 yok 2"*’4) Cr)C(k+1—7). (2.22)
r=2

2.5. Transformations involving higher Herglotz functions and generalized Lambert se-
ries. In [I0, Corollary 2.13], the following companion of Ramanujan’s formula (2.8)) was obtained.
Let m € N. If a and 3 are complex numbers such that Re(a) > 0, Re(8) > 0, and a8 = 72, then

0 —2m m—1 521
“(m_1) |1 n 247" By; . 2iem_1

J=0

_ (1) {Zwm) . (v (%) +o (-22)) } L e

n=1

In what follows, we give a one-parameter extension of ([2.23]).
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Theorem 2.11. Let N be an odd positive integer. For aflN = L with Re(a) > 0, Re(5) > 0,

and m > 1,

_(2vm_1y (1 n—2Nm-1+N
a” (R ) (24(2Nm+1— +Z c@n)Na _ | )

. Z BQJ 2N772l‘)|—1 2Nj)2N(2j_1)a2j_%\[Tnf_%

(29)!
92m(N—1) o (avm oy [ Ny
= = (-1 2>[2N r¢(2m)
T 2
—1)
1 1/N ﬁ 1 N Z
toN Z an( <7T(2n)/ eN)+w< 7T(Qn)/ . (2:24)

j=— (Nl)nl

It is straightforward to see that letting N = 1 in the above theorem gives ([2.23]).
Theorem 2.12. Let N be an odd positive integer. If o, § > 0 such that afN = 7Nt1

pN-1 1
Z ((2n) Na —1 9NaN (N7 —log(2m) — (N — 1)(log 2 — ¥))
n:l
B 1 o 2 & & B o\L iz
_21\70[(]\74-1)10g<5>+2NaN. e llog <2(2n) e >
==\ n=
1 B L i B L im g if, N=1
_2{w(z%(2n) ‘ >+w( i (BmNe )} +{5, if, N> 1. (2:25)

As an application of the asymptotic expansions derived in Theorem we obtain the complete
asymptotic expansions for the Lambert series with the help of Theorem above.

Theorem 2.13. Let N be an odd positive integer and let m > 1. Asa — 0
(=1)m*t o(2m—1)(N-1)  2m—1

> —2Nm—1+N
(2Nm+1) — fC(QNm +1—N)+ NI

n
nzl e(2n)Na _q 2N ¢
0 £+1 Bon N-1,\ %
X Z ~ LN (2m+ 20) ( ) + In(m, ), (2.26)
(=1
where
2(2m—1)(N—1) il omed a2N—1
In(m,a) := W(_l) o ¢(2m) <N’y—10g ( - >) —¢'(2m)

1
< Ba;j C(2Nm+1—2NJ)2N(2g 1) 21

> 2))!

J=1

Also, in particular, as o — 0,

X p2m m _1)ym+1,2m—1 o
> g~ 2D o) + (”ﬂn{wm) (v -105(2)) - <’<2m>}

n=1
_1\ym+1,.2m—1 X 1\l(+1 2
(=)™ a (=1) B%C (2m 4+ 2¢) <%>

+ 2m Y
=1
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!B 2 1-2 ;
+ Z 2 ¢2m + 1) (9021, (2.27)
We note in passing that the well-known result [12, p. 903, Formula 8.361.8], for Re(xz) > 0,

namely
& 1 1
—logx = — — = e dt
Y(x) —logx /O <1—e—t t)e :

gives an integral representation for % ny(z):

Frn(z) = —/OOO (1 _1 - 1) ~Lig (e7*) dt, (2.28)

et

where yLig(t) is defined in (2.19)), whereas Binet’s formula [31, p. 251] for Re(z) > 0, namely
1 o 2t
—1 - _ dt
Y(x) + op 087 /0 (2 +22)(e2t —1)

yields a representation for .7 n(x) in terms of a generalized Lambert series for Re(z) > 0:

[ & nk 2t 1
TN (@) = _/0 (; exp(2mnNt) — 1) 2 + 22 dt = %C(k +N).

3. PROOFS OF FUNCTIONAL EQUATIONS SATISFIED BY % ()

Proof of Theorem 2.1 Employing the well-known functional equation

1
Y +1) =¢(x) + - (3.1)
in the definition of Zj n(z) in (1.10), we get
& N —1 N
Fonlw) =Y Lt % og(n7z) _ %C(k +N). (3.2)

We need the following formula due to Kloosterman [29] Equation 2.9.2], which is valid in 0 < ¢ =
Re(z) < 1 and z € C\(—o0,0]:
1 —m((1
Mx_z dz =Yz +1) —logz, (3.3)
27 () sin(mz)

where here and in the sequel, f denotes the line integral f CHOO.

Thus, invoking (3.3)) in ., We get for 0 < ¢ = Re( ) <

—TI'C N —z ].
dz——((k+ N
Trn(@ T omi an /C sin(mz) (n z) : xC( +N)
1 —7m((1 — k+ N 1
_ L ¢ ( .Z)C( + Z)xfzdz_fc(kJrN)’
2mi J (o) sin(7z) x
by interchanging the order of summation and integration. Employing the change of variable z =
-~ = % in the above equation, we see that for —N —k+1 < =Re(s) <1—k,
1 k= 1
TN (T) = kaTlI - EC(k + N), (3.4)
where,
1 14+ =y (1 —5) &
[=1(kN,z):= ¢ ) =8) e

2mi @) sin(F(s+k—1))
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Now construct a rectangular contour formed by the line segments [¢/ —iT, ¢ +iT], [ +4T, " +iT],
[ +iT, " —iT), [ —iT,¢ —iT] where 0 < ¢’ < N — k+ 1. Since we wish to employ again
after shifting the line of integration from Re(s) = ¢’ to Re(s) = ¢, we also need 0 < ¢’ < 1. In any
case, we must have N — k + 1 > 0, or, in other words, k¥ < N. Note that in the process of shifting
the line of integration, we encounter a double pole of the integrand at s = 1 — k and a simple pole
at s = 0.

Here, and throughout the paper, R, denotes the residue of the associated integrand at its pole
at a. Stirling’s formula in the vertical strip p < o < ¢ reads [7, p. 224]

IT(s)| = v2rlt]7~F 371 <1+o<‘ ‘)> (3.5)

as [t| — oo.
Then letting T' — oo, noting that the integrals over the horizontal segments thereby go to zero
(due to (3.5))) and employing Cauchy’s residue theorem, we have
I=1— (Ro + Rl_k;), (36)
where b
1 1 STR=1 1— s
WC( + =5 )C( S)q;ﬁ ds,
2mi ) sin(F(s+k—1))
and the residues Ry and Rq_j are easily seen to be

I = Ii(k,N,z) =

14 k=L
Ry = _W_C(—'_—N)7 (3.7)
sin (5 (k — 1))
Rik=—Na&'% (= (y+logz) (k) + NC'(k)) . (3.8)
To evaluate [;, we use the following well known result [9, Lemma 4.3]
(N-1)
1 1 "o
— ijz
sin(z)  sin(Nz) Z ¢ (39)
j==(N-1)
with z = 7(s+ k —1)/N so as to obtain
(Nfl) S — _img -s
I = Z Neirrj(kl)/Nl./ WC(} —8)C (1 + =) (% s
=2F- 21i Jery  sin(m(s+k—1)) xl/N
(N-1) ! —s
—_ (_1\k z7r]k: 1)/N _WC(l_S) NAN _imi
(1) ‘ z(]; N Z 1+"‘ 1 2m (ery sin(ms) (a;) e ds, (3.10)
j=—(N—

where in the last step we used the series representation of ¢ (1 + SH“TA) since k > 1 and ¢’ > 0
and interchanged the order of summation and integration which can be easily justified by standard

arguments. Now invoke (3.3)) again in (3.10]) to obtain
(N-1)

PR PR
11:(—1>’“j__zw_1) i 1/an_ e { <(Z)Ne%+1> _1og<(Z)Nezv>}
(NE_:I) 2: n % _inj n % _imj
- (_1)kj:(N1) e ot n1+ { <($) © ) s <(90> °7 >}
P\ =
+ (—1)k$1/NC (1 + N> § €z7rjk/N’ (311)

j==(N-1)
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where we used (3.1)) in the last step. From (3.9)) and the fact that 1 < £ < N, we have

N—

(Z:l) " imjk/N _ (_1)N+1N it k=N (3 12)
_ 1)6 “10 if1<k<N. ‘
j=—(N—

Using (3.12)) in (3.11)) and recalling the definition of (1.10)), we see that

(N-1) inj
L = (_1)k Z /Ieiwj(k_l)/thaNJrI\’?fl’% <e 1/1;\/ > + NB(k,N,x), (3.13)
j=—(N-1)

where #(k, N, x) is defined in (2.1]). Substituting (3.7)), (3.8) and (3.13]) in (3.6), we see that

I o e B e
=~V AR "sin (F(k - 1))

+ Na'% (= (v +logz) C(k) + NC' (k). (3.14)

The proof now follows from substituting in and multiplying both sides of the resulting

equation by ol

Equation (2.3)) can be similarly proved. The only difference is that & = 1 renders the pole at
s = 0 of the integrand of to be a pole of order 3 because of which the residue at it has to be modified
accordingly. O

Proof of Theorem 2.2 The fact that k and N are odd is used several times in the proof without
mention.

Case 1: k #* =2 L
Let J denote the left- hand Slde of . Using (|1 , we rewrite J in the form

N-1 . . %) 1
: k N -1 1 2 N irj
g TR S F A (ST
. N

j=—(N-1) n=1"7
1 1
1 2 N im] 2 N im]
_ [Q/) <z <7m> 6213) +9 <z (Fn> em\?)] } (3.15)
2 T x
Define
1
92 ~
Xy =270 <7m> (3.16)
x
9 = .
X; =2l <7m> e = Xy e2n (3.17)
b I :L.

Employing (2.4) in (3.15]), we observe that

" iﬂ(/{:—i—N—l)j tcost
J=—4 Z 77 exp <_ CEEN-T Z/ oy 2@
j=—(N-1) 2N n= 1 n t +X€
N-1 . . 00
" im(k+ N — 1)3) 7r 1 1 I'(s1) —s
=—4 i/ exp <_ 2 FEN—1 o oy (Xing) ds1,
j:E(];l) 2N 2 nél n +N L omi (c1) tan( ;1) Td
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where 1 < ¢1 := Re(s1) < 2. The last step follows from the following result [9, Lemma 4.1]

1 r 2 [ teost
1 / (1) o1 gy, = 2 / teost (3.19)
(c 0

210 J (¢ tan(T5) T u? 4 t2

which is valid for 0 < Re(s1) = ¢1 < 2 and Re(u) >0 ﬁ

From (3.16)), (3.17) and (3.18) and interchanging the order of summation and integration, we
have

N-1

-1 & 1 ['(s1) " ( inj _
J=— - / — exp|—s=(s1+k+N—-1)) X, dsi. (3.20)
v n,fzzl nkJr% - (c1) tan (Tl) j:%l) 2N ’
From [0, Equation (4.2)], for N odd,
N-1
cos(Nz) N-1 ", -
——==(-1)"2 i’ exp(—ijz). (3.21)
cos(z) j=§(1;1)

Using (3.21)) with z = n(s1 + k+ N —1)/(2N) in (3.20]), we observe that

e}

-1 1 I'(s1) voicos(5(si+hk+N—1)) .
J = T Z k+N—1 / s (_]‘) 2 Xf,nl dsl
(c H) cos (% <751+kf\}N_1)>

7 = n N 1) tan(T
k=1
_ (=1)= i 1 / I'(s1)cos (T5L) X dsy.
2i M:ln’”%” (c1) Cos(w (%» tn

Performing the change of variable s; = Ns — k — N + 1 in the above equation, we see that for
k:J]rVN < ¢ < kBENtL

N )
N & I'(Ns —k — N + 1) sin (s
J= (DN Z 1 / (Ns —k =N +1)sin (T)XZNSHHNA ds
- k+N-—1
iy e cos () "

1\ k+N-1
— N
o (u(2))
7 x
1

T(Ns—k— N+ 1)sin (732) o\ V)
x/() 2 ) ()C(Ns—k — N +1) (27r <> ) ds,  (3.22)

cos (%) T

where in the last step, we used the definition of X,,, in (3.16) and the series representations for
((s) and ((Ns—k— N +1).

Now use the asymmetric form of the functional equation for ((s) [29, p. 13, Equation (2.1.1)],
namely,

C(s) = 2275710 (1 — 8)¢(1 — s) sin (g) , (3.23)
in to deduce that
-N k1 (27 B TS s
J= 5= (-1 <x> /(C) ¢(k+ N — Ns) tan (7) T(1—s)C(1—s)z® ds.  (3.24)

We take 1 < ¢1 = Re(s1) < 2 in the integral in (3.18]) and not 0 < ¢; = Re(s1) < 2 so that we are able to use the
series representation of ((s) while evaluating the integral in ([3.22)
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If we replace s by 1 — s in the above equation then for —w < e < — N, we get
N k1 (27 S cos (E)
—(-1) (= k+ N 22T 178 gs. 3.25
=m0 () T [ e N STt (329)

We wish to use the series representation for ((s) in - ) for which we transform it by shift-
ing the line of integration to 1 < d = Re(s) < 2. Consider the contour formed by the lines
[ca —iT, coa+iT], [co+iT,d+iT), [d+iT,d—iT] and [d—iT, ca —iT]. Note that inside this contour
the integrand has

(1) a simple pole at s = 1 (due to ((k + Ns));

(2) a double order pole at s =0 (due to sin (%) and I'(s));

(3) simple poles at s = —25 due to the zeros of sm( ) 1<j5< L J (because —2j > —% which
implies that j < L%J) This is because the poles of I'(s) at s = —j, 1 < j < % are canceled by
the zeros of ((s) and cos (’T;) at negative even and odd integers respectively.

Note that using (3 , one can see that the integrals over the horizontal segments of the contour
tend to zero as the height T — co. Therefore invoking Cauchy’s theorem, we deduce that

C(k + Ns)cot (%S) L(s)C(s)zt =% ds

2mi (c2)
24 1 S

=—Ry— Ri& —k Z R_3; + e ((k+ Ns) cot ( 5 ) [(s)C(s)zt % ds. (3.26)
Jj=1 ()

The residues in (3.26)) are calculated to be
x 27
ro=2{ (v =108 (%)) ctiy - N
T x
R_g; = 2(=1) (2m) "7 1¢(k — 2Nj)C(1 + 2))x' %,

Ris=1% (x)h%l C(1+15)
-k = — | — —_—
N N A2 Sm(2 ()
Also, the integral on the right-hand side of (| is evaluated to

27”/ C(k+ Ns) cot( 5 >I‘( )C(s)zt 2 ds

(3.27)

=11 ['(s) N
==z - ——(xl"n)"% ds
n,Eéz:l 270 J(g) tan (%)

| Ny 1 itN —itNg
-7 — 11 _Z 2
w;ek{%(%) (%) (5)) 029
where in the second step we used (| and in the last step used ([2.4]).

Now substitute and (| - in so as to derive

3 “ C(k+ Ns)cot ( 5 ) L(s)C(s)zt % ds

o5 o (52) - (o () ()
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-z { <7 ~ log (T)) () - N<’(k>}

=2 > (1) (2m) ¥ (k — 2N5)¢(1 + 2)a’ T
j=1

) TGO ) e

Finally substitute in and use the definitions of %, n(x) and €' (k, N,z) from
and respectively to arrive at .

Case 2: % =— L%J #0.
The only change in this case is the contribution of the double order pole of the integrand in
at s = (1 — k)/N due to ((k + Ns) and sin (%2). Due to this, the residue at (1 — k)/N of the
integrand of the integral on the left-hand side of now becomes

2(_]1\;%1 (%) e [(v + log <2;>) ¢ <1 + k;,l) - <1 + k];lﬂ )

3.1. Proof of the equivalence of Theorems and for odd natural numbers k& and
N such that 1 < k£ < N. Assume k and N to be odd positive integers such that 1 < k£ < N.
Employing once, with = replaced by % and then again with = replaced by —é—fr, and then
adding the resulting two equations, we arrive at

0

k—1

L fifg““:(i)TE By+ B3} + E
Fu (52) + P (~52) = (52) B+ Bat ) 4 B, (330)

where

B =20 N o (%(k - 1)) (3.31)

2

By:=i'v % (k: “C> +(—)'V B (k:,N, —?)
™

" om

N

-1 . _ 1
. (71)19 1oimj(k—1) | k-1 1T N g
Bosty 2 e v e e)

j=—(N-1)

+(—Z)%9k+1vfl,% (<—;ﬁ)_}v e N (3.32)
Byt = —2v¢(k) + 2NC (k) — (k) <log (fi) + log (-éfr)) . (3.33)

Using the definition of #(k, N, x) from ({2.1)), it is easy to see that Fy =0 for 1 < k < N, and that

for k=N,
+ k 7k
B, — 9(_1)k+N+1 LN 142 RGN
2=2(-1) (27r> S\ )eslan

Since the cosine function vanishes for kK = N, we conclude that E5 = 0 in this case as well. Hence

Ey=0 for 1 <k<N. (3.34)
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We next simplify Fs3. To that end, use the definition of .#j y(x) from in so that

Now write both the digamma functions in the above equation in the form ¢ (z) = ¢¥(z +1) — 1/x
by using the functional equation (3.1]) and then use Kloosterman’s formula (3.3)) twice in the above
equation so as to get, for 0 < ¢ = Re(s) < 1,

N-1

1
Il imj(k—1) N img i i k
>, et [_ (3:)" ¥ <€2§+62§>C(1+N>

——(N-1)

1 —w¢(1—s) T N\N-% _iri\ /. sth—1 stk—1
- d
+27ri (¢ sin(ms) <<27m) ¢ (l R SO ) s
2—1)F+ 2\ k E\ N 7o 2(—1)k 0 miie)
= — - | — IR, 1 _
N <27r) cos\oy )\t Z CN TonN ¢«
j=—(N-1) j=—(N-1)

(e (D) () )

We now use (3.9) in (3.35)) and employ the change of variable s = s1 — (k + N — 1) in the integral
on the right-hand side of (3.35) to arrive at, for k+ N —1 < A = Re(s1) < k+ N,

(_1)k+1 T\ W < k ) sin(7k) 2(—1)k T *<k+1]\\;71) Ny, L
Es=—7"—|(-— Cl1+ —= | — —~ + - - e~
N (7T> N sin (%) 27TZN (27‘(‘) ]%_1)

<y e (0 G () 7 ®) an

Note that the first term on the right-hand side of the above equation vanishes as the sine function
is zero since k is an integer. Also as k and N are odd positive integers therefore (=1)FN =1 and
j runs over even integers hence we have e™*J = 1. Therefore E3 reduces to

_ —(7 -
Bosllh (£) B ¢ et ()

1 —S81
T\N"N _ing
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Employing the change of variable s; = Ns in the integral in (3.36)), we have, for % <A\ =
Re(s) < %,

2=k a — (e lh) ((k+ N — Ns) sy [xe™\°
Es = 2me (%) Z /* sin(mNs) C(s)sm(?) 2m ds

2(_1)k x (k+N () C(k—i—N—NS) . 9 (TS Ly,
— et 22V 11 - 1— s injs g
2mi (27r> () sin(mNs) S ( 2 ) (1=5)C(—s)x , Z ¢ %
Jj=—(N-1)
(3.37)
where in the last step we used (| - Now use in ) to obtain
-1 k _(k+N-1)
By = (%2 (%) N . C(k+ N — Ns)I(1 — )¢ (1 — s) tan (g) 2ds. (3.38)
From (3.15)) and (3.24)), for HTN <c< W, we have
1 s
— C(k+ N —Ns)I'(1 —s)C(1—s)tan (—) x’ds
211 (c) 2
_ (=D e B R v e u , 2n%%
- N (27T) € s O R ¢
j==(N-1)

2 N iy
+ Frinoa 1 <—z( ”) eaz&> } (3.39)
N N €T

We want to employ in , for which, we need to shift the line of integration of
to BN < ¢ < EEEL - Consider the contour formed by the line segments [\* — iT, c — iT], [c —
iT,c+iT), [c+iT,\* +iT] and [\* 4 iT, \* —iT]. Note that the integrand has no poles inside
this contour. The condition 1 < k£ < N implies —1 <1 — k+N < N , ensures that the pole of the
integrand of the left-hand side of at s = HTN does not lie inside the contour. Due to the
same reason, (1 — s) also does not have a pole inside the contour. Therefore applying Cauchy’s
residue theorem to the integral in (| and using the fact that the integral along the horizontal

segments go to zero as the height T of the contour tends to oo, for k+N <c< k+N +1 we see that

_ (_1)k T _(Hx_l) TS\
By =5 (5) : C(k+ N — Ns)D(1 — s)¢ (1 — ) tan (7) 2*ds

k _ 1
(—1)%1 Nzl " 71#(1;;]1)]‘ 7 2T\ N %
= — e — 1| — e
N : e T
=

——(N—-1

1
2 N im]
+Fhenos 1 (—i (”) em\Jf> } (3.40)
"N x

where in the last step we used -
Note that k and N odd and 1 < k& < N imply that 1 k #* =2 L2NJ which, in turn, implies that

the finite sum in (2.6)) is empty. Therefore, the equlvalence of Theorems [2 ! and |2 - 2| follows upon
substituting (3.31)), (3.33)), (3.34) and (3.40) in (3.30]) to arrive at ({2.5).

Proof of Theorem 2.3] Let k = 1 in (3.25). The proof is almost similar to that of Theorem
except that the pole of the integrand in (3.25)) at 0 is of order three whence the corresponding
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residue becomes

= 2 Py - 2m 47%2 _ 2
RO_QNTr{ 2y N+12+2’Y(N 1)log< >+log (2m) — log( . )log((z;) 2AN? + 1)y p.

O

Proof of Corollary 2.4, Let N = 1,k = 2m + 1,m > 1, in Theorem and use the definition
of Zin(z) in (1.10). Let @ = x and 8 = 47%/a. Since m > 1, we can separate the expressions

involving logarithm. This results in a lot of simplification thereby resulting in (2.9)). O
Proof of Corollary 2.5 Let m = 1 in Corollary and notice that the finite sum on the right-
hand side vanishes thereby giving (2.12)). O

3.2. Proof of a relation between .#; y(z) and a generalized polylogarithm.

o0 o0
1
Proof of Theorem [2.8] Employing (2.28) and repeatedly using the fact g a(2n) = 3 g (1+
n=1 n=1

(=1)™")a(n), we see that
_ _ x
7 N(2Na}> - (2k ! + 21 k) 9&]\7(93) + yk’N (QW)

00 1 1 o —(2n)Nat B B o —nNat ® —(n/2)Nazt
:_/0 (1_et_t> [Ze nk _<2k1+21 k>zenk +Ze nk ]dt

n=1 n=1 n=1

00 1 1 B & N e Nzt e " Nyt
[ (=) e e e e
n=1
—(n/2)Naxt oo —(n/2)N:E]
dt

SO O T

n=1

B o0 1 1 k L e Nt 0 " ef(n/Q)Na:t

_ /0 (1_€_t >[ Z ;( e |t
0o 1 1 e Nt o0 ne—(n/Q)Nxt

L [2 St S

n=1
b1 e Nt o 6—(n/2)Nmt
n
(e e
n=1
. . 1 1 .  a 1
where the last step was simplified using T | + 1. Since e dt = — for a > 0, we
—e et — 0 a

have

Fen@2Nz) - (z’f L4 ol- k) TN (@ )+%N<2%)

[eS) > e~ Nyt ] 1 > —n Ty
_ k—1 N
— 9 /O < )Z dt +2 /0 <e2Ny ~ 5N )Z dy

n=1
(2k—1 72N) > (_1)n

e 2N

n=1
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where, in the second integral, we employed the change of variable t = 2/Vy. Since Yool ()T =
(2175 — 1)¢(s) for Re(s) > 0, we deduce that

T
Fin(@Ve) = @+ 2N Fn (@) + T ()
B /oo 2k71 2N (2k71 o 1) i( 1)n eanxt "
o \et—1 2Vt t nk

C(k+N)‘

— (2N 427N okl _gloh) (3.41)
Making change of variable e=* = wu in the integral on the right-hand side of (3.41]), using the
definitions of yLis(t) and J n(x) given in (2.19) and (2.20]) respectively, using the elementary fact

(-)m*

= (—=1)" and simplifying, we arrive at (2.21)). This completes the proof.
]

The next result which gives a relation between an integral with polylogarithm in its integrand
and the Vlasenko-Zagier higher Herglotz function, and is analogous to (|1.14]), was missing in the
literature.

Proof of Corollary 2.9 Let N =1 in the Theorem [2.8 and employ (I.11)). O
Proof of Corollary [2.10] Let z = 1 in Corollary This gives

/o1 <5k—11 - u223 1 221;;“1) Liy,(—u) du
= F(2) — <2k—1 + 21—k> Fi(1) + Fi, (;) + (2 _ k=1 _ 21—k> (¢'(k)+C(k+1)) + %C(k +1).
(3.42)

Now let & > 1 be an odd integer. We first calculate Fj(1). Letting x = 1 in ([1.8) and simplifying,
we obtain

el
|
—

Fip(1) = =7C(k) = C(k+1) — (=) )¢k +1 = 7). (3.43)

N | —
.
I
(3%

Also, employing (|1.8]) again with x = 2 and simplifying, we deduce that

F, (;) = 217FF(2) =21+ 27D C(k 4+ 1) — (14 2 F)y¢(k) — 21 kz ) ()¢ + 1 — 7).

(3.44)

Now, substitute (3.43)) and (3.44]) in (3.42)) so as to obtain (2.22)) upon simplification. O

4. PROOFS OF TRANSFORMATIONS AND ASYMPTOTIC EXPANSIONS OF THE EXTENDED HIGHER
HERGLOTZ FUNCTIONS AND GENERALIZED LAMBERT SERIES

Proof of Theorem 2.6 The formula [1, p. 259, formula 6.3.18]

Y(x) ~logz + Y C(1—n)z",
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as x — 00, |arg «| < m implies that

Fp.N(x ZCl—n C(k+nN)x™ (4.1)

n=1

:——CIH—N Z C(k+2nN)z~

where in the second step we used the facts that ((—2j) = 0 for j € N and [2, p. 266, Theorem
12.16]

1 .
) ifn =0, 49
(=n) {—i’iﬁf, ifn € N. (4.2)

We now establish (2.14)) using (2.2]) and (4.1). Upon using (4.1)), as z — 0, we have
(N—1) i 1N
3 " mi-D/N g (€ ””
) N N x
]:

(N-1)
(N-1) n—
~ ¥ ! (k1) /NZ (1 —n)¢ (M=)
e—ini \ /N
=~ (N-1) (=) >
00 (N-1)
_ NAk+n-1 N " imj(k+n—1)/N
n=1 j=—(N—1)
0 (N-1)
N+4+k+n-—1 n 0 otm—
=31 ) (N) NS milan N (4.3)
n=1 (N-1)
From (3.9), we know that if m € N,
N-1
(Z) ! gimj(k+n—1)/N _ (~1)ymWN+HON if p =mN — k+ 1 (4.4)
‘ 0 ifn#mN —Fk+1. '
J=—(N-1)
Employing (4.4) in (4.3]), we see that, as z — 0,
(N-1) _imiN /N
Z 7,71'](/€ 1)/NJN+k 11 ((e J) )
N x
j=—(N-1)
~ N ST (=)D — mN)C (1 +m) 2™t R (4.5)
m>q

Now divide (2.2) by 2('=%/Nthen take 2 — 0 in the resulting identity to obtain (2.14)).

Equation (2.15) can be proved by letting £ = 1 in (4.5) and putting the resulting asymptotic
expansion in ([2.3)).
Proof of Theorem 2.7 From (2.13)), it is easy to observe that as z — oo,

Fn () + 7y (-2 ii(_l)nHB C(k +2nN) 2m\ ™
kN o kN o n 2n - .

n=1
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To obtain (2.17)) as x — 0, we first rewrite (2.5) as,

k+1 k—1
. , —1 ~
Fux (£) + T () =~{2((r - 08 () 08 = NC 1) + 9 Mooy + 3 (52)
N-1 L
X Z ! exp (% - W(A;—;f_l)) {ﬂwﬁéﬂ% (z (2?”)% e;ﬂ) + yNJr]l\;fl,% —1i (27”)% 612&)}
j=—(N-1)
(4.6)

Using (4.1)), as © — 0,

. (o L imj
1 Z( )NGQN 4+ FNth-1 1
"N N N

N-1
3 ueXp(?) {‘%V*/VH 2n
j==(N-1)
N-1 00 . o
w2 B e () Lot (BT () R e ()
j:_(N—l) n=1
- L N-1 .. . .
B G e ORI C S )
n=1 =1

where in the last step the fact that cosine function vanishes for odd values of n. Using (3.9) and

(4.2) in the above equation, we arrive at

N-1
o Mo () {Fam g (107 H) - Py (1
j=—(N-1)
__iBgnC<k+2n+N—l> (m)%\?sm(ﬂé\[) (4.7)
N n N 27 cos (Lj\?) )

n=1

(7 in (&F) to obtain [217).
(4.7) and then substitute the resultant in Theorem

Hence employ
To obtain (2.18), let £k =1 in

Proof of Theorem [2.11, We need Theorem 2.4 from [9] given below.
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Let 0 < a <1, let N be an odd positive integer and o, 8 > 0 such that o™ = aNt1. Then for
any positive integer m,

o W ( <a _ ;) C2Nm +1) + Z B;Jj(l)? (2Nm + 1 - 2jN)(2V )%

o~ 1" exp (—a (2n)) ))

= 1—exp(—@2n)N
B (75%> -m 22m (N=1) T(=1)"+1(27)2™ By, 41 (a li cos(2mna)
B (2m +1)! 2 £ 2l
L e’}
—2m 1
N+3 ; cos(2mna)
rep Y el
jo=(-1) n=1 €xp ((QH)Nﬂe N ) —1
- 2
i N+3 oo .
(—1)7T 2 sin(27na) , 1 img . 1 i
g 2 T (v (B0t F) o (et R)
-
N+1+ .
NES oN S J (_]‘)]BZ]( )BN+1+2N(m —7) N+M
+(_1)m+ 92Nm Z N+1B N+l (4.8)

—~ (2N +1+2N(m —j))!

The main idea is to differentiate both sides of the above identity with respect to a and then let
. . . _1\ym+1
a = 1 while using the facts £ By;(a) = 2jBaj_1(a), Bu(1) = (—1)"By, Bop = 2=1) (275)227?”)!((2@
and afY = 7N*1, Inducting the ((2Nm + 1) from the resulting identity in the finite sum on the
resulting left-hand side as its j = 0 term, we see that

- m} Baja(e) C2Nm +1—2jN)(2Na)? — 2N § U
[0 m - - [0
= (27 + 1 J exp((2n)Na) -1
(N-1) o
o\ —m 22 s B 1 img
- ( BN+ ) — [2N7C(2m) E E_ —m ( ( (2n)Vew )
j==0=l n=
—if3 1 inj N—1_1-2Nm
+¢ §(2H)NCN +2 (6% NHC(QNm—l—l—N)

The result now follows by dividing both sides of the above equation by 2V¥./a, using the fact
afY = 7N*! and rearranging the resulting equation. O
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Proof of Theorem [2.12] Let 0 < a < 1 and N be an odd positive integer. Let o, 8 > 0 be such
that af = V1. Then from [0, Theorem 2.7], we have

= exp(—a(2n)Va) 1 N3 - Y = cos(2mna)
; n(1 —pexp(—(Qn)Na)) B N(_l) (N;”( L’ (nzl n (exp ((Qn)ﬁﬁelﬁ) — 1)
+ ( 1):—;” i Sm(iﬂ-na) {1 g (éi(Zn)ﬁe%) — % <¢ (Zﬁ (Qn)% TJ> + ( (2n)1{161\rj>)}>
n=1
1 1

= ((a —1)log(2m) +logI'(a)) + (a -

N N+1
| 21|
Pt N+1—2NJ) |

Differentiate both sides of (4.9 with respect to a, let a =

= 1 in the resulting identity, and then
divide both sides by —2Va to arrive at (2.25) upon simplification.

]
Proof of Theorem [2.13 Using (1.10)), we rewrite (2.24]) as
0 _9Nm—1+N 1 _1)m+192m(N—-1) gN/2 -5
St — LeeNmr1-wy 4! ) v 0 <ﬂ>
oy el — 1 2 > 2N /a «
(N-1)
: B 1N inj iB 1N it 2Nm _ 1
X Z <92m,1 ( 21/ ) +‘/2m <_2 / 6N>> + a N+ 2(?]\[(?71,@,5),
i ld-y N \ 27 2
2
(4.10)
where &y (m, a, B) is defined by
2(27”—1)(N—1) _2Nm | N
En(m,a, B) = T — (— 1) g7 3 T2 L NC(2m) (v + log (521/N>> —¢'(2m)
Nm 2 27
m—1 .
Byj C@Nm +1—2Nj) n(gj_1) 2j-2Nm_1
+ . I~ N 2, 4.11
]Z; (25)! (41

To study the behavior of the series on the left-hand side of as a — 0, we examine the
series on the right-hand side of as B — oo using the relation oY = 7#V+1,

We now invoke with & = 2m, N replaced by 1/N and x = B2L/Neimi/N i the expression
below, then replace j by j/2 to see that as  — oo,

(N—-1)
2 ’L/B 1 iT] /8 z7r]
P o1/N L l/N
% , (ﬁ}mvir (27r2 eN) —l—ng’% ( 27‘(2 ))
=72
o0 —2n N-1
By 2n 15} "o _imng
~ —1 n+1--2n 2 “r 721/]\/ )
nzz:l( ) n C|2m+ N 2w Z ¢«

j==(N-1)
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From (3.9), for £ € N,

N-1
(Z) /Ie_ 7,7;\7,7.3 o N(_l)f(N—l) lf n = EN
10 if n # ¢N.
j=—(N-1)
Hence,
(N-1)
2 i inj i imj
2 (fgm,}v (ﬁ” ter > T Fom & (‘%21/% . >>
. (N-1)
==
NS B o gy (B} (1.12)
— ¢IN 2 . '

A (N+1)/N

Thus from (4.10), (4.11) and (4.12) and the relation 3 = *—x—, we arrive at (2.26) upon simpli-
fication.

To obtain (2.27)), simply put N = 1 in (2.26)) and simplify. O

5. CONCLUDING REMARKS

The primary goal of this paper was to obtain functional equations for a new generalization of
the Herglotz function, namely % n(x). We obtained two different kinds of functional equations
relating .y, y(x) with Fnie—1 1 (§/x), where £ is some root of unity, the first of which (Theorem
N 'N

reduces to Zagier’s (1.6) when k = N = 1.

(1) Although we were unable to get a three-term functional equation for .7, y(z) similar to (1.6)
and , we have an idea that might help suggest the form of such an equation, if it exists. This
is explained below.

Note that when we let x = 1 in and , the corresponding Herglotz functions have
the same arguments ﬂ Provided this phenomenon persists when we transition from the Herglotz
function to the extended higher Herglotz function .%, y(z), the three-term functional relation that
is sought might be involving

N

Fux(e). a1+, and Fin (v )

for, not only do they reduce to F'(x), F(x+1) and F (xiﬂ) respectively when k = N = 1 which are
the same as the ones occurring in but they also reduce to Fy n(1), Frn(2V) and F n(27V)
when we let z = 1 which are indeed the same as those occurring in for x = 1.

Such a three-term functional relation, if/when obtained, would be a first-of-its-kind result since
nowhere in the literature has there been a relation which involves like powers (which are greater
than 1) of z, z + 1 and z/(z + 1) in the arguments of the associated functions.

(2) Equation (4.8]) involves the series, namely,

S-S (1 (ke ®) 4 (52 emHeF)).

n=1

%In fact, when we let z = 1 in equations (L.5) and (T.14)), they exactly match since J(1) = & log?(2).

)
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which, if we differentiate with respect to a and then let a = 1, leads to the following combination
of the extended higher Herglotz functions

[e.e]
1 ; 1 imy i 1 img
3 o (v (3 ¥e®) + (FrEm*R)).
n=
This was, in fact, our motivation to study % y(z).
This suggests a further question - does there exist a transformation for a more general series

o

S (w (grow™) +o (Gren)).

where £ > 1 and 0 < a < 1. This would then generalize Theorems and and the general
result, if obtained, would be analogous to (4.8]) which is the corresponding result in the setting
of generalized Lambert series. This would then complete the analogy between extended higher
Herglotz functions and generalized Lambert series as specified in Remark

(3) As explained in the introduction, the closed-form evaluation of the integral J(x) in is
of interest not only from the point of view of analytic number theory but also of algebraic number
theory. In the same vein, it would be worthwhile to study for which values of k, N and x can
the integral in be evaluated in closed-form. In Corollary we have evaluated it in an
“almost” closed-form since it has the constant Fj(2) in its evaluation.

(4) Page 220 of Ramanujan’s Lost Notebook [28] contains a beautiful modular relation for «,
positive such that a8 = 1, namely, if

B(z) = ¥(a) + 5~ loga,

and £(s) and Z(t) denote Riemann’s functions respectively defined by [29] p. 16, Equations (2.1.12),
(2.1.14)]

then
Jva {7 —los2na) | ¢<na)} - ﬂ{” > ¢><na>}
n=1 n=1
R e —1+it\|* cos (tloga)
—‘Wza/z/o ~(2>F< i ) et

The first equality in this formula seems to be in the realms of the theory of Herglotz function. A
proof of it can be found, for example, in [4]. It would be certainly of merit to see if another proof
of it could be obtained through the theory of Herglotz function.

(5) While the finite sum in Ramanujan’s formula for ¢(2m +1), that is, (2.8]), involves only even-
indexed Bernoulli numbers, or, in other words, even zeta values, that in involves a product
of an even zeta value and an odd zeta value. The remaining case of having products of only odd
zeta values in the summand of the finite sum is covered by our Corollary

In view of the fact that the finite sum in has given rise to a nice theory of Ramanujan
polynomials [I3], [24], it would be interesting to study the analogous polynomials stemming from

and (223)
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(6) Our method for proving Theorem limits k& to be between 1 and N (N inclusive). Does
there exist a functional equation for Fj y(x) where k which are greater than N?
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