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ABSTRACT. We show how Rank-Crank type PDEs for higher order Appell functions
due to Zwegers may be obtained from a generalized Lambert series identity due to
the first author. Special cases are the Rank-Crank PDE due to Atkin and the third
author and a PDE for a level 5 Appell function also found by the third author. These
two special PDEs are related to generalized Lambert series identities due to Watson,
and Jackson respectively. The first author’s Lambert series identities are common
generalizations. We also show how Atkin and Swinnerton-Dyer’s proof using elliptic
functions can be extended to prove these generalized Lambert series identities.

1. INTRODUCTION

F. J. Dyson [9], [10, p. 52] defined the rank of a partition as the largest part minus
the number of parts. Dyson conjectured that the residue of the rank mod 5 divides
the partitions of 5n + 4 into 5 equal clases thereby providing a combinatorial inter-
pretation of Ramanujan’s famous partition congruences p(5n 4+ 4) = 0(mod5). He
also conjectured that the rank mod 7 likewise gives Ramanujan’s partition congru-
ence p(7n 4+ 5) = 0 (mod 7). Dyson’s rank conjectures were proved by A. O. L. Atkin
and H. P. F. Swinnerton-Dyer [3]. The following was the crucial identity that Atkin
and Swinnerton-Dyer needed for the proof of the Dyson rank conjectures. It was first
proved by G.N. Watson [18].
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Throughout we use the standard g-notation

(2)o := (75¢)o := 1,

n—1

(X)n = (2;q)n = H(l —zq™),
m=0
(xla o me)n = (xb oy Ty Q>n = (xl; Q>n T (xm; Q)na
[xb e 7xm]n = [l'la Ty T Q]n = (x17 Q/xl, o, T, Q/l’m; Q)n

when n is a nonnegative integer. Assuming |¢q| < 1 we also use this notation when
n = oo by interpreting its meaning as the limit as n — oo. Later M. Jackson [14]

proved an analogue of the above identity,

1% ooz oo [/ ¢l i (=1)"g 02 [(Joo[CPloc[r¢0l¢/ 7] (9)3

moo[x]zo R =T BT N B M E M EG N e
g C oo n n(nt1)/2 I—Em x5n+5
a: (7] 0o n;oo ¢ (1—zq"/x+ 1 — zxq™
o . <—5n C5n+5
= Z (—1)ngPn(nt1)/2 (1 — i + 1 qu”> .

n=—oo

(1.2)

Recently, the first author [8, p.603] found a generalization of the above two identities,

namely,
T [wa/@1, T [T, BT, <+, T1T2, T o Z )rgBmrtnint1)/2
[1)1]00[372, e 7$m]go n——o0 1 - Zq
[xl/x% e 7x1/xm7 X1, L1Tm, " , L1X2, m%]oo(‘])go
[Z/Z'l, Z/SE27 e 7Z/xm7 Ry BEmy ", le]oo
{ﬁ[wl/wg,--- T/ Ty T15 T1 T, <+, 183, T oo
Zo [xQ/x?n”' wQ/xm7x27w2xma"' 7$%]w
—(2m+1)n (2m+1)(n+1)
% Z 2m+1)n(n+1)/ Lo i Lo + idem(zo; 23, - - -
S~ 1— 2q"/xy 1 — 2x9q™ T

1—2q"/x; 1 — zz g

00 x—(2m+1)n x(2m+1)(n+1)
_ Z (_1>nq(2m+1)n(n+1)/2 1 + 1 :

n=—oo

where g(ay,ag, -+, a,)+ idem(ay; ag,- -+, a,) denotes the sum

E 9(6%;7@2,"' y Ai—1, A1, Qjq1, " " )am)u

in which the i-th term of the sum is obtained from the first by interchanging a; and a;.

Equation (1.3) was proved using partial fractions. Indeed, the m = 1 case of (1.3)
is equivalent to (1.1), while the m = 2 case is equivalent to (1.2). The fact that the
right-hand side of (1.2) is independent of x, and that the right-hand side of (1.3) is
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independent of o, x3,--- ,x,, seems to be intriguing at first. Indeed, one purpose of
this article is to show that the left-hand sides of (1.2) and (1.3) are really elliptic
functions of order less than 2, in fact entire functions as we show, in the respective
variables (z for (1.2) and x5 for (1.3) while holding z3,--- ,x,, fixed) and therefore
that they must be constants which are nothing but the right-hand sides of (1.2) and
(1.3) respectively. Since (1.2) follows from (1.3), we show this only for (1.3). This is
done in Section 2.

Let N(m,n) denote the number of partitions of n with rank m. Then the rank
generating function R(z,q) is given by

q) = ;0 :Z N(m,n)z"q" = go —(zq)nq(r;—lq)n' (1.4)

n [1], G. E. Andrews and the third author defined the crank of a partition, a partition
statistic hypothesized by Dyson in [9]. It is the largest part if the partition contains
no ones, and otherwise is the number of parts larger than the number of ones minus
the number of ones. For n > 1, we let M (m,n) denote the number of partitions of n
with crank m. If we amend the definition of M(m,n) for n = 1, then the generating
function can be given as an infinite product. Accordingly, we assume

M(0,1) =—-1, M(—1,1) = M(1,1) =1, and M(m, 1) = 0 otherwise.
Then the crank generating function C(z, q) is given by

= Y m,n)z" "—L
0)=30 30 Mlmm)eng = P (15)

n=0 m=-n
Atkin and the third author [2] found the so-called Rank-Crank PDE, a partial differen-
tial equation (PDE) which relates R(z,q) and C(z,q). To state this PDE in its original
form, we first define the differential operators

0 0

=2 =q=. 1.
52 2827 6(] qaq ( 6)
Then the Rank-Crank PDE can be written as
1 1
HOLIC )l = (394 30+ 502) (o) (17)
where
. __ R(z,9)
R (ZaQ) T 1_2 )
C(z,q)
* = ) 1.
C*(z,9) = 47— (1.8)

In [2], it was shown how the Rank-Crank PDE and certain results for the derivatives
of Eisenstein series lead to exact relations between rank and crank moments. As in

[13], define Ni(m,n) by

1 00
ZNk(man)qn _ ( Z n 1 n ((2k—1)n— 1)/2+|m|n(1 . qn)’ (19)

n>0 © n=1
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of any positive integer k. When k = 1 this is the generating function for the crank, and
when & = 2 it is the generating function for the rank. When k& > 2, Ni(m,n) can be
interpreted combinatorially as the number of partitions of n into k—1 successive Durfee
squares with k-rank equal to m. See [13, Eq.(1.11)] for a definition of the k-rank. We
define

Ri(z,q) = Z Z Ni(m,n)z"q". (1.10)

n>0 m=—n

From [13, Eq.(4.5)], this generating function can be written as

Ri(z,q) = Z d

N1 >Np_o> - >n1>1 (q>nk—1—nk—2 e (q)m—m (Zq)m (Z_lq)m

nitng+tnd_y

, (1.11)

when k& > 2. In Section 3, we show that Ry(z,q) is related to the level 2k — 1 Appell

function
00 2k—1)n(n-+1)/2

E(%—l)(z’q) — Z (=1)"q! . (1.12)

1 —zq"

n=—oo

We obtain the following
Theorem 1.1. For k > 1,

Rk('Zv Q)
1 k—3
= (W (Zk_l(l - 2)2(%_1)(2, q) — 20126-1(q) + 2(1 — 2) Z Zm92m+3,2k—1(Q)) )
00 m=0
(1.13)
where
9j,2k—1<‘]) _ Z (_1)nqn((2k—1)n—0—j)/27 (114)

forj=1,3, ..., 2k—3.

This theorem generalizes Lemma 7.9 in [12] which gives a relation between the rank
generating function R(z,q) and a level 3 Appell function. The k = 1 case of the theorem
gives the familiar partial fraction expansion for the reciprocal of Jacobi’s theta product
(2)oo(271q) 0 [16, p. 1], [17, p. 136], since > o0 (—1)"g""+D/2 = (.

A few years ago the third author found a 4" order PDE, which is an analogue of the
Rank-Crank PDE and is related to the 3-rank [13]. To state this PDE we define

1

G0 =

»0)(z, q). (1.15)

Then
24(9)5[C" (2. @)
= 24(1 — 10935(¢)) G (2, q)
+ (1008, + 508, + 1008,0. + 3582 + 206,52 + 1005 + 106° + 62) G®)(z,q), (1.16)
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where
P = : 1.17
3(q) ; 1—gn ( )
This PDE can be written more compactly as
24(¢)%[C* (2. @) = (H} — E4) G®)(2,q), (1.18)

where H, is the operator
H, =5+ 106, + 56, + 62,
and

E4 = E4(q> =1 =+ 240@3((]),

is the usual Eisenstein series of weight 4. The PDE (1.16) was first conjectured by the
third author and then subsequently proved and generalized by Zwegers [21]. It was also
Zwegers who first observed that (1.16) could be written in a more compact form. We
now describe Zwegers’s generalization. Define for [ € Z~, the level [ Appell function
as

& (_1)lnqln(n+1)/2wn

Ay(u,v) == Ay(u,v;7) = 212 nzzoo o ’ (1.19)
where z = €2™% w = e?™ g = > and define the modified rank and crank generating
functions as follows.

g1/
R :=R(u;T) := 5 R(z,q), (1.20)
—z
1/2g1/24
C:=C(u;7) = ﬁC(z,q). (1.21)

Here and throughout we assume Im 7 > 0 so that |¢| < 1. Then the following theorem
due to Zwegers gives for odd [, the (I — 1)" order analogue of the Rank-Crank PDE.

Theorem 1.2 (Zwegers[21]). Let | > 3 be an odd integer. Define

Lo 1 0 12k —1)
mior  (2mi)? Ou? 12
HM = Hop Hop -+ HaHy, (1.22)

Hk = EQ,

where Ey(1) = 1 — 24> 01(n)q" is the usual Eisenstein series of weight 2 with
0a(n) = > 4, d*. Then there exist holomorphic modular forms f; (which can be con-
structed explicitly), with j = 4,6,8,--- , 1 — 1, on SLy(Z) of weight j, such that

(1-5)/2
HI=D721 4 Z fioop— 1 HH Ai(u,0) = (I — 1)!77101, (1.23)

k=0

where 1 is the Dedekind n-function, given by n(7) = ¢"**(¢) s
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Zwegers proved this theorem using the formulas and methods motivated from the
theory of Jacobi forms. In contrast to this, the proof of the Rank-Crank PDE by Atkin
and the third author, which corresponds to the [ = 3 case of Zwegers’s PDE, depends
upon simply taking the second derivative with respect to ¢ of both sides of (1.1). The
main goal of this paper is to show how a generalized Rank-Crank PDE of any odd order
follows from the Lambert series identity (1.3) in a similar fashion. We will obtain
Zwegers’s result in a different form. In our form the coefficients are quasimodular
forms rather than holomorphic modular forms, but in contrast, our coefficients are
given recursively. See Theorem 4.4 and Corollary 4.5.

This paper is organized as follows. In Section 2, we prove (1.3) using the theory
of elliptic functions. Then in Section 3 we prove Theorem 1.1, which is the theorem
that relates Ry(z,q) with the level 2k — 1 Appell function (=Y (z ¢). In Section 4
we prove our main result that shows how (1.3) can be used to derive the higher order
Rank-Crank-type PDEs of Zwegers.

In the light of (1.19), it should be observed that the identities (1.1) and (1.2) are really
the identities involving certain combinations of level 3 and level 5 Appell functions
respectively while (1.3) is an identity involving a combination of level (2m + 1) Appell
functions. However, the analogue for level 1 Appell function which cannot be derived
from (1.3) was found by R. Lewis [15, Equation 11] and is as follows.

[Z]OO[CZ]OO(Q)go o = \nn(nt1)/2 ¢ Cn+1
[2Co0[Cloo[2¢ oo Z (=1)"q (1 ey +t1o Zan) . (1.24)

n=—oo

2. GENERAL LAMBERT SERIES IDENTITY THROUGH ELLIPTIC FUNCTION THEORY

Atkin and Swinnerton-Dyer’s proof of (1.1) depends in essence on the theory of
elliptic functions. In this section, we show how this method of proof can be used to
prove (1.3). Let

5 = eZTriu’xl — 627”'117%2 — 627riw’ (21)
and let
xj =M j =3 m, (2.2)
where u, v, w, as, ..., a,, are all complex numbers. Also recall that ¢ = *™", where Im
7> 0.
Let
[bleo =: J(a,q) =: J(a), where b= e qa € C. (2.3)

Then using the Jacobi triple product identity [4, p. 10, Theorem 1.3.3], we easily find

that,

- mia ,—1/8
e q

J(%fJ):W

0(a), (2.4)

where
o

) =057 = 3 @ a) Trm ) (e, (25)

n=—oo
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Comparing this with the classical definition of #;(z) [11, p. 355, Section 13.19, Equation
10], we find that upon replacing ¢ by ¢'/? in this classical definition, 0(z) = —6,(z).
From [20, p. 8], we see that

0(z+1) = —0(2), (2.6)
O(z +7) = —e TTATEQ (), (2.7)
0(—z) = —0(z), (2.8)
0'(0;7) = —2mq"*(q)2, (2.9)
Using (2.6) and (2.7), we have
J(a+1,q9) = J(a,q), (2.10)
J(a+7,q) = —e > J(a,q), (2.11)
J(a—7,q) = —q 'e*™J(a,q), (2.12)
J(=a,q) = =" J(a, q). (2.13)
Using (2.3), we rephrase (1.3) as follows:
2™ J(w — v)J(w + v)J(20) H J(a; —v)J(a; +v) i (—1)ngmtn(n+1)/2
T (I (w))? AL T Ty A T
N J(v—w)J(W)J(v+w)J(2v)(q) H J(v —a;)J(v+aj)
J(u—v)J(u—w)J(u)J (u—l—w)J(u—i—v)3§jSmJ(u—aj)J(u+aj)
N {ezm-(v w) J()J(2v) H J(v—a;)J(v+a)
Tw)Tw) A Tw=a,) I+ )
> —2miw(2m+1)n 2miw(2m+1)(n+1)
2m+1 n(n+1)/2 € € i . R
X Z_ (1 _ eQm'(ufw)qn + 1 — e27ri(u+w)qn> + 1dem(w7 as,
0 —2miv(2m+1)n 2miv(2m—+1)(n+1)
_ 1\ 2mA)nn+1)/2 [ 6 e
- Z ( 1) q (1 _ eQﬂi(ufv)qn + 1 — e27ri(u+v)qn) (214)
Fix ag, - - , an,, consider the left-hand side of (2.14) as a function of w only and denote

it by g(w). Let fi(w) denote the expression in line 1 of (2.14), fo(w) the expression in
line 2 of (2.14) and f3(w) the expression in lines 3 and 4 of (2.14). Then, using (2.10),
(2.11) and (2.12), we see

fa(w+1) = f3(w). (2.15)

)}
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Another application of (2.11) and (2.12) gives

fa(w+71)

_ e2miv=w=") J(v).J(2v) H J(v—a;)J(v+aj)
J(w+7)J (2w + 271) J(w+71—a;)J(w+T+a;)

DIE

n=—oo

3<j<m

(2m+1 (n+1)/ ( —27T1(w+7— 2m+1)n e27ri(w+7’)(2m+1)(n+1))

— e2mi(u—w— T)qn + 1 — e27ri(u+w+7')qn

_{_ie%ri(v—ak) ( ) ( )J(U w— )J(U+w+T H U—CL] J(U_'_aj)
s ar)d (2ar)J (ar, —w —7)J (@, +w+7) , b J(ak — a;)J (ax + a;)
Jj#k
y Z 2m+1)n(n+1)/ 6727riak(2m+1)n N 627riak(2m+1)(n+1)
“— 1— eQﬂ'i(u—ak)qn 1— 627ri(u+ak)qn
= 627riv+47rimw J(’U)J(Q’U) H ‘](U — CLj)J(’U + aj) ( i (_1)nq(2m+l)(n+1)(n+2)/2
J(w)J (2w) 1iem J(w—a;)J(w+a;) \
y e—27riw(2m+1)(n+1)q_(2m+1)(n-l—l N Z (2m+1 nin—1)/2 627riw(2m+1)nq(2m+1)n
1 — eZﬂ'i(ufw)qn 1— €2m'(u+w)qn

- J2mi(v—an) J(0)J(2v)J (v —w)J(v+ w) J(v—a;)J(v+aj)
2 T @anHar et a) L T o ta)

k=3 2<j<m+1
J#k
y Z 2m+1)n(n+1)/ 6727riak(2m+1)n N 627riak(2m+1)(n+1)
1— eZﬂ'i(u—ak)qn 1— 627ri(u+ak)qn
= [3(w). (2.16)

Thus from (2.15) and (2.16), we deduce that ¢ is a doubly periodic function in w with
periods 1 and 7. Our next task is to show that ¢ is an entire function of w and hence
a constant (with respect to w). We show that the poles of g at w = v and w = —u are
actually removable singularities by proving that lim, 4., (w F u) (fo(w) + f3(w)) =0
which readily implies that lim,, 4, (w F u)g(w) = 0. Let

A= A(v,as, - ,am;q) := J(v)J(2v) H J(v—a;)J(v+aj). (2.17)
Next, applying (2.4), (2.13) and (2.9), we see tl;a;
tim (10 — ) (fo(w) + fo(w)
o J(v—w)J(v+w)(q)3,
_Av}flig(w_u){J(u—w)J(u+w)J(u—v)J J(u+v) H J(u—aj)

3<j<m J

(u—l—aj)

e27ri(v7w) 1

— g2+ n(n+1)/2
e 1 J(w—ajw(wmj)(l_ezm M

3<j<m n=-—oo
T n#0
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e~ 2miw(2m+1)n N f: (2m+1)n(n+1)/2 627riw(2m+1)(n+1)) }
1 — e2mi(u—w) qn S~ 1— e2m’(u+w)qn
_ e 11 L (—zq” (0% L)
J(u)J(2u) 3iem J(u—aj)J(u+ aj) 6'(0) 270
= 0. (2.18)

Similarly, lim,,, ., (w+u) (fa(w) + f3(w)) = 0. Now the only other possibility of a pole
of g is at 0, which arises from f; and f3 each having a pole at 0. Again, to show that
this is a removable singularity, it suffices to show that lim, 0w (f;(w) + f3(w)) = 0.
To show this, we need Jacobi’s duplication formula for theta functions [19, p. 488, Ex.
5]

0(2w)02030, = 20(w)bs(w)b3(w)04(w). (2.19)
Let

(_ 1)nq(2m+1)n(n+1)/2

1— 627riuqn

(2.20)

Then from (2.14) and (2.20),

lim w (f1(w) + fs(w))

w—0
J 2mi(v—w) 1
:limw{B J(w ) (15+v)+A ¢
o Tw) Twiee) A = a)iwre)
y Z (2m+1 n(n41)/2 6727riw(2m+1)n N 627riw(2m+1)(nJrl)
1— 627Ti(u—w)qn 1 — 627ri(u+w)qn

n=—oo

. - omito_ayy  J(0)J(20)J(v —w)J (v + w) J(v—aj)J(v+aj)
—|—11me6 ( )J(ak)J(Zak)J(ak—w)J(ak—i-w) H J(ar, — a;)J (ar + a;)

2<j<m+1
J#k
w O(w —v)f(w +v i e oW 1
_hme {B ( 0) ( )—A62 q1/4(q)5092 5 5
2 9(w) (w o) AL T eyt e)
y i (2m—|—1 n(n41)/2 e~ 2miw(2m+1)n N e2miw(2m+1)(n+1)
1 — 627ri(u—w)qn 1— 627ri(u+w)qn
1 D(w)

= lim

0'(0) w=0 O(w) "

(2.21)
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D(w) := D(w, v, a3, -, am; q) = B(w — v)0(w +v) — Ae*™ ¢ (q)3 E(w)

6—57r7,w(9(w) 1
E = E . . : =
(w) (w; u, a3 ,Am; q) 0(2w) 3<1j1m J(w —aj)J(w + a;)

> —2miw(2m n miw(2m n
x 3 (=1)rglmeininny2 e~ 2miw(Zm+1) N e2miw(2m+1)(n+1)
1— eQWi(u—UJ)qn 1— 627ri(u+w)qn

n=—oo

(2.22)

Now using (2.19), (2.4) and (2.13), we find that as w — 0,
627riqu1/4(q)go & (_1)nq(2m+1)n(n+1)/2
(_1)m—2€—27ri(a3+...+am)(J(CLg) . J(am>>2 n;OO 1— 627riuqn

— 0, (2.23)

which is observed by putting the expressions for B and C' back in the first expression
on the right side in (2.23). Thus,

1luiir%)w (filw) + f3(w)) =

D(w) — —B#*(v) —

(2.24)

Now we calculate D'(0).
D'(w) =B (9’ (w—v)0(w +v) + 0w — v)8 (w + v)) — e Ag A ()2 B (w). (2.25)
Using (2.4) and (2.19), we have

m=2 .\ 9(m-2) e_mw(2m+1 929394

292( U) 3<j<m 0 — aj (’UJ + Clj)
—2miw(2m+1)n 2miw(2m+1)(n+1)
(2m+1)n(n+1)/ € €
X Z (1 _ e?ﬂ’i(ufw)qn + 1 — e27ri(u+w)qn> ’ (226)

n=—oo

Differentiating both sides with respect to w and simplifying, we obtain

/ 1 m=2 —2) _—miw(2m
E(w)=s(=1)"" 2(1 4 (Q)Q(m e @ +1)929394

2 00
, Oy(w) — Oy(w)  Oy(w 0 (w—a) 0w-ra
) { i mi(2m + 1) + ngwg + Hzgw; + Qzéwi + 3<jz<m (0((11; = a;)) n 6((w ! aj)))
7 ( H 0 — aj Q w + aj)
3<j<m
B o
i : 11 1 F,(w)}’ (2.27)
O2(w) 03 (w)04(w) 3<5<m O(w — ij)e(w + (Ij)
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where
> —2miw(2m+1)n 2miw(2m~+1)(n+1)
— c) — 1y, @mtDnnt1)/2 [ € €
F(w) == F(w,u,m;q) : n;m( 1)"q (1 —rmitewgn +1T ezm(uw)qn) :
(2.28)
It is straightforward to see that
, e —1)" (2m+1)n(n+1)/2
F'(0) =2mi(2m+1) > ( )1(1_ g (2.29)
From (2.8), we have
0 (—2)=6(z). (2.30)

Then letting w — 0 in (2.27), and using (2.8), (2.30), (2.29) and the fact that 6, (0) = 0
for 2 < k < 4, we find that

E'(0)=0. (2.31)
Using (2.30) and (2.31) in (2.25), we finally deduce that D'(0) = 0.

With the help of (2.24), this then implies that lim, 0w (fi(w) + f3(w)) = 0 and
thus lim,,_,o wg(w) = 0. Thus w = 0 is also a removable singularity, which implies that
g is an doubly periodic entire function and hence a constant, say K (which may very
well depend on v). Finally, since J(0) = 0, we have

K = g(v) _ Z (_1)nq(2m+1)n(n+1)/2 +

n=—oo

0 ( 6—27riv(2m+1)n 627riv(2m+1)(n+1))

1 — 62m’(u—v)qn 1 — e27ri(u+v)qn

This completes the proof.

3. PROOF OF THEOREM 1.1

From [13, Eq.(4.3)], we see that

1 - n—1_n —1)n— n 1 z—lqn
Rulevt) = = S0 ) (s )

1—zqg®  1—z71gn

n=1
_ 27! i (_1)n—1qn((2k—1)n+1)/2 1—q" '
(q)oo oo 1-— Z_lq”
n#0
(3.1)
Replacing z by 27! in (1.11) and (3.1), we see that
Rk(z7 q)
Z > 1—q"
_ -1 n—1_n((2k—1)n+1)/2
(@)oo n_z:oo( )" 1 —zq™
n#0
__~ i (_1)n—1qn((2k—l)n+1)/2 1— (1—2)q"
(@)oo . 1 —zgn

n#0
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z > B B X ()rgn((k-1nt3)/2
— 1) lqn((Qk 1n+1)/2 +(1—2
(@)oc n_z:oo( ) ( ) nzoo 1— zq®
n#0 n#0
z > B 2 (1)ngr(@h-n3)/2
= 1— _1 nqn((Qk Unt1)/2 4 (] _
D n;oo( ) (1-2) _Zoo e
n#0
_201 2k—1(Q) z ( o0 (_l)nqn((le)n+3)/2)
; + 1+(1—2)
(@)oo (@)oo n=z—oo 1— zqn
n#0
_201 2k—1((]) z ( e (2k—1)n+3)/2 (Zqu(kZ)n 1— (an)kQ) )
(@)oo (@)oo ( ) n:z_oo( ) 1 — zg" 1 — zq™
n#0
> k—3
_201 2k71<q> z ( ok—1 3)/2 zk—Qq(k—Q)n
= ’ + 1+ (1-2) —1)ng(@k=1n43)/ £ 57 pmgmn
e (s 2 et
n#0
—291 2k71(q) z ( k2 © (_1)nq(2k—l)n(n+1)/2
= ; + 1+2"4(1—2)
@D @ D BT
n#0
k—3 oo
+(1—2))» 2™ Z (_1)nqn((2k—1)n+2m+3)/2)
m=0 s
_ —201 26-1(q) N z (zk_2(1 ) i (—1)nq2b=Dn(n+1)/2
(q)oo (q)oo B 1 — zqg™

k=3 [
+ (1 . Z) Z »m Z (_1)nqn((2kl)n+2m+3)/2>
m=0

n=—0oo

1
(@)oo

This completes the proof of Theorem 1.1.

k-3
=—— <—291,2k—1(9) + 2711 = 2)2®(2,9) + 2(1 - 2) Z Zm92m+3,2k—1(CI)> :

m=0

4. HIGHER ORDER RANK-CRANK-TYPE PDES

In this section we show how the generalized Lambert series identity (1.3) can be used
to derive general Rank-Crank PDEs of the type found by Zwegers.

4.1. The idea. First we let z; = ¢*,1 < i < m in (1.3) to obtain
m—1

Ym(Ca 2, q) (Q)go = SZm+l(C> Z, Q)+Z Fj,m(Ca Q) SQm+l(Cj+la 2, q)_FO,m(Ca Q) 2(2m+1) (Za Q)a
j=1

(4.1)



RANK-CRANK TYPE PDES 13

where

Sk;(g p q) — i (_1)nqkzn(n+1)/2< C_k” N Ck(n-H) ) (42)
o 1 -2t 1—20q")’

n=—oo

for k£ odd and

L m[Cm—H]oo
[g*(mfl)7 C’*(m*?)7 e gf(m*j)} . '
Fj,m(ga Q> = [Cm+2, . 7Cm+j+1]oo (fOI' 1 S J S m — 1)7 (44)
—(m—1) p=(m=2) ... =2 ;=1 ;2 ... m rmtl
Ym(C,Z,(])Z: 7[( - 7E ) 77( :C 7C7C7 7C 7C7 ]oo (45)
[ZC m7 ZC (m 1)7 e 7ZC 27 ZC 17 Z, ZC) ZC27 e >Zcm 17 ZCm]oo
The basic idea is to apply the operator D, to both sides of (4.1) where
9\ .
Dy = (Ca_g) . = }C L (4.6)
We will also need the differential operator
Hj = k6, + 2k, + 62. (4.7)

We note that the operator ‘Hj, differs from Zwegers’s Hy, although they are similar. First
we need to write the functions ©*)(z, q) and Si(z, ¢) as double series. Throughout we
assume that 0 < |¢| < 1, 2 & {¢" : n € Z} U{0} and ¢ & {z*'¢" : n € Z} U {0}. We
obtain

Sk(C7 z, q> _ Z(_l)nqkn(nJrl)/Q (Ckn Z Zmé-fmqmn + Ck(n+1) Z chmqmn>
n=0 m=0 m=0
o Z(_l)nqkn(nfl)/Q (Ckn zfmcmqmn + Ck(fn+1) Z chmqmn)
n=1 m=1 m=1
— Z Z(_l)nzmqkn(n+l)/2+mn (C—kn—m + Ck(n+1)+m)
n=0 m=0
_ Z Z(_l)nzfmqkn(nfl)/2+mn (Ckn+m + C*kn+kfm) (48)
n=1 m=1
and
E(k)(z,q) _ Z Z( 1)77, m kn (n+1)/24+mn __ Z Z n -m Im (n— 1)/2+mn (49)
n=0 m=0 n=1 m=1
We have

Theorem 4.1. Suppose k is odd and 1 < < k —1. Then
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where
1£/2]
(0 —m—1)! i3
P, = -~ ", 4.11
k() mZ:o (¢ —2m)!m! . (4.11)
Proof. Suppose k is odd and 1 < ¢ < k — 1 . First we prove that
Po(x) = 3k — IVE2 + 42)" + (3k + 2VE?2 + ). (4.12)
We have
1£/2] / ' '
(k= 3VE2 +42)" + 3k + 3VE +40) = ) (2 > K210 (12 4y
. J
7=0
1£/2) 4 / j Le/2) [ 1¢/2] / j
_ mk572m22mfﬁ+1 — mk€72m22mf€+1.
22 () () > ()6

The result (4.12) now follows from the binomial coefficient identity

> ()0 = a1y

which we leave as an exercise.
We observe that if © = km + m? + k*n(n + 1) + 2mnk then

k* 4 4x = (k + 2m + 2kn)?,

Tk — IVE? + 4v = —kn —m,
th+ iV +4r =k(n+1)+m,

and we see that
Dy (¢Fmm 4 Ck(”HHm) = (=kn—m)"+(k(n+1)+m)" = P (km+m?+Ek*n(n+1)+2mnk).
Similarly we find that
Dy (¢Frtm 4 TRty = (kndm) +(—kntk—m)" = Py o(—km+m®+k*n(n—1)+2mnk).
We note that
H; (qkn("+1)/2+m"zm) = (km +m?* + k*n(n + 1) 4 2mnk) (qk"("+1)/2+m"zm) :
H; (qk"(”_l)/2+m”z_m) = (—km +m?® + kn(n — 1) + 2mnk) (qk"("_l)/2+m”z_m) :
Thus
D, (qkn(n+1)/2+mnzm(c—kn—m + CRnREmY) = Py (M) (qkn(n+1)/2+mnzm) 7
and
Dy (gFrm D/ 2emn mchnim L o—kntkomyy _ p (3gr) (gEnne1)/2mn s m)
The result (4.10) follows from equations (4.8) and (4.9). O

Next we calculate Dy, of each term in (4.1).
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4.2. The term Y,,((, z,q). It is clear that the function Y;,((, z, q) has a zero of order
2m at ¢ = 1. It is well-known that

Do (f(¢)) = > S(2m, j) f9(1),

i=1
where the numbers S(2m, j) are Stirling numbers of the second kind. Since S(2m,2m) =
1 it follows that

D (Yiu(C, 2,0))) = Y2 (L, 2,¢) = (1) (2m)! (m+1)! (m=1) [C™ (2, ¢)" " (g)20
(4.14)
by an easy calculation.

4.3. The term Fy,,(C,q). By logarithmic differentiation we have
0cFo.m(C: @) = Lom(C, q) Fom(C, Q). (4.15)

where

00 m-+1 .4 —m—1 4
Lom(C,q) = Kom(C) — (m + 1) Z (1 E Cm-?—lqi R E C—millqi)

i=1

("g'
+mz<1_€‘ml 1_<‘qu)

= Kom(¢) = (m+1) > (") = (') +m Y (") = (")

i,n>1 i,n>1
4.16
Kﬂ,m(o =m+ Jm(o - Jm—l(C)v (4-17)
> ¢
I () = "H—. (4.18)
> ¢
n=0
For any positive integer k we define
> 2k: 1 B2k
= = = 1 - 2 -7 @ — 4 1
Gk = Ga(q) C k) +Z 1_q e T Pae-(a), (4.19)
where Bs, is the (2n)-th Bernoulli number, and
(I)gk_l = CI)Qk_l(q) = Z ng_l(n)q”. (420)

The function Gy is a normalized Eisenstein series. For k£ > 1 it is an entire modular
form of weight 2k. We need the following

Lemma 4.2. If m and a are positive integers, then

DulIn(0) = T25% ((m + 1)~ 1).
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Proof. Suppose m and a are positive integers It is well-known that

- Z ka . (4.21)

By taking the logarithmic derivative of (Cm+1 —1)/(¢ — 1) we find that
1 1

(-1 (-1

r—1

In(()=m+ (m+1)

Hence by (4.21) we have

oo

I (€7) =m + Z (kBj_Jrll)' ((m+1)F —1) 2",

The result now follows since

Da(Jm(C)) = (%)a T (€7)

z=0
O
Corollary 4.3. Suppose a, m are integers a > 0 and m > 1. Then
2(m™ = (m + 1)) Gara(q) if a is odd,
Do(Lowm(C,q)) = {m + 3 ifa=0, (4.22)

0 otherwise.

Proof. The proof of (4.22) when a = 0 is straightforward. Suppose a is even and
positive. Then by Lemma 4.2

Da(LO,m(Ca Q>> = Da(KU,m(C)>

Ba+1 +1
_ @ 1a+1
a—i—l( m* + (m+ 1))

= ()7
since the Bernoulli numbers Bj are zero when £ > 1 is odd. Now suppose a is odd.
Then again by Lemma 4.2

Da(Lom(C,4) = Da(Kom(C)) + 2(m*™" = (m + 1)") &, (q)
_ aBaT-&-i(_maJrl + (m + 1>a+1) + 2<ma+1 _ (m + 1)a+1)q)a(q>

=2(m™ — (m + 1)) Gasi(q).

g

By applying D,_; to both sides of (4.15) and using (4.22) we obtain the following
recurrence

Da(Fom(¢,q)) = (m =+ 5)Da1(Fom(¢, q))
la/2] '
T Z (2 _1) 2 — (m+1)*)Gi(q) Da—2i(Fom(C, @) (4.23)
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This together with the initial value

Do(Fom(¢,q)) = Fom(1,q) = ™52 (4.24)

uniquely determines the coefficients D,(Fy.,(¢,q)). We compute some examples

3
DO(FO,2> - 57
15
D1<F0,2> - Zv
75
D2<F0,2) - g - 15G2 = 10 - 15(1)1,
365 225 225 225
Dolfoa) =95 =5 2= =5 %
1875 1125
Di(Fyz) = —5~ = —5 G + 45063 — 195G, = 82 — 600®, + 45001 — 195®;.

4.4. The terms F},,(¢,q) (1 <j<m—1). Suppose 1 < j <m — 1. We may obtain
a similar recurrence for D,(F},,((,¢)). This time we find that

5CFj,m(<a Q) = Lj,m(C7 q) FLm(Ca Q)a (425)

for some function L;,,(, ¢) that satisfies

257 ((m+i+ 1) — (m —4)*1) Gayi(q) i a is odd,
Da(Ljm(C,q)) =S —j (m+3) ifa=0, (4.26)
0 otherwise.

The proof of (4.26) is analogous to the proof of Corollary 4.3. By applying D,_; to
both sides of (4.25) and using (4.26) we obtain the following recurrence

Da(Fj,M(Q Q)) = _](m + %)Da—l(ij(C» Q))

o2l G s , ,
+y > 2( )((m + k4 1) — (m — k)*)G2i(q) Da—2i(Fjm (¢, 0)).-

, 21— 1
i=1 k=1
(4.27)
This together with the initial value
e om—
Dy(F; =Finl,q=(-1) || ——— 4.2
o(Fim ) = Fyn(l0) = (1) [[ - (429)

=1
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uniquely determines the coefficients D,(F} (¢, q)). We compute some examples

Do) =~

Dy(Fys) = g

Dy(Fip) =12 — 2 Gr =~ — 28,

Ds(Fy ) = 13225 + %Gz = f—z + % 1,

Dy(Fio) = —%5 - %02 — 675G3 — 2‘2504 = 411 — 225, — 675P? — ?cbg

4.5. The terms Sy, 11(¢7™,2,q) (1 < j <m—1). Again suppose that 1 < j < m—1.
Consider the operator T} that operates on a function f(¢) by T;(f(¢)) = f(¢7). Then

b0 Ty = j (Tj o). (4.29)
A simple induction argument gives
o¢ oy =j" (Tj o 52’) , (4.30)
and
D,oT; = j*D,. (4.31)

Thus by (4.10) we have
DZSQm-i-l (Cj+17 Z, Q) = (j + 1)£P2m+1,€(H§m+1)E(2m+l) (27 Q) (432)

4.6. The main theorem. We are now ready to derive our main theorem. Applying
Dy, to both sides of (4.1) and using (4.10), (4.14), (4.23), (4.24), (4.27), (4.28), and
(4.32) we have

Theorem 4.4.
D™ (2m)! (m + 1) (m — DIC* (2, q)]*™ ™ (q)2 !

[e.9]

<P2m+1 om(Ham1)

m—1 2m
2m
2m a( a )Da(Fj,m(Caq»PZerl,?ma(,HzmH)
j=1 a:O
— Do (Fom(C, (D)) S (2, q) (4.33)

where the coefficient functions Do(F},,)(C,q)) (0 < 7 < m —1) are given recursively
by (4.23) and (4.27), and their initial values (4.24) and (4.28).

For n > 0 let V, be the Q-vector space spanned by the monomials ®¢PPE with
a + 2b+ 3¢ = n. We Define

Wa=> Vas (4.34)
k=0
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i.e., W, is the Q-vector space spanned by the monomials ®¢®5PE with 0 < a+2b+3c <
n. We call W, the space of quasi-modular forms of weight less than or equal to 2n.
This agrees with the definition in [2, p.355] except this time we allow monomials of
weight 0.

Corollary 4.5. Suppose m > 1. Then there exist quasi-modular forms f; € W; for
1 <7 < m such that

( amt1 T Z Jm— kHQm—l—l) pem ) (ZaQ) = (2m)! [C*(Z»Q)]QmH(Q)g;nH- (4.35)

Proof. Suppose m > 1. It is well-known that
q)2n71 € Wn

See [2, Eq.(3.25)]. Equation (4.19), the recurrence (4.27) and a simple induction argu-
ment imply that

Dao(Fjm(C: ) € Wiaay,
for 1 < j <m — 1. Similarly using (4.22) and (4.23) we find that

Do (Fom(C,q)) € Wan. (4.36)
Now we calculate the coefficient of H3% ., in the right side of (4.33). The degree of
the polynomial Py,,i19m—a(x) is [(2m — a)/2]. Assuming k& < |(2m — a)/2] we have
2k < 2m —a and |a/2| < m —k, and in this case Dy(Fj (¢, q)) is in Wy,—j. This
together with (4.36) implies that the coefficient of H3% ., is in W,y for 0 < k < m.
The coefficient of H3"',, is

j=1 k

-m+k+1
m—1
» (m —1)I(m+1)!
=2 (=1)(j+1)*" : : 4.37
jo( YU+ e T it 1 1) (4:37)
2(m — 1)I(m + 1)l &= . 5 2m
= (=1 (5 + 1) , :
(2m)! = m—j—1
We show that
fo= (=D (m+ 1) (m — 1)L (4.38)
In view of (4.37) this is equivalent to showing that
m—1
2 ; 2m
—— ) (=) 4 1) =1 4.39
o UG () -1 (4.39)
7=0
which we can rewrite as
m—1
2
2 2m( T,”) = (2m), (4.40)
=0 J

by replacing 7 by m — j — 1 in the sum.
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Since

Beginning with the elementary identity
2m
2m\ -
Z ( j )$]y2m—] = (IE + y)Qm’

=0

setting o = —%C and y = 1/, we obtain

> (277”) (—1)7¢m = (¢ - 1)

=0 N/

(4.41)

(4.42)

We apply Dy, to both sides of (4.42) and argue as in Section 4.2 to obtain (4.41) which
completes the proof of (4.38). The final result (4.35) follows from (4.33) by dividing

both sides by f; and using (4.38).

U

4.7. Some examples. We illustrate Theorem 4.4 and Corollary 4.5 with some exam-
ples. We show details of the calculations for the cases m = 1, 2. In cases m = 3, 4 we
give the quasi-modular forms f; (1 < j < m) in Corollary 4.5, in terms of the functions

®oy_1(q) rather than the Gax(q).
Example m = 1.

A[C* (2,9 (0)% = [ 9+ 2H; — Da(Foa(C, Q))) 23 (z,q)

=(9+2H;—(5— 12c1>1)> »®(z,q)

= (2Hs;+4+ 12 c1>1> »O3)(2,q),

and
(Hs +246 <I>1> S (z,q) = 2[C*(z, 9P (@)%

This identity implies the Rank-Crank PDE (1.7) as in [2, Section 2].
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Example m = 2.

— 144[C*(2,9)1°(q)3

[e.9]

= (625 + 100 H" s + 2H 2 4 16 Do(F1(C, q)) (625 + 100 H*5 + 2 H*2)

+ 32 D1(F12(C, q)) (125 + 15H™5) + 24 Do(F12(C, q)) (25 +2H™s) + 40 D3(F12(¢, q))

+2Dy(F12(¢,q)) — Da(Fo2(C, C]))) 20 (z,q)

= (625 F100H s + 212 — 4(625 + 100 H"5 + 272

125
+20 (125 + 15H"5) — (30 + 180 @1)(25 + 2H"5) + (=~ + 2250 1)

1
+ (5 — 450 1 — 1350 ®F — 255 ®3) + (—82 + 600 ®; — 45097 + 195 q>3)> »®)(z,q),

and

(H*§ + (60®; +10) H*5 + 300 ®2 + 10 ®3 + 350 O, + 24) Y0z, q) = 24 [C*(2,q)]°(q)>,.

(4.43)
In this case of Corollary 4.5 we see that
f1 =609, + 10,
f2 = 300 ®F + 10 &3 + 350 ®; + 24.
We show how this identity implies (1.18). We need the results
5u((0)o) = =By ()oes 0,(1) = 2y — 207 + 2y,
This implies that
Hi (2 (2,0)) = H3((0)2G(2,0) = (0)3.(H; — 3081)GO (2, q), (4.44)
and
M3 (27(2,9) = HE*((0)%.GP)(2,9) = <q>io<%;2—60<1>1H;—50@1+1500®%—250<1>&>f<;><z, q).
45

Substituting (4.44), (4.45) into (4.43) we find
(HE2 + 10H; + 24 — 240D5)GO) (2, q) = 24 [C* (2, ¢))°(¢)°

which simplifies to (1.18) since
H, =H; +5.
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Example m = 3. We find that
fi =210, 428
fo = 210 &3 + 8820 &2 + 252 + 4410 &,
fz = 41160 @3 + 2450 &5 + 14 ®5 + 720 + 22736 & + 2940 &5 &, + 102900 2

Example m = 4. We find that
fi =504 ®; + 60
fa = 1260 &3 + 24948 &y + 1308 + 68040 P2
f3 = 136080 ®3 ®; + 504 ®5 + 45360 5 + 2449440 ®F + 403704 B; + 2449440 B2 + 12176
f1 = 40320 + 2126232 ®; + 404082 &3 + 9828 @5 + 2653560 Pz D, + 21820428 O3
+ 9072 &1 ®5 + 47764080 @3 + 18 ®7 + 1224720 O3 ®T + 11340 d3 + 11022480 P7.

5. CONCLUDING REMARKS

The main goal of this paper was to show how the generalized Lambert series identity
(1.3) leads to the higher level Rank-Crank-type PDEs of Zwegers. The first author’s
proof [8] of (1.3) only involves a partial fraction argument and this together with the
proof in Section 4 gives an elementary g-series proof of these higher level Rank-Crank-
type PDEs. The elliptic function proof of (1.3) in Section 2 is independent of the other
sections. Our form of Zwegers’s result (1.23) was given above in (4.35). In our form
the coefficients are quasimodular forms rather than holomorphic modular forms. The
quasimodular function FE, occurs in Zwegers’s result as part of the definition of his
operator Hy. Our coefficient functions are given recursively. It would be interesting to
find explicit expressions for the coefficients and to derive the form of Zwegers’s result by
our method. The coefficients in the 4 order PDE (1.18) only involve the holomorphic
modular form Fy, and the differential operator H, does not involve the quasimodular
E5. Tt would be interesting to determine whether there is a renormalization of higher
order Rank-Crank-type PDEs which only involve holomorphic modular forms, either
as coefficients or in the definition of the differential operator. Bringmann, Lovejoy
and Osburn [5], [6] found Rank-Crank-type PDEs for overpartitions. Bringmann and
Zwegers [7] showed how these results fit into the framework of non-holomorphic Jacobi
forms and found an infinite family of these PDEs. However these PDEs only involve
Appell functions of level 1 or 3. It would be interesting to determine whether the
methods of this paper could be extended to find PDEs for higher level analogues.
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