KOSHLIAKOV ZETA FUNCTIONS I: MODULAR RELATIONS

ATUL DIXIT, RAJAT GUPTA

In memory of Nikolai Sergeevich Koshliakov

ABSTRACT. We examine an unstudied manuscript of N. S. Koshliakov over 150 pages long
and containing the theory of two interesting generalizations (,(s) and 7,(s) of the Riemann
zeta function ((s), which we call Koshliakov zeta functions. His theory has its genesis in a
problem in the analytical theory of heat distribution which was analyzed by him. In this
paper, we further build upon his theory and obtain two new modular relations in the setting
of Koshliakov zeta functions, each of which gives an infinite family of identities, one for each
p € RT. The first one is a generalization of Ramanujan’s famous formula for ¢(2m + 1)
and the second is an elegant extension of a modular relation on page 220 of Ramanujan’s
Lost Notebook. Several interesting corollaries and applications of these modular relations

are obtained including a new representation for {(4m + 3).
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1. AN UNSTUDIED MANUSCRIPT OF N. S. KOSHLIAKOV

The discovery of Ramanujan’s Lost Notebook, which is a 138-page manuscript (along with
some loose papers) which Ramanujan worked on in the last year of his life, has been considered
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to be the mathematical equivalent of the discovery of Beethoven’s tenth symphony [3]. Ever
since George E. Andrews discovered the Lost Notebook in 1976, there have been hundreds
of papers written on the formulas given in there spanning variegated areas of mathematics
such as analytic number theory, ¢-series, theory of partitions, modular and mock modular
forms, mathematical physics, to name a few. The charming story of the discovery of the Lost

Notebook is well-known, see, for example, [2].

In this paper, we bring to light a manuscript which fell through the cracks during the
aftermath of World War II. This manuscript was written by Nikolai Sergeevich Koshliakov,
an outstanding Russian mathematician, who made seminal contributions to analytic number
theory and differential equations. An interesting account of the adverse conditions in which
it was written and how it became available to the mathematical community is documented
in the article [12] (see also [39]). Since it is extremely inspiring, we reproduce it below so as

to make it available to the broader mathematical community.

The repressions of the thirties which affected scholars in Leningrad continued
even after the outbreak of the Second World War. In the winter of 1942 at the
height of the blockade of Leningrad, Koshlyakov along with a group ... was ar-
rested on fabricated ... dossiers and condemned to 10 years correctional hard
labour. After the verdict he was exiled to one of the camps in the Urals. ... On
the grounds of complete exhaustion and complicated pellagra, Koshlyakov was
classified in the camp as an invalid and was not sent to do any of the usual
jobs. ...very serious shortage of paper. He was forced to carry out calcu-
lations on a piece of plywood, periodically scraping off what he had written
with a piece of glass. Nevertheless, between 1943 and 1944 Koshlyakov wrote
two long memoirs Issledovanie nekotorykh voprosov analyticheskoi teorii ra-
tional’nogo i kvadratichnogo polya (A study of some questions in the analytic
theory of rational and quadratic fields) and Issledovanie odnogo klassa transt-
sendentnykh funktsii, opredelyaemykh obobshchennym yravneniem Rimana (A
study of a class of transcendental functions defined by the generalized Rie-

mann equation).

The first memoir in the above paragraph was lost in transit from jail to the mathematical
community as mentioned in [48]. However, we believe that Koshliakov reproduced the work
in the memoir in the three papers [38] he wrote after he was released from jail.

The second memoir, which was written under his patronymic name (N. S. Sergeev), is the
subject of discussion of our paper. I. M. Vinogradov, S. Bernstein and Yu. V. Linnik was
so impressed by this manuscript that they immediately recommended its publication. Sadly
though, this manuscript has never been examined in detail since then. There is only a very
brief mention of it in a PhD thesis of A. G. Kisunko [33| p. 4] and it can also be found in some
news articles on the web, for example, in [49]. The first author found out about it first in
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2010 while reading [12] and kindly got a copy of it from the Center for Research Libraries in
Chicago through the inter-library loan service of University of Illinois at Urbana-Champaign.

But it was not until last year that we started studying this manuscript. Having examined
it detail since then has convinced us that it is indeed a masterpiece!

In a series of papers beginning with this one, we plan to further build upon Koshliakov’s
theory. This theory gives as a special case the theory of the Riemann zeta function ((s).
In this first paper, we obtain new generalized modular relations using Koshliakov’s theory
which result in two of Ramanujan’s famous formulas as special cases. The surprising thing
is that our generalized modular relations give new results even in the theory of the Riemann

zeta function. These results are given in Section []

2. CONTENTS OF KOSHLIAKOV’S MANUSCRIPT

Koshliakov’s manuscript is over 150 pages long. Even though he worked on it in 1940s
while in prison, the churning of the concepts in this manuscript seems to be going on in his
head right from mid-1930s as can be seen from the articles [34] and [35]. The origin of his
work stems from a problem in physics arising in heat conduction [35] which we now describe.

Consider a sphere of radius Ry. Suppose the radiation occurs on its surface r = Ry into a
medium at the zero temperature. Suppose the initial temperature is u = 0, the heat sources
are placed on a spherical surface of radius R; (0 < R; < Ry), and the rate per unit time of
heat propagation from the whole surface is ). Then the problem is concerned with finding
the temperature of the sphere at time ¢t > 0. If k is the thermal conductivity and A is the
emissivity of the surface, if the specific heat is ¢ and p is the density of the material forming

the sphere, then the relevant form of the heat equation turns out to be

o 0% ‘
a—a ﬁaa_ \/C/(kp)a

Ov + <H — 1) v
r=Ro R2

s =0,H = h/k.
or ’ /
Such problems are very important in the analytical theory of heat distribution. See [11] for

r=Rag

’U’T:O = 07

a recent article on the steady state distribution of heat.

It can be easily verified by the method of separation of variables that the characteristic
solution to the above system is

phcos i+ psin = 0, (2.1)
where p = RoH — 1 and p is its eigenvalue. It is this characteristic equation that forms the
crux of Koshliakov’s theory of transcendental functions defined by a generalization of the
functional equation of the Riemann zeta function. This is now explained.

The Riemann zeta function ((s) is defined for Re s > 1 by the absolutely convergent

Dirichlet series ((s) = Y .°_; m™*. It can be analytically continued to the whole complex
plane except for a simple pole at s = 1. At the heart of its theory lies the functional equation
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for ((s) obtained by Riemann himself. It is given by [46] p. 16, Equation (2.1.13)]

w0 (2) clo) = 5T (1 ; ) (1—s),

which can also be written in the following asymmetric form [46] p. 13, Equation (2.1.1)]:

C(1— ) = 2(21)*T(s)((s) cos (%3) . (2.2)

In [28], Hamburger obtained the following characterization of the Riemann zeta function:

If the Dirichlet series

fl) =3 (s

n=1 n=1

(2.3)

are absolutely convergent for large Re(s), and if f(s) is a meromorphic function of finite
order with finitely many poles satisfying

o (3) s = w00 (15 ) g1 - )

then, f(s) = g(s) = ¢((s), where ¢ is a constant.

Along with [28], Hamburger [27] [29] and [30] also studied the analytic properties of func-

tions defined by the following generalization of (2.2]), namely,

2cos (52) I'(s)

l—s)=—~2/""7 . 2.4
F1=5) = 22 g (24
Here, f(s) is a Dirichlet series whereas g(s), in general, is not a Dirichlet series. However,
he neither gave any concrete examples for constructing functions defined by the above series

nor examined the study of special functions associated to these series in the same way that
the Euler gamma function, Bernoulli numbers and polynomials are associated with ((s).

The first such pair of f and g was given by Koshliakov in [37]. Note that Hurwitz’s formula,
validm for Re(s) > 1 and 0 < a < 1, is given by

2cos (5) I( i (cos(2mna) + tan (%) sin(2mna)) .

(1 —s,a)= o)

ns
n=1

However, even though the left-hand side in this formula is a Dirichlet series and the right-
hand side is not, it is not a valid example as the above relation is not true for all complex
values of s.

For Re(s) > 1, the f in (2.4) considered by Koshliakov [37] is a more general Dirichlet
series than the usual Y 7 | a(n)n~%, namely,
OIS P S
§) =y —/———
’ p(p+z) +A7A

Jj=1

(2.5)

11t is also valid for Re(s) > 0if 0 < a < 1.



where A1, Ao, ... are the positive roots of the equation
psin(mA) + Acos(mA) =0 (p > 0). (2.6)

Note that the equation is the same as in (2.1)) as can be seen by replacing in (2.1) u
and p by wA and 7p respectively. In his manuscript [37, p. 15-16, Chapter 1], he proves the
absolute and uniform convergence of the series in for Re(s) > 1, whence it is seen that
(p(s) is analytic for Re(s) > 1.

With the choice of f in being (,(s) from , Koshliakov gets g to be the following

series:

m(s) =3 (5“211?"3)’“ (Re(s) > 1), (2.7)
k=1
where .
(s,vk)g = F(ls)/o e ” (:Z _T_ i) 5 da. (2.8)

The derivation for the same is given in Sections 2 and 3 of Chapter 1 of [37, p. 15-20]. On
page 20 of his manuscript [37], Koshliakov discusses the absolute and uniform convergence

2mpk— < 1. Hence 1,(s)

2npk+x

of the series defining 7,(s) in Re(s) > 1, which is easily seen since
is also an analytic function of s in Re(s) > 1.

We call the functions (,(s) and n,(s) defined in (2.5) and (2.7) as the Koshliakov zeta
functz’omﬂ They both reduce to the Riemann zeta function ((s) when we let p — oco. This
can be seen as follows. From (2.6, we have

sin(mA) + A cos(mA) = 0.
p

Hence when p — oo, the roots of the above equation simply turn out to be positive integers,

that is, A; — j, so that
lim (p(s) = ((s). (2.9)

p—o0

Also, from ({2.8), limy, (s, 2mpk), = 1, whence

lim n,(s) = ((s).

p—0o0

Another important special case of the Koshliakov zeta functions arises when we let p — 0.
From (2.6)), it is clear that \; — j —1/2,j > 1. Then, by elementary arguments,

lim (p(s) = (2° — 1)((s). (2.10)
p—0
Moreover, from (2.8)), (s,0)x = (—1)*, and hence

lim 7(s) = (2! ~ 1)C(s) (2.11)

2Even though the series definition of 7, (s) is not a Dirichlet series, we call 1,(s) a zeta function since it

will be always studied in conjunction with (,(s) which is, indeed, a Dirichlet series.
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Let 0 < o < A1, where A; is the smallest positive root of (2.6)). Then Koshliakov obtains the
analytic continuation of (,(s) in the entire complex plane except for a simple pole at s = 1
with residue 1 by obtaining the representation [37, p. 17, Chapter 1, Equation (16)]

al=s a—100 P p a+100 P g
Gls) = s—1 +/a o(iz)e?mz — 1 : +/a o(—iz)e 2™z — 1 =

where

p+z
p—2z

o(z) = (2.12)
The other zeta function of Koshliakov, namely, 7,(s), can also be analytically continued in
the whole s-complex plane except for a simple pole at s = 1 with residue as can be

seen in [37, p. 21-22; Chapter 1].

1
1+1/(7p)

The functional equation that the Koshliakov zeta functions satisfy is [37, p. 20, Chapter
1, Equation (30)]

2 cos (%) I(s)

Gl —s)= (27)3

1p(s), (2.13)

which, according to ([2.9)-(2.11)), reduces to (2.2) when we let p — oo or p — 0.

Having considered the setup in —, Koshliakov proceeds to construct the complete
theory of his zeta functions and that of the functions associated to them, that is, there
are generalized gamma functions (which he calls gammamorphic functions), generalized Eu-
ler constants, generalized Bernoulli numbers and polynomials, generalized theta function,
generalized Hurwitz zeta functions, to name a few. There is also a chapter fully devoted
to summation formulas where he obtains generalized Abel-Plana summation formula and
generalized Poisson summation formula. The last chapter of the manuscript is based on gen-
eralizing some beautiful modular relations of Ramanujan [42] and Hardy [31]. The definitions
and locations of some of these generalizations by Koshliakov in his manuscript [37] along with
the classical functions as special cases are given in a table after Section

In this paper, we concentrate on two different kinds of modular relations resulting by
developing further the theory of Koshliakov zeta functions. The first kind of modular relations
which we study generalizes Ramanujan’s famous formula for odd zeta values. The second kind
is concerned with an integral containing in its integrand the Riemann’s function Z(t) (see (4.7)
below) and its generalization Z,(t) given in (4.12). Koshliakov studies some such relations
in the last chapter of his manuscript [37], however, the associated integrals in his formulas
always contain a single Z,(t) in their integrands whereas our modular relation contains the
product =,(t)2(t).

As shown above, our results which are true for any positive real number p give, as corollar-
ies, not only the corresponding well-known results in the theory of the Riemann zeta function
when we let p — 0o, but also new results when we let p — 0.



3. SOME IMPORTANT FUNCTIONS AND RESULTS IN KOSHLIAKOV’S MANUSCRIPT

As mentioned at the end of Section [2] Koshliakov studied, among other things, two gen-
eralizations of the Euler Gamma function in his manuscript [37, Equation (5.1), (9.1)]. He
denotes these two functions by I't ,(x) and I's ,(x), and calls them the Gammamorphic func-
tions of the first and second kind respectively. Chapters 4 and 8 of his manuscript [37] are
devoted to the study of these two functions.

The Gammamorphic function of the first kind is defined by [37, p. 66, Chapter 4, Equation
(1)]

2,2
pEHAS
=z .

1
e—CI(, )

e p(p+2)+2
FLP(m) = T H{l + );\z;} )
J

Jj=1

where [37, p. 46, Chapter 2, Equation (46)]

n—1 2 2
0 A 1
j=1 p (p + 7r) + )\j J

is Koshliakov’s first generalization of the Euler constant ~.

The existence of the limit in is not explicitly given in [37]. Hence we give brief
details of the same. Observe that employing the elementary evaluation fooo e Ntdt =1/ Aj
and the Frullani’s integral [;°t~! (e™" — e™*»?) dt = log A, in the first step below and using
Lebesgue’s dominated convergence theorem in the third step, we get

log A\, (3.1)

n—1 2 2
+ A7 1
DI A B

e = (p (p+31)+ A?) Aj

where for Re(z) > 0, 0,(%) is defined by [37, p. 44, Chapter 2, Equation (33)]

o] 2 2
p +)\J )\
op(2) =Y e, 3.2
»() j:lp(p""%)'i_/\? 2
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which, when p — oo, reduces to 1/(e*—1). Now the fact that the integral [ (ap(t) - et;t) dt

converges is easy to see since from [37, p. 43, Chapter 2, Equation (30)], we have

X np(0)2”
zop(r) =1+ Z pni!,
n=1
where ¢, ,(0) are Koshliakov’s generalized Bernoulli numbers. If we take p — oo, I'1 ,,(2) and

ngl) reduce to I'(s) and =y respectively.

Koshliakov studied I'1 ,(z) in detail in Chapter 4 of his manuscript and derived several
properties of it analogous to those of I'(x). The logarithmic derivative of I' ,,(x) is given by
[37, p. 71, Chapter 4]

/

I () 1 & PPN 1 1
brp(a) = 2 = —CfY) — — + ]<—>. 3.3
#l2) [1p() P j;p(pr Drxz\y o+ (8:3)

In [37, p. 71, Chapter 4, Equation (14)] he gave the following representation for it, namely,

1 1 1
P1p(T) = 57 gy 1) tlesr— Ii(z), (3.4)
5 )
™
where I (x) is given by [37, p. 71, Chapter 4, Equation (15)]

@ = [ ot -7+ 50:1)
s

as well as by [37, p. 71, Chapter 4, Equation (16)]

e ldt, (3.5)

> tdt
10 =2 | g

The Gammamorphic function of the second kind is defined by [37, p. 121, Chapter 8,
Equation (1)]

(3.6)

e*CzSQ)'x % exp (% + Ds{(s,2mp(z + k))r — (s, 27rpk)k}s:0)

x
T Pt 1—|—k

where [37, p. 46, Chapter 2, Equation (47)]

Iy p(x) =

9

n—1
@ ._ 1 (1,27pk)g _ 1
cy7 ngrfoo E k (1 N L) logn (3.7)
k=1 -

is another generalization of Euler’s constant whose existence can be shown in a manner similar

to that shown above for C’]gl).

In Chapter 8, Koshliakov studied the logarithmic derivative of I'y ,(x) given by [37, p. 124,
Chapter 8, Equation (13)]

Yo p(z) : F/Z,p(w) —_c®@ _ 1 4 i { (1,2mpk), (1, 27p(z + k))k } 7 (3.8)

. FQ,p(x) P €r

k z+k

k=1



and also gave the representation [37, p. 124, Chapter 8, Equation (10)]:

2e2™P 1
= 0)— —+ ——
1+7%pQ27rp< ) 2 (1+L)

p

o p(x) = — logz — I3 (z), (3.9)

where for R(x) > 0 the termﬁ I} (z) can be given by one of the following forms [37, p. 124,
Chapter 8, Equations (11), (12)]:

& 1 1 1 1
I*(z) = - -4+ = »e %t
= ST (1rayt 2

2 e
* o 3
Il ([E) = ) mU‘D(Qﬂ't)dt, (310)
and
QM(S):/ e 't dt, >0, (3.11)
m

is one of the two incomplete gamma functions, more commonly denoted in the contemporary
literature by I'(s, p).

We now give two modular relations of Koshliakov involving functions defined in this and
the earlier section. The first one [37, p. 150, Chapter 9, Equation (19)] given below generalizes
a result of Ramanujan [42, Equation (14)]:

Let ab=m. Then

\/a>3/ooxea2x2 ;—Fa@wx)—i 1+ ! = dx
0 o(x)e2rr —1 P 27 1+

1+
>> dt. (3.12)

The other modular relation [37, p. 152153, Chapter 9, Equations (26), (27)] is a general-
ization of a formula of Hardy (see [I8, Equation (1.15)], [36, Equations (14), (20)]):

3Koshliakov uses the notation I (), however, we have changed it to I3 (z) to avoid any confusion with

I (x) defined in (3.5 or (3.6).
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Let ab= 7. Then

) T | 200uy0) 2 (|| 1
; 2 (. 1, ]
f/ {FLP( )+F27p($)+ 1+7rip +J; +1+7%p ogx o ax
$) T (l‘) 26277;0@2 ( ) 9 1
= \[/ —b2 2 ( + 2,p + L2 (s | .
Fl p(@ Lo p(2) 1+ Wip x 1+ Wip ogr  ar
1 VT
1 [ = (l) cos <§tlog (T))
= dm 2 dt. 3.13
" /0 2 +1 cosh T (3.13)

4. NEW RESULTS IN THE THEORY OF KOSHLIAKOV ZETA FUNCTIONS

Euler’s famous formula for ¢(2m), m € N, is given by [45] p. 5, Equation (1.14)]

a1 (2m)27" Bop,
(2m) = (-1t BT Bam 222m)!2

Let 0,(z) be defined for Re(z) > 0 by (3.2). For k € N, Koshliakov defines his generalized
Bernoulli numbersﬁ by [37, p. 46, Chapter 2, Equation (45)]

(4.1)

1
1+ 5

BY = (—1)F 14k /0 2o, (2rz)d, BY = (4.2)

He then obtains a generalization of (4.1)), namely [37, Chapter 1, Equation (38)],

(=1 2m)*™ )
2(2m)! 2m

(p(2m) =

The special values of the Riemann zeta function at even positive integers, that is, ((2m), are
transcendental as can be seen from . However, very little is known about the arithmetic
nature of the odd zeta values ((2m+1). Apéry [4], [5] showed that ((3) is irrational. Zudilin
[47] showed that one of ((5),((7),((9) and ((11) is irrational. There are further results, for
example, [7], eliciting the arithmetic nature of {(2m + 1).

A celebrated formula for ((2m + 1) is that of Ramanujan [43, p. 173, Ch. 14, Entry
21(i)], [4, pp. 319-320, formula (28)], [8, pp. 275-276]. For a,3 > 0 with a3 = 72 and
m € Z,m # 0, it is given by

—2m 1 n—2m 1

m—l—l

1)) BojBomt2-2;
22771 J J m+1— ] j 43
Z 2)lem +2 — 251 g, (43

4We note that in Koshliakov’s notation, Béi) would be denoted by (fl)k“B,(f). We have followed the

contemporary notation for Bernoulli numbers. It is easy to see that limp— Bé? = Boy.
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where for j > 0, B; := B;(0) is the j'" Bernoulli number and B;(a) is the j* Bernoulli
polynomial defined by

. 4
B. j az

E j(g)z == (0<a<l,|z| <2m).

= 4! er —1

This formula has a rich history for which we refer the reader to [L0]. Two new generalizations
of (4.3) were recently given in [23] and [24].

4.1. Transformations concerning (,(s) at odd integer arguments. Our first result,
which is a Ramanujan-type formula for the Koshliakov zeta function (y(s), is given in the
following theorem.

Theorem 4.1. Let (y(s) be defined in (2.5)) and let o(z) be defined by (2.12)). Let Bé?) be
defined in (&.2). Then for m € Z, m # 0, and aff = 72,

2 2 —2m—1
p°+ )\j )\j

a” ™ ((2m+1+ :
’ SN o (2] ey

2 2 —2m—1
PP+ N A

=(—8)""< =G2m+1)+ ’ ' 3

(—8) Cp(m ;p( + I+ J<%ﬁ>ezm_1

2 mH JB%’)BE?L 2j+2 j+1
— 24 m=a J 4.4
Z em—2+2" " (44)

When p — oo, Theorem reduces to Ramanujan’s formula (4.3]).

Even though there are several generalizations of (4.3)) in the literature, to the best of
our knowledge, there is no generalization known for the Hurwitz zeta function, defined for
Re(s) > 1 and 0 < a <1 by [46] p. 36]

1
((s,a) = Zm

n=0
When p — 0 in Theorem we get a Ramanujan-type formula for the Hurwitz zeta function
¢(2m+1,1/2).

Corollary 4.2. Form € Z, m # 0 and af3 = 7%, we have
a—m ]‘C 2m 4 1 - 22m+l Z .7 - 1
2 2] Da

1

-1

-1

—m m (2 — 1)~
_ () c(2m+1> 2 “Z S

m 1)/ By, B . . .
_92m 2§ 22m—2j+42 927 _ 1)(22m=2+2 _ 1\om—i+13J
Z i) 2m—2j—|—2)( ) o b

[\

Jj=1
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Lerch’s formula for {(4m + 3),m > 0 is [40]

2m-+2
< ( )] IBQJB4m+4 2j

1
4 3 2 4m+324m+2 .
C(4m +3) + ; 4m+3(€27r] _ 1) ]Z% 27)1(4m + 4 — 27)!

If we replace m by 2m+1 and let & = 8 = 7 in Theorem[£.1], we are led to a new generalization
of Lerch’s theorem:

Corollary 4.3. For m € NU{0} and p > 0,

o0 2 2 —4m—3 2m+-2 (p) pp)
p° 4+ N4 AL (= )]B B j+4
4m +3)+2 E J . J — _24m+2 4m+-3 m—2zj ]
ot Splptz) A7 o(y)erm™ —1 " Z 2N om — 2 + 1)

Letting p — 0 in the above corollary, then employing (2.10|) and the fact that A\; — j—1/2,

we get

Corollary 4.4. For m € NU{0}, we have

0 —4m—3

((4m +3) — (1 — 2—4m=3) e(23 1)7r 1
J=1
2m+1

o o2dmt3 = (2j)'(4m 2g+4)

Substituting m = 0 and m = 1 in Corollary we are led to new formulas for ((3) and
¢(7) respectively:

16~ (25 —1)72  7°
C(B) - 7 jz (2] 1) + 1 - %’

127 & 0T 41 22860

Note that one cannot let m = 0 in Theorem because both (,(s) and n,(s) have pole at
s = 1. However, the associated Lambert series corresponding to m = 0 in these theorems are
well-defined at m = 0. The transformations involving them are now given in two separate
theorems below.

Theorem 4.5. Let p > 0 and let o(z) be defined by [2.12)). For o, 8 > 0 such that o = 72,
i P+ A i p? + \2 A
; p(PJF%)WL)‘? O'(M) e2arj = 1P +)‘2 U(M)€2ﬁ)‘j—1
s s

7j=1
3 1
;“d:q;mw(g),

P
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Letting p — oo gives the well-known transformation formula for the logarithm of the
Dedekind eta function [43, Chapter 16, Entry 27(iii)] or [44, p. 320, Formula (3.6)], namely,
for o, 8 > 0 and aff = 72,

> > ﬁ—a 1 «
> > e~ e (5)

J=1 Jj=1

whereas letting p — 0 results in

Corollary 4.6. For aff = 72,

(e 9]

1 1 1 1 1 1
. Zloga = . > log 8.
]Zl 2j—Dea® Uyl 58" ; @i -1 P41 58l

4.2. An extension of a modular relation on page 220 of Ramanujan’s Lost Note-
book. In the middle of the page 220 of the Lost Notebook [44], Ramanujan gives an elegant

modular relation involving the logarithmic derivative of the gamma function ¥ (z) := 1;/((;”)).
This result is stated below.
Define
1
o(x) == Y(z) + 2 log z. (4.6)
Let Riemann’s functions £(s) and Z(t) be respectively defined by
1
£(s) = (s = 1)m 2°T(1 + 35)¢(s),
E(t) := 5( + it). (4.7)
If a and B are positive numbers such that af =1, then
v —log(2ma) B log 27 3)
ﬁ{m+2_jl¢(na> =B +Z¢na
1 e t —1 4+t 2 cos (iloga)
=——F E(= )T dt. 4.
7r3/2/0 <2> ( 4 ) 1+t (48)

A proof of this result can be found in [9] and [I5]. There exist several generalizations of this
formula [16, Theorem 1.4], [17, Theorems 1.6, 1.7], [32, Theorem 8] and [22], Theorem 1.1.5].

In what follows, we obtain a new generalization of (4.8) in the setting of Koshliakov’s zeta
functions (,(s) and 7,(s). To state it, however, we have to introduce definitions of some
functions that Koshliakov gives in his manuscript.

Koshliakov defines the function wy(s) by [37, p. 148, Chapter 9, Equation (8)]

(/Jp(S) = QP(S) ;’np(s)‘

It satisfies the functional equation [37, p. 148, Chapter 9, Equation (9)]

75T (5 ) wpls) =7 T <1 - 8) wp(1— 5).

(4.9)
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It is easy to see that

lim wy(s) = C(s), limwy(s) = (2°71 +27° — 1)((s). (4.10)

p—00 p—0

Koshliakov also gives generalizations of Riemann’s functions defined in (4.7), namely [37,
p. 148, Chapter 9, Equation (10)],

&(s) = 7 AT (2 )wy(s), (4.11)
1
It is easy to check that

Ep(1—5) = &(s),

and that Z,(t) is an even function of t. Also, clearly,

lim &,(s) =&(s), lim Z,(t) = Z(1). (4.13)

pP—00 p—o0

We also require a lemma which gives a new integral representation for Koshliakov’s second
generalized Euler constant, different from that given by Koshliakov [37, p. 48, Chapter 2,
Equation (50)].

Lemma 4.7. We have

01(72):/ 1 — 1167 dx.
0 a(%)ex—l 1+ @

14

Finally, we require a generalization of an integral identity of Ramanujan [42 Equation
(22)] which we derive in the following theorem.

Theorem 4.8. Let n denote a positive real number. Define

o —14+it\[*_ [t\_ [t cos(nt)
F,(n) ::/0 ‘F( 1 > =p (2>:(2> P dt

Then

><< CENN >d:r. (4.14)

ere™™ —1 zxe™

From (2.12)) and (3.2)), it is clear that

. . 1
plggo o(z) =1, plggo op(z) = 1

Along with (4.13)), this implies that letting p — oo in (4.14)) gives Ramanujan’s identity [42)],
Equation (22)].
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Armed with the definitions and notations from Section [B] and Lemma and Theorem
we are now ready to give our generalization of (4.8), which gives an infinite family of
modular relations, one for each p > 0.

Theorem 4.9. Define

O, (x) := ¢1p() + P2 p(2), (4.15)
where
1 1 1
Gr1plz) i =P1px)+ (1 - z7——— | — —loguz, (4.16)
1,p 1,p 9 (1 4 %p) T
2e27P 1 1
O2pa) s = bapl) + 3 Quep0) 5 = 1 Tom (417

with Y1 p(x), Y2 p(x) and Qu(s) defined in (3.3), (3.8) and (3.11) respectively. Let ngl) and
0152) be defined in (3.1) and (3.7) respectively. If o and B are positive number such that
af =1, then

CI(,I) + 01(72) — ( 1+11> log(2ra)

Ja - +3° 8y (na)
n=1
Y+ o) - <1 + > log(2m8)
= \/B 26 Trp + Z (I)p(nﬁ)
n=1

2 [ —1 4t |? t t\ cos (3tloga)
= —— T = =121 =) —=—2dt. 4.18
7r3/2/0 ‘ < 4 ) p(z) (2) 1+ t2 (4.18)

As the reader may have guessed by now, if we let p — oo in (4.18)), we get (4.8). However,
letting p — 0 gives an interesting new result stated below.

Corollary 4.10. Let

7(z) = % (Q,Z) (1 + g) — <1;$>> + <33+ ;) - % —log z. (4.19)
If a and B are positive numbers such that oS =1, then
~1 > ~1
\/a<7 ;)i(my) + ZT(ﬂu)) = \/B< og(m) + Z (npB) )

n=1
_ 2 /°° r -1+t 2:2 t) cos (gtloga) (\/icos (5t10g2) — 1)
N 71'3/2 0 4 - 2 1+t2

5The identity is actually valid for any complex numbers o and 3 such that Re(a) > 0 and Re(8) > 0.

dt.  (4.20)




16 ATUL DIXIT, RAJAT GUPTA

5. PROOF OF THEOREM [4.1] AND ASSOCIATED RESULTS

Proof of Theorem [£.1] 'We prove the result only for m € Z*. Form € Z~

, it can be similarly
proved. (In fact, it is simpler to prove the result in this case.)

We begin with stating the Mellin transform of W [37, p. 32, Chapter 1, Equation
(74)], namely for Re(s) > 1,

TS [ee] xsfl
Cp(l — S) = 2cos (?) A Wdiﬁ,
where o(z) is defined in (2.12)). Then for Re(s) = ¢ > 1,

1 1ot (1 - =
LG ey, o1
o (g) —1 2mi C—i00 2cos( ) 27
Next, let us consider
i p + )\2 )\mefl (5 2)
]lp )—I—A? J(%f)e)\jx_l' .
Observe that if we let p — o0, it reduces to
j72m 1
edr — 17

i=1

which, for m < —1, is essentially the Eisenstein series of weight —2m on SLg (Z). Also, letting
p — 0, we get

00 1 —2m—1
*Z I
y .
e -3) T+1
From and ., for Re(s) =d > 1, we have
Z p + )\2 A;mel
]:1p )+)‘2 0(’\2%)6)‘15”—1
2 —2m—1 i00 —
—Z p+/\ )\j /d+ Gp(l—9) (Ax) de
= p —|— )\2 271 d—ico 2COS( ) 27
_ 1 e cp(l —8)Gp(s +2m +1) (1)—5 I (5.3)
271 Jg—io 2 cos (%) 2w

where in the last step we interchanged the order of summation and integration because of
absolute and uniform convergence and employed the series representation of (,(s + 2m + 1)
given in .

We wish to shift the line of integration from Re(s) = d to Re(s) =

—dq, where 2m + 1 <
di < 2m + 2. To that end, construct the rectangular contour ABCD:

A(d — iT), B(d+iT), C(—dy +1T), D(—dy — iT).
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The integrand has simple poles at 0, 1, —2m and —25 — 1, 0 < 7 < m all of which lie inside
the contour. If R, denotes the pole of the integrand at a, by Cauchy’s residue theorem,

d+ico —dj+ico —d]—i00 d—ioco m
+/ >~68 ds = R_o9y + Ro + R1 + R_9;_1,
27” </d /d—l—zoo /dﬁ—ioo —d1—ico ( ) " Z !

Jj=0

where

H(s) :=

Gl —5s)Cp(s+2m+1) fx\—3
2005(;22) . (ﬂ)

Now the residues of (s) can be evaluated as given below.

Ry = lim s5(s) = —lgp(zm +1), (5.4)
1
Ry = il_)rr%(s —1)9(s) ( 7%> E (2m + 2), (5.5)
Rogm = lim (s+2m)$(s) = (= ; (2 ) G(2m + 1), (5.6)
(—1)

R oj1= lim (s+2j+1)H(s)

s——27—1 T

o\ 25+
(%) G(2+2§)G(2m = 2j),  (5.7)

where, to calculate Ry, we used the fact [37, p. 22, Chapter 1, Equation (34)]

The fact that

di+iT d—iT
/ $H(s) ds and / $H(s) ds = 0, as |T| — oo,
d

+iT —dy—iT
follows from the elementary bound [37, p. 24, Chapter 1, Equation (43)]
Glo+it)=0 (t%"’) (o <0),

the functional equation (2.13)) and Stirling’s formula for I'(o +it) in a vertical strip a < o < b

given by [14, p. 224]
(9] = Vari ket (140 (1))

1 d+ioco 1 —d1+ico
— 9 ds =R_om + Ro+ R1 + R o 1+ —
2mi d—ioco ( ) " ]Z; 7 2mi —d1—1i00

as |t| — oo. Hence
H(s) ds. (5.9)

Let us now turn to the line integral

/_dﬁ_ioo Gp(1—5)G(s +2m+1) <£>_5
27 ’

—dy—ico 2 cos (%8)
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and employ the change of variable s - —s — 2m to obtain

/—dl-i-iooﬁ(s) e (_x2>m/c+ioo Go(s+ 2m + 1)¢p(1 — 5) (i)s ds,

P
—dy—ico 472 —ico 2cos (%)

where 1 < ¢ = Re(s) < 2.

Again invoking the series representation of (,(s 4+ 2m + 1) and interchanging the order of
summation and integration on the right-hand side of the above equation, we get

1 —d1+i00
— d
ot gy D

mi pr+ A2 At /c+i°o Gl —s) (2mA\ ™"
)-{—)\2 2 ), ut T

lep oo 2COS(2)
—2m—1
B m 00 P _|_)\2 >‘j m
B Z _|_ )\2 ' omxs ) AT ’ (5.10)
j=1 p o (TJ> e = —1

where in the last-step, we used (j5.1]).

Thus, from , , , , , and , we arrive at

p2 4 )\3 )\;2m7 1

oo
Zor D% o ()

+ %Cp(Qm +1)

:E2 >m o8] p2+)\32 )‘j 2m—1 1
=|-— : +2G(2m+1)
2 Z 1 2 22N p
< m rlp+i)+XN U(%;Aj)e%_l 2

1 1 — 2j+1
+T Cp (2m + 2) +;Z ¢ (25 + 2)¢p(2m — 27) (27r>
1+ p 7=0

.’E2 P +>\2 )\j2m 1 1
S . —(p(2 1
< 4772) ZP +>\2 2mx; ) AT +56(2m 1)
j=1 U<T>e x -1

m+1

+ LS g eigen -2+ (£)7
=0

where in the last step, we used (5.8]). Invoking [37, p. 22, Chapter 1, Equation (38)],

i 2j
Cp(2j) _ (2 ) j( )]+1B§j)7
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we derive
00 2 2 —2m—1
P —|—)\j )‘j 1
: + =G(2m+1)
;p(wi)ﬂi o(3)err—1 27
1,2 >m o] p2 _1_)\? )\]—2m 1 1
=|--— . . + =G(2m+1)
< 42 jzlp(pﬁ)ﬂi o (222 M 2"
L ernen S By By a4 (2"
x = 2)@2m—2j+2)! \2n/

Now let = 2a and 3 = 7%/« in the above equation and then multiply both sides of the
resulting equation by a~"" so as to deduce
2 2 —2m—1
p° 4+ A5 by
G2m+1) + R— J
{ P ]le(p—l—;)-i-)\? J<>‘JT'O‘)620¢)\J-_1

2 2 —2m—1
_ p° 4+ A5 by
==/ <<2m+1+ vABWaY:
R V2 R O e
m+1 B gv)

+22m —_1\m 1 j : 27 2m72.j+2 Oéj m—j—i—l.
(=1) ;( Y apiem -2+ 21"

Finally replace j by m—j+1 in the last sum on the right-hand side to complete the proof. [

Proof of Theorem [4.5] Since the proof of this result is similar to that of Theorem we
omit most of the details. One begins by representing the first infinite series on the left-hand
side as a line integral, and then note that the integrand has a double order pole at s = 0 and
simple poles as —1 and 1. The rest of the proof follows by invoking the residue theorem. [

Corollary 5.1. Forn > 1, and aff = 72,

2 241
n+1 p + )\ )\jn
« Cp + Z )\2 ' A A
]1p ) + 0(#)62‘“1—1
p _|_ )\2 )\2n+1
= (=)™ gp )+ Z A2 R
j= 1p ) + J(JT>625’\1—1

Proof. Replace m by —n — 1,n > 1, in Theorem and note that the finite sum on the
right-hand side of (4.4)) vanishes. O

The above corollary, in turn, gives the result below.

Corollary 5.2. For an even positive integer m, we have

i": P>+ A3 Azt Cp(—2m — 1)

: =2 E T 5.11
jzlp(p+%)+)\? o (N\)er™i —1 2 (5.11)
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Proof. Let a = 8 =7 in Corollary and let m be even. O

If we let p — oo in Corollary we get Glaisher’s result [25]

i 2m+1 C(_2m _ 1) - BQm+2
e2mi —1

2 “dmta  (meven)

whereas if we let p — 0, we obtain Apostol’s result [6, p. 25 Exercise 15(c)]:

oo
(27 —1)*™ o _ (o2m+1 Bom+2
Note that one cannot let m = 0 in Corollary [5.1} The corresponding result in this scenario

is given below.

Theorem 5.3. For a8 = 72,

p +)\2 A
a Z )\2 ' Aja -
= ip(p+7)+ O'(JT>€2O‘)‘j—1
1 S R Y 11
=—p §Cp(_1)+z - 2 (N8 ; 4 2
=P (p+7)+ i o (JT) e2Bxi — 1 (1 + %p)
Proof. Let m = —1 in Theorem and use the representation for B(()p ) from (4.2)). O

Letting p — oo in the above theorem leads to

a+p8 1
Z 23&_ ﬁZ 2Jﬂ_1_ 204 4

which is equivalent to the transformation formula for the Eisenstein series Fo on the full

modular group SLs (Z),

Also, if we let p — 0 in the above theorem, we get a nice result, namely, for aff = 72,

I = 2j-1 1 = 2j—1
“Y 24 Z} ex2i-1) 41 AT z; eB2i-1) 41
Jj= Jj=
Corollary 5.4.
S I N B —
plp+2)+22 a(y)ern -1 2F

—
8 (1_*_7%]))

Proof. The result follows by simply taking o« = 8 = 7 in Theorem O

J=1

Letting p — oo in Corollary we get

: 2 —1 24 871
7=1
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whereas letting p — 0 gives

using the fact lim, 0 (p(—1) = (271 = 1)¢(—1) = 2.

6. PROOF OF THEOREM AND ASSOCIATED RESULTS

We first prove a lemma which will be used in the sequel.

Proof of Lemma [£.7 Using Frullani’s integral,

© ,—T __ ,—nxT
logn = / e -° dz,
0 x
and the identity [37, p. 47, Chapter 2]
(L 27rpk: /°° o(5F)e "= (o (5F) e™
0 x

n—1

M

k=1

where

in (3.7)), it is easily gleaned that

oo [ [r@ @ e, 1 e,
b o L-o(g)e <1+i) 0 x
™™
_/°° ! — ! i dx
0 G(?)e“—l <1+%p> x ’
smcea( )<1 O

Proof of Theorem [4.8 Let H,(«) denote the integral on the right-hand side of (4.14]), ob-
tained after letting n = %log a, that is,

o 1 1 1
Ho(e) ::/0 o (2v/a) + (o (I\f) enVe — 1) - <1 " ) NG

7rp

PN x/\/a> d

1 o'
e2mt/o 1 27rt> dt, (61
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where in the last step we employed the change of variable z = 27t/ /a. Now let

1 1 1

1 o
g(t) := antje — 1 ont’
If §,(s) and &(s) denote the Mellin transforms of f,,(t) and g(t) respectively, then Parseval’s
identity [41l p. 83, Equation (3.1.11)] gives
1 c+1i00

/O " po(0g(t) di = 5,(5)6(1 - 5) ds, (6.2)

B % c—100
provided §,(1 — ¢ —it) € L(—o0,00) and 2 !g(z) € L[0,00) and the integral on the left is
absolutely convergent. To that end, note that Koshliakov [37, p. 40, Chapter 2, Equation
(25)] has shown that for Re(s) > 1,

1 B+ico d
op(2mt) = 5— //3 L r(s)gp(s)ﬁ,

whence, for 0 < ¢ = Re(s) < 1,

c+i00 S
o (2mt) — = T(8)¢, ()= (6.3)

ort  2mi e—ioo (2mt)s’
Similarly, using [37, p. 45, Chapter 2, Equation (39)], for 0 < ¢ = Re(s) < 1,we have
1 1 1 1 [otiee ds
/6 D(8)11p(5) 7o (6.4)

o(t)e2t —1 (1 N g) omt 2mi g i (2nt)s
TP

From (6.3)) and (6.4), for 0 < ¢ = Re(s) < 1,

Rl 1 1 1 _ 2T(s)wp(s)
/0 sl <<ap(27rt)+(a(t>e27rt_l>) — <1+ I > M) dt = 7(%)’; . (6.5)

where wy,(s) is defined in (4.9).
Also, from [46, p. 23, Equation (2.7.1)],

o 1 o oS
s—1
S — = _— F . .
[ (s ) 0= (55) T (6:5)
Therefore from (6.1)), (6.2), (6.5) and (6.6]), we have

Hy(a) = \2/%227” /;HOO (%)Hm et — o) M)

B [ () (M) e (1 ) r (5) <t syl s

2121 J1 oo 2 2 2 2

—1300

NG %—I—ioor (1 B 3) r <1+3> (1 — S)fp(s)a_s ds

7T3/2i % —100
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1, -
a1 s €950
= V= (- (-4 2) 0980y
27372 J1 o ( 2) 27 2) s ¢ *
00 : ; 144t 14at )
_ 1 / p(Zioit\p (1t 5(2)%(2)&*7”(#
w32 J_ o 4 4 1+ ¢2
L (it \[EE)E (5) s
= r a2 dt
syl 4 1112
2 [™ —14it\ P _ [t t\ cos (4loga)
- [ r =(L)=, (L) 2208 4 .
7r3/2/0 ’( 4 ) <2> ”(2) 1re (6.7)

Equation (4.14) now follows by letting o = 2™ in (6.7) and then multiplying both sides of
the resulting equation by T /2. O

Proof of Theorem [£.9. We first show that the two series Y o ; ¢1 ,(na) and
Y oney ¢2,p(na) are absolutely convergent and uniformly convergent in Re(a) > € and Re(3) >
€ for any € > 0.

From (3.4)), (3.6) and (4.16[), we have

o) =2 [ o (69
Tr) = — . .
v 0 (427 (o(B)e —1)
Then
2 [ tdt
<=/ —
o)l < 25 | o
Note that the geometric series formula gives we have
k
1 _ i p—t e—27rk:t'
o(t)e? —1 &= \p+t
N
Since < 1, we have
p+t
1 1
O-(t)€27rt — 1| — e27t —_ 1
whence
2 [ tdt 1
[Frp(@)] < :c2/0 2t — 1 1222
which proves the absolute (and uniform) convergence of >~ >7, ¢1 p(na).
Next, from (3.10), (3.9) and (4.17)), we have
> tdt
¢27p(x) = —2A map(2ﬂ't).
Employing [37, p. 44, Chapter 2, Equation (34)], that is, for Re(s) > 1,
G = 7 [, #ovtads, (6.9)
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where o, (z) is defined in (3.2)), we obtainﬁ

since o, (27t) > 0. This proves the absolute (and uniform) convergence of > "7 | ¢2 ,(nav).

Thus we have established the absolute and uniform convergence of both > > | ®,(na) and

e ®p(nB) on (0,00). We now proceed to prove (4.18)). From (6.8),

ad X, [ tdt
;fbl,p(na) = —2;/0 (2 + n2a?) (o(t)e2 — 1)
2 [ t G 1
T a2 )y (e(er —1) ;1 (t/a)? + n2 at,

where the interchange of the order of summation and integration can be easily justified.
Invoking the fact [13, p. 191] that for ¢ # 0,

i 1 (ot 1
2 +4m2n2 2 \et—1 2 t)’
n=1
we find that
(e.)
2 [ 1 1 Q@ 1
= —— — — + — | dt. 6.10
n21¢17p(na) a o o(t)e? ™ —1 (e%t/a -1 27t + 2) (6.10)
Similarly, from , we obtain
o
2 [ 1 Q 1
;@,p(na) = —a/o Up(27Tt) <627rt/a_1 - Tﬂt + 2) dt. (611)
Using Frullani’s formula to write log(27a) as
oo —t/a _ =27t
log(2mav) :/ S
0 t
and applying Lemma [£.7| with = replaced by 2xt, we find that
1 > 2 1 et
C? — —log(2ma) = / g s - 1 ¢ — | . (6.12)
1+ o \ober - <1+?p)

6From [37, p. 15, Chapter 1], we know that (,(2) =

|
S
—
+
3~
~—
[ V]
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Thus from (6.10) and (6.12), we obtain

CI(,Q) — —L Clog(2ma)
<1+7%p> ad
va = £ b1p(n0)
n=1

_ > Va 2 1 et/
—/0 <t(0_(t)627rt —1)  Ja(o(t)ex —1) (e2mt/a — 1) 1t %p 2\/515) dt. (6.13)

Similarly, Koshliakov’s integral representation of C’I(,l) [37, p. 47, Chapter 2, Equation (48)]

C(l):/oo U(t)_i dt
p 0 p t ’

and an application of Frullani’s formula

log(2ma) = / SR — )
0

together give

C’}gl) —log(2ma) 1 [ e~/
5 = 20[/0 210, (27x) — dx. (6.14)

Hence from (6.11]) and (6.14]), we deduce

(1)
\/&{C log (27a) Z¢2p o }

_ [T Vao,(27t) 27, (2t) et/a
_A ( I; o \/a(€2frt/a71) th> ’ (615)

Now add (6.13)) and (6.15]) and use (4.15)) to obtain

C’Zgl) + C’é ) < > log(2ma)

o + z_:l ¢, (na)

_ [~ ﬂ 1 _ 2m R
— /0 ( - <0p(27rt) + o(t)e2mt — 1) Va (e2i/o 1) <0p(27rt) + S 1)
1 ft/a
B G ETvd
= —Hy(a) - (1 L 1) G(), (6.16)

where H, (o) is given by (6.1)) and

B 0 1 \/a eft/oz
Gla) = /0 <t\/&(62ﬂ/a —1)  2mt? * 2t\/a) dt

Va
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Now from [9, Equation (3.9)], we know that G(«) = 0. Hence from and (6.16)), we arrive
at the equality between the extreme sides of . In order to get the second equality in
(4.18]), just replace « by 8 in this equation and note that the integral involving the Riemann
E-function is invariant because 8 = 1/a. This completes the proof of Theorem O

Proof of Corollary [4.10] We first show the absolute convergence of > > | 7(na) and Y o2 | 7(nf3)
where 7(x) is defined in (4.19). Using the duplication formula for the psi function [26] p. 913,
Formula 8.365.6]

1

" <x‘£ > - —210g2—@!}<§) + 20(x), (6.17)

twice, that is, once as it is and then with x replaced by 2z, the functional equation

1
Y(x+1)=9Y(z) + s (6.18)
and the well-known result [I, p. 259, Formula 6.3.18]
1 1

Y(z) =logx — ot @ <x2> , (6.19)

we deduce after considerable simplification that 7(z) = O (;12) implying the absolute conver-
gence of Y>>, 7(na) and Y 2, T(nf) .
Now let p — 0 in Theorem Note that from (3.1)),

Now from ([6.18]),

whence, letting z = 1/2 and kK = n — 1 implies

S22 ()

j=

@' =t (a) () )
=+ log4. (6.20)

where in the last step, we used (6.19) with = replaced by n — 1/2 as well as the fact [26],
p. 914, Formula 8.366.2]

Therefore

¥(1/2) = —y —log4 (6.21)
Also, from (3.7 and (2.8)), we see that

X 1\k
Cé2>zz( ;) = —log2. (6.22)
k=1
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Hence from (6.20)), (6.22)), we see that

Y+ —lim,_q (

1+17,1p) log(2mav)

— log(ma)
20 20 '

Next, we show that

liny ®,(na) = 7(na)

where ®,(z) and 7(z) are defined in (4.15)) and (4.19)) respectively. From (4.15)), (4.16)), (4.17)
and (4.19), we will be done if we can show that

hm gblp( x) =1 <x+ ;) —log x, (6.23)
1 1 1
o2 Eo ) () e

We first prove (|6.23]). To that end, observe that

. . 1
Jimny 1 p(2) = lim o p(2) + — —log . (6.25)
But from and (| -,
1 1
li + log4) — — + . 6.26
lim ¢1,p(2) = = (7 + log 4) ;(9— xﬂ._;) (6.26)

Now employing [26, p. 912, Formula 8.362.1],

> 1 1

twice, once with = 1/2, and again with z replaced with = + 1/2 and using (6.21]), we are

led to
—( 1 1 1
il —- — | =v¢(z+5 )+ +logd (6.27)
. -5 T+j—3 2
=1 \J "2 2
Hence substituting (6.27)) in (6.26)) proves
1 1
hmwlp( x) = ¢<x+2> — (6.28)

Substituting (6.28)) in (6.25]) results in (6.23]). To prove (6.24), we first show that

. 2e2™P 11 T z+1

;19135 (wz,p(:c) s Q2rp(0 )) =——"+3 {w (5 + 1) — 1 ( 5 >} (6.29)
From and -,

27 N
hm <¢2p( )+ 12j_ fQ%p( )) :_21_2hm/0 Mdt

1 & t )



28 ATUL DIXIT, RAJAT GUPTA

where the passage of the limit through the integral can be easily justified. Now

) 1 671’15
hm ap (27t) Zexp < <] — 2) 27Tt> = 1

Then

o) t [ee] t€7rt
1 rt) dt = dt
/0 71 ayop(2mt) dt /0 (% + 22) (e — 1)
t

o0 t [e.o]
dt dt
|, mrEETe ), mme

- (w (xgl) ~ log (‘;)) -3 (wcr) b —log:c) . (6:31)

using the standard integral representations [26] p. 357-358, Formulas 3.415.1, 3.415.3], valid
for Re(z) > 0 and Re(p) > 0:

[ = s () - 2 (32)
o (E+a)(ert —1) 2 &\aon Th 27
° tdt 1 xp 1 T
o) ()
/0 (2 + 22)(er + 1) 2{1/}(2 +2> & \2r }
Substituting (6.17) in (6.31)), employing (6.18) and simplifying, we arrive at

/0 mllmap(Qﬂt)dt:ZiB—f—i{w(:E;l)—@D(;—l—l)}. (6.32)

Now substitute - in - to obtain . Finally, letting p — 0in and invoking
results in - Along with the prior estabhshment of ( and the fact that from

(|4.10|), (A11) and ({@E.12)), we have Zo(t) = (V2 cos (tlog2) — 1) E(t), this shows that the proof
of (4.20) is now complete. O

Another proof of Corollary using (4.8)) is now given. We emphasize, however, that it is
difficult to conceive the modular transformation in Corollary just from the corresponding
modular transformation in (4.8]). As will be seen from the proof, such a formula was conceived

by us only after comparing the forms of the two integrals involving the Riemann Z-function in
Corollary and (4.8)). Indeed, it was only after we derived Corollary using Theorem
that we came to know that it could be also derived from (4.8]).

A second proof of Corollary Note that

0s (;tloga> (x/icos (;tlog2> - 1)
— \}5 <Cos <;tlog(2a)) + cos (;tlog (‘;))) — cos (;tloga> :

Hence add the two resulting identities obtained by first replacing a replaced by 2« in (4.8)),
then with replacing o by a/2 in ([.8)), then multiply the resultant by 1/1/2, and lastly subtract
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from it. This leads to
1+1
- 7-‘-3/2 ‘F ( 4 )
() = { ( —log 4”0‘>+\/5<7—10g(”0‘>>}_\/5<7—bg(2m)>
2 o 2a¢

+ 7 {mnz::l o(2na) + \/;; 0] (7> } - \/&nz::l o(na). (6.34)
Using , we see that

fZ( $(2na) +;¢( )¢(na)>

-fz( vlna) + 30 ()~ vlna) 4 o losna) ). (039

(t) cos (%tlog a) (\/icos (%tlog 2) - 1) dt, (6.33)

2 1+ ¢2

2

dno

Next, employing (|6 in the form

w(x):;{w <x;1) +¢(“§)}+1og2

with z replaced by 2n« in the first step below, we see that

g(2na) + 36 (%) ~ y(na)

_ % {w <na+ ;) —w(noz)} —Hog?—i—%lb (%)

— g (na g )~ o (25 + growz 3o ()

_ %¢ (na+1> _ ,¢ ("0‘“) +%log2+i (w (5 +1) —nQa) (6.36)

where in the penultimate step, we again used (6.17]) with x replaced by na and in the ultimate

step, we used the functional equation (6.18]).
Substituting (6.36)) in (6.35]), we arrive at

1 oo
fZ( $(2na) + ¢( ) —¢(na)> = 5va) r(na), (6.37)
n=1
where 7(z) is defined in (4.19). From (6.37) and (6.34), we finally see that
1 —1 -
H(a) = 5V ('Y;)Og@ +nzlf(na)>. (6.38)

From (6.33]) and (6.38)), we see that the proof of Corollary is now complete.
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7. CONCLUDING REMARKS

We have merely scratched the tip of the iceberg by obtaining a couple of new results in
the theory of Koshliakov zeta functions which lay dormant in the mathematical community
for about 60-70 years. Thus, obviously, there are many fundamental questions which remain
open and are not only interesting but also important. We conclude our paper with some of
these.

1. Koshliakov [37, p. 22, Chapter 1, Equation (37)] has shown that for each p € R+ the
trivial zeros of (,(s) and 7,(s) are at negative even integers —2k. He [37, p. 22, Chapter
1, Equation (38)] has also generalized Euler’s formula to explicitly evaluate (,(s) at even
positive integers, that is,

(=D Eem)* o)
2k) = —F——"— .
Then, with the help of functional equation (2.13)), he evaluates n,(—2k—1) [37, p. 22, Chapter
1, Equation (38)]:

B(p)

-2k —1)) = =%
o(—(2k — 1)) = — 2
However, there is no mention of (,(—2k — 1) and hence also of 1,(2k) in [37]. The difficulty
in evaluating 7,(2k) partly lies in the fact that 7,(s) is not a Dirichlet series. On the other
hand in Theorem 4.1, we were able to obtain an analogue of Ramanujan’s formula (4.3|) for
(p(2k + 1) but not for n,(2k + 1). It may be interesting to try to get closed-form evaluations
of (,(—2k — 1) and n,(2k) as well as attempt a Ramanujan-type formula for n,(2k + 1), it is
exists.

2. For a finite positive p, it would be interesting to obtain information about the non-trivial
zeros of (p(s) and n,(s). We have embarked upon such a study [19].

3. In Corollary we obtained a Ramanujan-type formula for ¢ (2m +1, %) Does there
exist a full-fledged Ramanujan-type formula for ¢(2m + 1, a) for any a in (0, 1].

4. In Koshliakov’s manuscript [37] as well as in this paper, we have seen that even in the
case of p — 0, we get several new results.

The only case where a result obtained by letting p — 0 in the general result is obtainable
from the p — oo case of the latter is when we are working on the critical line Re(s) = 1/2. For
example, we have seen that Theorem can be also obtained from (4.8) because Zy(t) =
(V2cos (tlog2) — 1) E(t).

5. Multiplying Ramanujan’s identity (4.8) throughout by 2 and then adding the corre-
sponding sides of the resulting equation to those of (4.20) gives the following result whose
application is given immediately after its statement.
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Let Q(z) be defined by Q(z) := 2¢(2z) +¢ (%) + % —3logx—log2. If @ and §3 are positive
numbers such that «f = 1, then

\/a{37—210g2—310g(7ra) +§:Q(na)} _ \/5{37—210552—310%(#5) +§:Q(nﬁ)}

2c 2ﬁ n=1

2 1 1
=2 <t> cos (Qtloga) cos(2tlog2) it (71)
2 1+¢2

n=1

_ o 2V2 ‘r <—1—|—it>

32 4

Now let @ = 2 in ([7.1)), so that 8 = 1/2, and observe that the resulting integral involving
the Riemann =-function is always negative. This results in the following two inequalities

involving infinite series of digamma function, namely,

3 0] 71'3 —
Z {2¢(4n) +¢(n) + % - log(16n3)} < 1g(324)37’

n=1
)

> {w(n) + 1 (%) + % —log (T)} < log (7;3) — 3.

n=1

6. New modular relations can be obtained in the setting of Koshliakov zeta functions by
studying generalizations of the integrals involving the Riemann =-function. A plethora of
such integrals in the setting of the Riemann zeta function have been studied in [15], [I8], [20]
and [21].

Further, the special cases p — 0 of such modular relations will be new results in the theory
of Riemann zeta function. We note, for example, that letting p — 0 in and
respectively lead to new results, namely, for ab = 7,

\/cﬁ/oo ze ¥ - + e dx
0 e2mr 1 e2mr —1 27w
oo -1 T 1
= \/b>3/ ze V' < S ) dz
0

e2mr 41 ' e2m — 1 ;g
~1 © [t 1 it\|? 1 VT
i =(S)r(->+2 “tlog [ YX (2 12-1)
g /0 <2>‘ ( 4+4> cos(zt 0g< " >) V2 cos (t1og 2) dt

and

ISE]

\/6/0006“2’32 <T(.’L’) + 21:10) dx = \/5/000 e Ve (T(a?) + 21$> dx
/°° = (L) cos (3tlog (v /a)) (V2cos (tlog2) — 1) ot
0

2+1 cosh %t

N

=4

where 7(z) is defined in (4.19).
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Some important Functions

Generalizations in Koshliakov’s manuscript

Location in manuscript

= 1_ ; U(%ﬁes_ : [37, p. 13, Equation (2)]
op(s) [37, p. 44, Equation (33)]
¢(s) Gp(s) [37, p. 15, Equation (11)]
np(s) [37, p. 20, Equation (29)]
wp(s) == C”(S);m’(s) [37, p. 148, Equation (8)]
£(s) = mo/25E D (5) ¢(s) X0 [37, p. 148, Equation (10)]
E(t) =& (5 +it) =p(t) [37, p. 148, Equation (10)]
((s,a) (Hurwitz zeta function) Cw(s,a) [37, p. 62, Equation (41)]
Nw(s,a) [37, p. 107, Equation (16)]
v (Euler constant) C’;,(,l) [37, p. 46, Equation (46)]
C’,(,2) [37, p. 46, Equation (47)]
I'(s) I'tp(s) [37, p. 66, Equation (1)]
I'ap(s) [37, p. 121, Equation (1)]
P(z) :=T"(s)/T(s) 1.p(8)/T1p(s) [37, p. 71, Equation (14)]
% () /T2 p(s) [37, p. 124, Equation (10)]
> g~ ms Xp(s) [37, p. 153, Equation (29)]
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