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ABSTRACT. An exact transformation, which we call the master identity, is obtained for the first time
for the series > o | 04 (n)e™ " for a € C and Re(y) > 0. New modular-type transformations when a
is a non-zero even integer are obtained as its special cases. The precise obstruction to modularity is
explicitly seen in these transformations. These include a novel companion to Ramanujan’s famous
formula for ¢(2m + 1). The Wigert-Bellman identity arising from the a = 0 case of the master
identity is derived too. When a is an odd integer, the well-known modular transformations of the
Eisenstein series on SLa (Z), that of the Dedekind eta function as well as Ramanujan’s formula for
¢(2m+1) are derived from the master identity. The latter identity itself is derived using Guinand’s
version of the Voronoi summation formula and an integral evaluation of N. S. Koshliakov involving
a generalization of the modified Bessel function K, (z). Koshliakov’s integral evaluation is proved
for the first time. It is then generalized using a well-known kernel of Watson to obtain an interesting
two-variable generalization of the modified Bessel function. This generalization allows us to obtain
a new modular-type transformation involving the sums-of-squares function r,(n). Some results on

functions self-reciprocal in the Watson kernel are also obtained.
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1. INTRODUCTION
The Bessel functions of the first and second kinds of order v are defined by [91], p. 40, 64]

- 0 (_1)m(z/2)2m+u
Ju(z) = T+ 1+ 0) (z,v € C), (1.1)

Jy(z) cos(mv) — J_(2)

sin v

Y, (2) = (z€C,v¢ 1), (1.2)

along with Y, (2) = lim,_,, Y, (2) for n € Z. Here I'(s) denotes Euler’s gamma function. The
modified Bessel functions of the first and second kinds are defined by [91} p. 77, 78]

1 . 1.
e 2™ J,(e2™z), if —mw < arg(z) <%,
L (2) E PR : ’ (1.3)
e2™"J, (e 2"z), if § <arg(z) <,
I_,(2)—1,
K, (z) = D) Z 1(z) (1.4)

2 sin vm

respectively. When v = n € Z, K, (z) is interpreted as the limit v — n of the right-hand side of

(1.4).

Several generalizations of the Bessel functions exist in the literature, for example, see [33], [34],
[54], [55], [67], to list a few. A new generalization of the modified Bessel function of the second
kind K,(z) was obtained by N. S. Koshliakov in [6I] through an interesting integral evaluation,
and it seems to have gone unnoticed. One of the goals of this paper is to bring it to light. It has
an application in obtaining an explicit modular-type transformation for an infinite series involving
the generalized divisor function o,(n) := de d®, where a € C. See Theorems and This
is the main focus of this paper, for, this transformation gives, as corollaries, not only important
results in the theory of modular forms but also surprising identities that were hitherto unknown.

In [61], Koshliakov studied integrals involving the kernels

cos(mv) Mo, (2V/xt) — sin(mv)Ja, (2Vzt), (1.5)
sin(mv)Jo, (2V/xt) — cos(mv) Lo, (2V/2t), (1.6)

where
M, (z) = %Kl,(x) V@),  Lu(z) = —%K,,(m) V(). (1.7)

The special case v = 0 of some of his integrals involving the kernel in ([1.5)) were previously obtained
by Dixon and Ferrar [39].
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In the same paper [61, Equation (8)], Koshliakov proved a remarkable result that K, (t) is self-
reciprocal in the kernel (1.5)), that is, for —3 < V< 2,

/ K, ( cos (10) Moy (2v/7t) — sin(mv) Joy (2v/7t )) = K, (z). (1.8)

It is easy to see though that this identity is valid for complex v such that —% < Re(v) < % Prior to
this, the special case v = 0 of was stated and proved by Dixon and Ferrar [39, p. 164, Equation
(4.1)] though they surmise in their paper that although Koshliakov does not give a reference to the
formula itself, it is clear that he is familiar with the result.

In [I2) p. 897], the kernel in (1.5)) is called the first Koshliakov kernel, and the integral
o0
/ £(t,v) (cos(m)MQ,,@\/ﬁ) - sin(wy)J2V(2\/:E)> dt,
0

the first Koshliakov transform of f(¢,v). It is important in the context of the Voronoi summation
formula for o,(n), see for example [12]. It must be mentioned here that there are few functions
in literature whose Koshliakov transforms have closed-form evaluations. However, it is always
desirable to have such closed form evaluations, whenever possible, in view of their applications in
number theory. Dixon and Ferrar [39, p. 161] evaluated such integrals for the special case v = 0
of the Koshliakov kernel, and recently further such evaluations were obtained in [33], [34] and [37]

along with their applications given.

In the same paper [61, Equation (15)], Koshliakov gives a more general resultE| of which (L.8) is
a special case, that is, fou > —1/2and v > —% + |l

/D T K () (cos(m) Moy (24/1) — sin(m) Jo, (2v/1) ) di
B Ll A AN T(p+ 1) w+ x?
~ sin(vm) { (5) r(1-— y)ré — V)lFQ (1 ’ —v )
v v+ 1 v
ol i )

P+uvrd) 2\ 1 L4y
where, for b; ¢ Z~ U{0},1 < j <gq, and (a)y, :=a(a+1)---(a+n—1)=T(a+n)/T(a),

a1,02, ,0ap
qu(

- oo (al)n(a2)n“'(ap)n P
b1,ba, -+, by z> '_Z o n (1.10)

n=0

is the generalized hypergeometric series. It is well-known [3| p. 62, Theorem 2.1.1] that the above
series converges absolutely for all z if p < g and for |z| < 1 if p = ¢+ 1, and it diverges for all z # 0

if p > ¢+ 1 and the series does not terminate.

1K oshliakov inadvertently missed the factor 7 in front on the right-hand side.
It will be shown later that when p # —v, this result actually holds for v € C\ (Z\{0}), Re() > —1/2, Re(v) >
—1/2 and Re(p + v) > —1/2; otherwise, it holds for —1/2 < Re(v) < 1/2.
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Indeed, letting = —v in (1.9) gives ([1.8]) as the right-hand side reduces to

s (z/2)7" - |a? (x/2) — |22
2sin(vm) {F(l - V)OFl (1 —v 4) T+ V)OFl <1 +v 4>}
=K,(z) (using (L), and (L.4)). (1.11)

Thus, either side of (1.9) can be conceived to be a one-variable generalization of K, (z).

Equation is the identity of Koshliakov [61] whose importance seems to have gone unnoticed.
Koshliakov does not prove the identity but only indicates that it can be obtained by considering
Iy~ (sin(vm)Jy (wu) + cos(vm)Yy, (zu)) w;‘iﬁ%. He does not even evaluate the above integral,
unlike its special case p = —v, for which he [6I, Equation (7)] gives the evaluation as —K,(x),
again without proof. Since has never been proved in the literature, we do so by deriving it
as a special case of a more general result. See Corollary of Section Its number-theoretic
application is given in Section

Our generalization of Koshliakov’s result naturally leads us to a new two-variable gen-
eralization of the modified Bessel function. The latter allows us to derive a novel modular-type
transformation involving ri(n), the number of representations of n as a sum of k squares, where

representations with different orders or signs of the summands are regarded as distinct, i.e.,
re(n) == #{(a1,a9,--- ,a) €ZF :n=a? + a3 +--- +ai}. (1.12)

See Theorem 2.2] below.

The two-variable generalization of K, (x) is achieved by first obtaining a common extension of
the first and the second Koshliakov kernels in and respectively. This common extension
is in terms of the hyper-Bessel functions ¢F3 whose theory, in the general case, that is for oF;,
was initiated by Delerue in a series of five papers [27]-[31]. The hyper-Bessel functions have been
found useful in many applications, for example, they are used to understand the wavefields and the

elements of the non-adiabatic transition matrix and the tunnelling loss matrix [93].
Let x > 0, v € C\ (Z\{0}) and w € C. We define the generalization of the two Koshliakov
kernels in ([1.5)) and ((1.6|) by

G, (rx,w) = T (%)w

sin(v)

o)
2
f6> ] (1.13)

The two expressions inside the square brackets in ([1.13]) are entire functions oiﬂ v and w. As a
function of v, ¢, (x,w) has a simple pole at every non-zero integer and a removable singularity at
0.

T\ Y 1 —
- F:
X[(4) F(l—V)F(w-i-é)F(w—i—;—u)o3<l—u,w+%,w+§—y

T\V 1 —
—(Z F
<4> F(1+u)1“(w+§)1“(w+§+u)o3<1~|—V,w+§,w+§+v

30ne might as well take z in the definition of %, (z, w) to be such that —m < arg(z) < , thereby having analyticity

in x as well. However, in this paper, we will be working with > 0 only.
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The kernel ¢, (z,w) is not new. In fact, it is a special case of the well-known kernel introduced
by Watson in [90], namely,

@ (2y) = A(zy)Y = T
o) = A [ M(

Watson formally studied how this kernel gives rise to a transform. Letting A = y = 1 in the above

Ay dt
t t’

kernel, using Hanumanta Rao’s formula [90] with p = 0,a = x, and b = 1 to express w, , () in the
form of two oFjss, replacing v by w 4+ v — % and then pu by w —v — % in the resulting identity, we
see that for |Re(v)| < Re(w) + 1,

%,(:U,w) = wwfl/f%,erV,%(l')- (114)

However, note that the definition of the function %, (z,w) in (1.13) itself makes sense for any
v € C\ (Z\{0}) and w € C. Henceforth, we call ¢4, (x,w) as the Watson kernel only.

Observe that w, ,(zy) is the resultan of the kernels v/t.J,(t) and t=3/2J,(1/t), and that a
simple change of variable shows that

@y (Y) = @y, u(2y). (1.15)

The literature on Watson’s kernel is vast. Bhatnagar [17], [19] obtained a necessary and sufficient
condition for a function in a certain class A(w,a) considered by Hardy and Titchmarsh [52] to be
self-reciprocal in @, , (ry). Among other things, he [I7, Theorem 8] also obtained a theorem where
functions reciprocal in the Hankel transform give rise to other functions reciprocal in the Watson
kernel and vice-versa. See also [19, Theorem 7]. In the same paper [19], Bhatnagar also obtained
the inverse Mellin transform representation of @, , () although in Theorem {4.3| below, we re-derive
it with maximum possible domain where it is valid. Watson’s kernel was further generalized by
him in [I7] and [20], and in a different direction by Olkha and Rathie in [72]. An expansion of the
generalized Watson kernel w,,, ... ., () in terms of Jacobi polynomials was obtained by Dahiya [26].
A representation of @, , (x) (more generally for @, ... 4, (z)) in terms of the Meijer-G function was
given by Narain [69, Section 4(b)].

That @, (z) = O(z~'/*) as x — co was established by Watson [90, p. 308]. Mainra and Singh
[65] derived the differential equation satisfied by w,, , (x) and then used it to obtain its asymptotic
expansion as  — co. Numerous integrals containing w,, , (x) in its integrand have been evaluated
by Singh in [83], [84].

In spite of so much work done on Watson’s kernel, its importance from the point of view of
number theory has not been recognized before. For example, while it is known [51) p. 5, Example
3] that for z > 0,

G (z,w) = Jow—1(2VT), (1.16)
2
it has not been noticed before that when w = 0 and 1, the kernel w,,_, 1, 1 (x), or equivalently
27 2
4, (z,w), reduces respectively to the first and second Koshliakov kernels defined in (1.5 and (1.6)).

See Theorem of Section {4l Earlier, this was known [65, Section 4] only when we additionally
consider v = 0. These kernels are useful in number theory.

4For the definition of a resultant of two kernels, see [51].
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Our generalization of Koshliakov’s modified Bessel function is defined for v € C\ (Z\{0}), and

1 _3 _5
&
4

z, ,w € C such that y +w # —5,—-5,—3,--+, by
2
z
— 1.17
4>} (117

TRV (N T(p4w+ 1L pA w4 3
p I (2, w) = { <*> ( 2) 15 ?
I'( )
with , Ko(z,w) = lim, 0 K, (2, w). When w = 0, ,K,(2,w) reduces to Koshliakov’s generalized

sin(vm) 2 1-v)I(w+3—v w+3—v,1—v

(z)ur(u+u+w+§)F ptv4w+ s
2 I‘(l—i—y)F(w—i—%)l 2 w+ i 1+v

modified Bessel function of the second kind whose special case when z is a positive real number x
occurs on the right-hand side of (1.9). Clearly, from (L.11]) and (1.17]),

WK (z,w) = 2V K, (2). (1.18)

2. MAIN RESULTS

Our first result is a generalization of Koshliakov’s identity ([1.9)). It gives an integral representa-
tion for , K, (z,w).

Theorem 2.1. Let z > 0, Re(w) > —1/2 and v € C\ (Z\{0}). Let 9, (x,w) be defined in (|1.13).

If p # —v, then for Re(u), Re(v), Re(u + v) > —Re(w) — 1, we have

/0 K, g, (ot w) dt = K, (z,w), (2.1)
otherwise, for —Re(w) — 3 < Re(v) < Re(w) + 3, we have
/ YK, ()9, (xot,w) dt = 2" K, (z). (2.2)
0

The above integral evaluations are proved using the theory of Mellin transforms, in particular,
Parseval’s formula . Equations and , and the special case due to Koshliakov,
are crucial in obtaining the main theorems of this section.

It must be noted that the second part of Theorem that is , is not new. In fact, Bhatnagar
[20, Section 3, (1) (i)] obtained it as a special case of a more general identity proved by him in
[19], but only for real values of w and v. Varma [88] p. 103, Example 2] considered the special case
w = v of whereas Mitra [68, Example 2] did the same for w = 1/2. However, to the best of
our knowledge, has not appeared in the literature before.

We now give a new modular-type transformation between two infinite series involving r(n) as
an application of Theorem

Theorem 2.2. Let k € N,k > 2 and Re(z) > 0. Let ri(n) be defined in (1.12)). Define R(u, k, z)
by
07 sze(,u) > _%)

R(p, k,2) = 1 1=k

. (2.3)
AT (), a1
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Then for Re(u) > —% or = —1/2, the following transformation holds:

7T (4 k4 L)

()

Z ri(n)n* T K, (n2) —

n=1

1 ™2n k

k
1_k T2

e Zrk ni i, é(2,4> O] R(u, k, 2). (2.4)
z 2

There are a number of transformations involving infinite series of ri(n) and modified Bessel
functions in the literature. See, for example, [90, Equation (4)], [38, Equation (3.12)] or its gen-
eralization [L1, Corollary 4.6]. However, a transformation for the series Y oo ; i (n)n 1K, (nz),
given in Theorem is obtained for the first time.

Theorem gives, as a special case, the well-known modular transformation [24, Equation (64)]

recorded below.

Corollary 2.3. Let k be an integer such that k > 2 and let Re(z) > 0. Then

> ntnge = (3)* 3t
n=0

Let a € C. Consider the series

oo oo na
Zaa(n)e_"y = Z IR (2.5)
n=1 n=1

When a = 2m + 1,m € N and y = —2miz (so that z € H, the upper half-plane), either of

the above series essentially represents the Eisenstein series of weight 2m 4 2 on the full modular
group SLy (Z). When a = —2m — 1,m € N, the series > o ; 04(n)e*™* represents the Eichler
integral corresponding to the weight 2m + 2 Eisenstein series [14] Section 5|. Moreover, while
320 | o1(n)e?™"# is essentially the quasi-modular form Fs(z), that is, the Eisenstein series of
weight 2, the series > °° | 0_1(n)e?™™ is what appears in the modular transformation of logarithm
of the Dedekind eta function 7(z) [13, Equation (3.10)].

In all of the above cases, that is, when a is an odd integer, the series Y 7 | 0q(n)e™"Y satisfies
a modular transformation, and hence plays a fundamental role in the theory of modular forms.
However, an explicit transformation for the series > 2 | 0q(n)e™™ when a is an even integer is
conspicuously absent from the literature except in the special case a = 0; see, for example, the
paper by Kanemitsu, Tanigawa and Tsukada [57, Theorem 2] or [71], p. 33|, [94, Equation (3.7)].
Using the concept of transseries [43], Dorigoni and Kleinschmidt [40] have considered the case
when a is negative even integer (see [40, Equation (2.43)]). However, as special cases of our master
identity (see Theorem below), we not only obtain the identity for negative even integer a (see
Theorem below) but also when a is a non-negative even integer.

For Re(a) > 2, Ramanujan [10, p. 416] obtained a transformation for the series in which
shows how the modularity is obstructed by means of the appearance of an extra integral. Later,
Guinand [46, Section 7] also studied the series > 00 | oo (n)e™™ for k € R, such that k + 3 ¢ Z
and obtained [46, Theorem 8| similar results for Re(y) > 0. However, these transformations are not
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explicit in the sense that apart from the series getting transformed and the residual terms, certain

extra objects appear, for example, contour integrals or principal value integrals etc.

Berndt [7, Theorem 2.2] derived an important modular-type transformation for a vast gener-
alization of Eisenstein series. We rewrite one case of this transformation in the version given by
O’Sullivan [74, Equation (1.23)], namely, for z € H and k € Z,

0o
k) Z kal(n)e%-mz o Zak 1 27rm (—=1/2)
n=1

— 1 if k = 0;

R I DI e b (2.6)
woetny O U (2% — (=1D)F)¢(1 - k) ifk#0,
utv=2—k

where ((s) is the Riemann zeta function. When k =1 — 2m,m € Z, it results in

yme1 27)* " Bom
¢(2m) = 2 2(2m)! , ifm 20, (2.7)

0, if m <0,

thus incorporating Euler’s formula [86, p. 5, Equation (1.14)] whereas on letting k = —2m,m €
Z\{0}, it gives Ramanujan’s formula for ¢(2m+1) [80, p. 173, Ch. 14, Entry 21(i)], [81, p. 319-320,
formula (28)], [8, p. 275-276], namely, forﬂ a, B> 0 with a8 = 72,

1 n—2m—1 1 n—2m—1

m+1
)* Bog Bom-t+2—k ik gk, (2.8)

22m
Z 2k (2m + 2 — 2k)!

Note, however, that (2.6) does not give any transformation for > >° , o_om(n)e ™, m € Z.

Ramanujan’s formula encodes the transformation properties of Eisenstein series on SLg (Z) as
well as their Eichler integrals [I4]. Guinand [46, Theorem 9 (iv)] rediscovered the above formula.

Let y = log(1/q) and let P denote the set of integer partitions. Then for functions f : P — C,
the g-brackets are the power series

> oaep SN
2 oaeP g

which represent “weighted average” of f. Also let H;(\) be the multiset of partition hook numbers

(flg = e C[d]l;

which are multiples of ¢, where the hook number of a hook in the Ferrers diagram of a partition is
the number of dots in its arm and leg together. Recently Han [49], Han and Ji [50] showed that
the series > 7 01_4(n)e™™ are the g-brackets of f, +(\), where

far) =121 S0 hi

heHi(X)

SRamanujan’s formula is actually valid for any complex a, 8 such that Re(a) > 0, Re(3) > 0 and af = 2.
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Bringmann, Ono and Wagner [22] showed that for even a > 2, the series > - 01_q(n)e "™ are
pieces of weight 2 — a sesquiharmonic and harmonic Maass forms, whereas for odd a < —1, they
are holomorphic quantum modular forms. For more details, see [22, Theorems 1.2, 1.6].

The series )2, d(n)e™™, or, in general, Y >, 04(n)e”™, where a € C, is also instrumental
in the study of moments of the Riemann zeta function and have long been employed for this
purpose. See, for example, [87, p. 163, Theorem 7.15] or [62]. Lukkarinen [64] obtained meromorphic
continuation of the modified Mellin transform of |¢(1/2 4 iz)|?, defined for Re(s) > 1, by

h ‘C (; +i:c>

d(n)e~™. Period functions, in general, are real analytic func-

2
x % dx,

by using a transformation for » >
tions W(z) satisfying the three-term recurrence relations ¥(z) = W(x + 1) + (z + 1)725¥ (Hl)

where s = 1/2 4 it. In an interesting paper, Bettin and Conrey [15] studied the period function of
the series Y o0 | 04 (n)e*™ "= where a € C and z € H, showing that it can be analytically continued
to |arg(z)| < m, and as an application of their result they gave a simple proof of the Voronoi
summation formula as well as an exact asymptotic expansion for the smoothly weighted second

moment of the Riemann zeta function on the critical line, namely,

oo 1 . 2
C (2 +Zt>

e 0t dt,
as 0 — 0, in the form of a convergent asymptotic series.

However, in the above results, either an asymptotic estimate for the series > °0 | 04 (n)e?™ % is
given or a transformation involving a line integral, and hence an explicit transformation is missing.
We fill this gap and obtain an explicit transformation for the series Y - | oq(n)e™™ first, for any
a € C such that Re(a) > —1, and then for Re(a) > —2m — 3, where m € N U {0}, by analytic
continuation. We then obtain, as corollaries, not only the well-known results in the theory of
modular forms but also a transformation between > > | o9 (n)e” " and the series

3 ’ ? 2 2, N\ ~2
Zozm(n){ sinh <47T n) Shi <47r n) — cosh (47T n) Chi (47T n) Z (25 —1)! <4W n> },
= Y y Y = y

(2.9)
where m is any integer and Re(y) > 0. Note, of course, that when m is a non-positive integer, the

finite sum over j in the summand of (2.9)) is empty. Here, the functions Shi(z) and Chi(z) are the
hyperbolic sine and cosine integrals defined by [73, p. 150, Equation (6.2.15), (6.2.16)]

Shi(2) ::/0 Sm?( ) at, Chiz) ::ry+10g(z)+/ozcosh(tt)—1

where v is Euler’s constant. (Observe that Shi’(z) = sinh(z)/z and Chi’(z) = cosh(z)/z.) We note
that Shi(z) is an entire function of z whereas Chi(z) is analytic in C\(—o0,0]. The series in ([2.9))
is a natural analogue of the series

> 4 2 4 2 [e'e]

Z"Qmﬂ(”){ Sinh( T n) - cosh< T n> } = *Za2m+1(n)€_4ﬂ2”/y7
Yy y

n=1 o

which appears in the corresponding modular transformation satisfied by > "7 | oam41(n)e™"Y.

dt, (2.10)
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Let @ ¢(2) := >0, n*oy_k(n)q" be a function considered by Ramanujan [79]. In [I6, Corollary
1], Bhand and Shankhadhar recently showed that for k + ¢ even and any ¢ € C, the function
c+ Py, ¢(2) is not a quasimodular form of any weight and depth (and hence, obviously, not a modular
form). Note that when k = 0, this gives > 7, o¢(n)g" for £ even. However, as expressed in the
concluding remarks of [16], no transformation property for the latter series is known. In Theorem
below, we obtain the precise transformation that this series satisfies. It shows explicitly the

obstruction to modularity.

When a = 2m, m € Z~, or a = 0, we also obtain simplified versions of the transformations for
the series in (2.9). This is achieved using a recent result [32, Theorem 2.2], valid for Re(u) > 0:

2 [%° tcos(t) 1 u 1 iu iu

gt = —dlog (— ) — = i 2 2.11
Zl/o 2+ n?u? Q{Og(27r> 2(¢<2w)+w< 27r>)}’ (2.11)
where 9(z) :=I"(2)/T'(2) is the logarithmic derivative of I'(z). See (2.19) and (2.22) for the same.

Our transformation for the series Y 7, o4(n)e”" is now given. It is proved using Guinand’s

version of the Voronol summation formula (see Theorem below).

Theorem 2.4. Let Re(y) > 0. For Re(a) > —1, the following transformation holds:

Zaa e~ ; ((2;) o cosec (7T > + 1) ((—a) — ;C(l —a)

2 — (2mn)~® ( l1—a a 47r4n2> <27r>“ <4712n)
= )| 1P (11— —5— | = [ =] cosh . (212
ysin (%) nzzl al (F(l —a) 2 27 y? y y (2.12)

Remark 1. With ,K,(z,w) defined in (1.17), the right-hand side of the above transformation is
nothing but 2v/2my~'~% > Ja(n)n_%;K% (4“;”,0).
2

Through analytic continuation, the identity in Theorem can be extended to the half-plane

Re(a) > —2m — 3, where m is any non-negative integer.

Theorem 2.5. Let m € NU{0} and Re(y) > 0. Then for Re(a) > —2m — 3, we have

> oy 1 2\ T Ta ¢((1—a)
nz::laa(n)e y+2<<y> Cosec(2)+1>C( )_T
B 227 o= _a 472n o5t [ ap2p\ T2 1 a '47r2n
= S (520) - T () (507
y(2m)"73 N C(a+ 2k + 2)C(2k +2) [4x2\
 sin (Z2) kZ_O I'(—a—1-2k) <y) ’ (2.13)
where

(2.14)

CheT F(,u+w+ + k) (z)—%.

A (v, w; 2) Z
k:ok'r —v—pu—~k7T (7—1/—/1, w— k)

It is the above transformation that we call the master identity, for, it gives numerous well-known
as well as new results as corollaries. Note, of course, that if we let m = 0 in Theorem we get
Theorem [2.4
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We now give a special case of the above theorem.

Corollary 2.6. Ramanujan’s formula (2.8) holds for m > 0.

Theorem [2.4] gives below the modular transformation satisfied by the Eisenstein series on SLy (Z)

as a special case.
Corollary 2.7. Let m > 1 be a natural number. If Re(a),Re(B) > 0 and aff = m2,

0™ Y T (e — (=) Y ommoa(me P = (@™ — ()™ T
n=1 n=1

T (2.15)

Next, we give a corollary of Theorem which is equivalent to the transformation formula
satisfied by the logarithm of the Dedekind eta function [13, Equation (3.10)].

Corollary 2.8. If a, 3 are such that Re(a) > 0,Re(B8) > 0 and o3 = 72, then

> oatme e = S ame =10 Tog (5. (2.16)
n=1 n=1

The limiting case a — 1 of the Theorem gives an equivalent form of the transformation
satisfied by the weight-2 Eisenstein series FEa(z) on SLg (Z), namely, Es (_71) = 22Es(2) + %.

Corollary 2.9. Let o, 3 be such that Re(a) > 0,Re(B) > 0 and a3 = 7. Then

1
az ST +BZ W _a;ﬁ_z (2.17)

Note that Corollary is also deducible from Ramanujan’s formula (2.8)). The transformation
for Y7, d(n)e™™, where d(n) is the number of positive divisors of n, also results as a special case

of the master identity.

Corollary 2.10. For Re(y) > 0, we have

Z d e~ _ ( - log(y))

Y

2 4 2 4 2 4 2
de {smh( ””>Sh< 7T”>—cos,h< 7r”)Chi( ””)} (2.18)
Y Y ( Y
FEquivalently,

5oty 25 o () 0 (52) o (22). o

n=1 n=1

The equivalent version of (2.18) given above was first discovered by Wigert [92, p. 203, Equa-
tion (A)], who considered it as ‘la formule importante’ (an important formula).

The modular-type transformation for > >° | oo, (n)e™™, m > 0, is now given.
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Theorem 2.11. Let m € N. Then for Re(y) > 0, we have

> 2m Bom,
Zagm(n)e_"y — ;lel ¢2m+1)+ ﬁ

St () S (5 (47)

n=1
2 2 m 2.\ —2J
~ cosh (4” ”) Chi (4” ”) +57(25 - 1) (4” ”) . (2.20)
y v e y

Note that the m = 1 case of the series on the left-hand side above is connected with the generating
function for plane partitions considered by MacMahon [2, p. 184] in that, with y = log(1/¢q) and
oo

o0

F(q) := H (1_1qn)n, we have Zag(n - —q;l log F(q).

n=1 n=1

We now state a transformation for Y7 | o9, (n)e™"™ when m < 0.

Theorem 2.12. Let m € N. Then for Re(y) > 0, the following transformation holds:

S omantie {5 0T () 2 ()" () o

—1\m m— 7T2 m—1 7.[.
+2( 73) <22ir>2 1 <_;CI(2m)+22Z(_l)k+1C(2k+3)C(2m—2k—2 2 )

k=0
2(-1)™ < Yy )27”—1 i (n) {sinh 47T2n> Shi (47T2n> cosh <47r n) Chi < )}
= —_— g_ m —_
T 2 = ’ Y Y Y Y
(2.21)
Equivalently,
oo TL_2m 1 m—1 ok o
,C(Qm)+zeny_1 @ )!C(Qm—Qk—i—l)y
n=1 k=0

) o S (o () o ()}

The above theorem gives a companion to Ramanujan’s formula (2.8]) which is new. The reason we

call this as a companion to ([2.8) is because its left-hand side involves even zeta values ((2m) and the
series 7, % whereas that in involves the odd zeta values ¢(2m + 1) and >_°° nom

n=1 e2na_q *
However, we note that while the latter series transforms to itself (with « replaced by f3), the former

transforms into a combination of the higher Herglotz functions of Vlasenko and Zagier [89] (see also
Radchenko and Zagier [78]).
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Corollary 2.13. Let m € N. If a and 8 are complex numbers such that Re(a)) > 0, Re(8) > 0,
and off = 72, then

( n—2m m—1 92k-1p, b1
k=0

— (—1ymg(m-1) {wam) b LY e (¢ <“”‘f> Ty (—“jf)) } . (2.23)

n=1

Character analogues of Ramanujan’s formula for (2m+ 1) have been obtained by Katayama [58]
and Berndt [0, Section 5|. Berndt [0, Section 11] and Bradley [21l Theorem 1] gave generalizations
and/or analogues of Ramanujan’s formula for {(2m + 1) for periodic sequences. See also Equation
(3.12) of Berndt [7]. In all these results, series similar to the one on the left-hand side of
appear. Yet, is quite different in nature from each of these results. This is because, in the
series similar to that on the left-hand side of in the aforementioned results of Katayama,
Berndt and Bradley, one cannot put the periodic function (or, the Dirichlet character, in the case
of Dirichlet L-functions) to be identically equal to 1 as their results in this setting hold when the
periodic function or the Dirichlet character is odd.

New results concerning functions self-reciprocal in Watson’s kernel are given in Section [6]

3. NUTS AND BOLTS

We will be frequently using the duplication and reflection formulas for I'(s) [86] p. 46]:
1
T(s)T <s+ 2> VT 1(2s), (3.1)

922s—1
e G0 (3.2)

™
Let §(s) = M|[f;s] and &(s) = M][g;s] denote the Mellin transforms of functions f(z) and g(z)
respectively. Let ¢ = Re(s). If M[f;1—c—it] € L(—00,0) and 2" 1g(z) € L[0,c0), then Parseval’s
formula [75], p. 83] is given by

/Ooof(x) dm—m/ms (s) ds (3.3)

Here the vertical line Re(s) = ¢ lies in the common strip of analyticity of the Mellin transforms
(1 —s) and &(s).

We need Slater’s theorem [66], p. 56-59] to evaluate inverse Mellin transforms of certain functions.

L(s)I'1—s) =

We give its statement below to make the paper self-contained. We need some notations to begin

with. Let |arg(z)| < m. Let ,Fj (“1’a2’ > be defined in . Let

b1,b2 b
F[al,ag, oo ,GA] = F[(a); (b)] F(al)r(ag) .o .F(aA)

bi,ba,...,bp
(a)+s:=a1+s,a2+8,...,a4+ s,
(b) — b :=b1 —bg, ..., bp—1 — b, bpy1 — bg, ..., bp — by,
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A
N e N e (@ a5 (0) +a (b) +aj,1+a;—(c) | _{yo-a,
=2 ot e meFio (15 i+ o 0°2).
B
N~ b [0 = bk, (@) + b (@) +bg, 1+ by — (@) | (=)
sullf?) '_;Z b P[(d) — by, (¢) +bk]A+DFB+C‘1 (1+bk — ) () + | 2 )
Theorem 3.1 (Slater’s Theorem). Let
. ((1) + s, (b) - S
e =r@ ) (34

where the vectors (a), (b), (¢), and (d) have, respectively, A, B, C, and D components aj, by, ¢,
and dp,. Then if the following two groups of conditions hold:

— Re(a;) < Re(s) < Re(by) (j=1,2,...,4, k=12,...,B), (3.5)
A+ B>C+D,
A+B=C+D, Re(s(A+D—-B-C))< —Re(n) (3.6)
A=C, B=D, Re(n) <o,
where
A B c D
n::Zaj—FZbk—ch— de,
j=1 k=1 =1 m=1

then for these s we have
/ I (x)de, if A+ D> B+C,
0

1 00
H(s) = /1$812A@ﬁd$+l/ +*'Sp(1/z)dz, if A+ D= B+C,
0 1

o0
/ 2 '%p(1/z)dz, if A+ D < B+ C,
0
Ya()=Xp(1) if A+ D=B+C,Re(n)+C—-A+1<0,A>C.
Corollary 3.2. [66, p. 58] Under the conditions (3.5) and (3.6)), the inverse Mellin transform of
the function in (3.4]) is a function H(x) of hypergeometric type given by
Ya(z) forx >0, ifA+D>B+C,
H(z)={Ys(x) for0<xz <1, or Xp(l/z)forz>1, ifA+D=DB+C,
Y(1/x) forx >0, ifA+D < B+C,
H(1)=341)=%p(1) if A+ D=B+C, Re(n) +C—-A+1<0,A>C.

Remark 2. As given in [66, Remark 2], whenever we have |A+D—B—C| > 1,A+B = C+D, the
condition Re(s(A+D—B—C)) < —Re(n) can be weakened to Re(s(A+D—B—C)) < 1/2—Re(n).

We will also be making use of the following asymptotic formula for it as z — oo [93, Equation

(28)], namely,

L0/4 -
S @ (o el?) ~ g (o0 (12) e (124 S0)} 09
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where 6 =3/2 —a—b—c.
The asymptotic formulas for the modified Bessel function K, (z) are required as well and hence
are noted below. As |z| — oo, |arg(z)| < 7, we have [91} p. 202]

K,(z) ~ z—ze_z, (3.8)

whereas as for z — 0, we have [I, p. 375, Equations (9.6.8), (9.6.9)], [42, Equation (2.14)]
I0(0) ()™ it Re() > 0,
K, (z) ~ < —logz, if p=0, (3.9)

—4 /m sin (ylog (%) — arg(I'(1 +iy))) , if p =iy, y > 0.

We will also frequently make use of the well-known fact that

Ki(z)=/=—e "~ (3.10)

2z

1
2
4. THE WATSON KERNEL ¥, (z,w)

As discussed in the introduction, the kernel ¥, (z,w) defined in (1.13)) is a simultaneous gen-
eralization of the Koshliakov kernels and (essentially) the Hankel kernel, all of which are quite
important from the point of view of their applications in number theory. This section is devoted

to obtaining some properties of this kernel.

Theorem 4.1. Let x > 0. Let 9, (z,w) be defined in (1.13)), and M,(z) and L,(z) in (L.7). Then
4,(x,0) = cos(mv) Mo, (2v/7) — sin(7v)Jo, (2v/T), (4.1)
4, (x,1) = sin(nv)Jo, (2v/x) — cos(mv) Lo, (2v/7). (4.2)

Proof. We only prove (4.1)). Then, (4.2) can be proved similarly. In the second step, use (3.1))
twice and the fact 22¥k!(1/2);, = (2k)! to see that

A F(1+v) (3 +v) 2 2k
16)_Zk!( )k I‘(lj:u—i—k) (Atv+k) <Z>

0F3< 1
1:‘:I/,§7§Zl:l/

[N

However, from the definitions and (

:I:V _ :|:V _
J12u(2v/7) = W oF1 <1i2y —fE), L9 (2V7) = m 01 <1i2y x) (4.4)
so that from ([1.13] , and ,
G(,0) = 5 { (I (2V) —IquE)) F (o2 (2v/7) — o (2v/7))}

2sin(vm)

= %COS(VW)KQ,,(%/E) {J_gl, 2\/x) — ng,(2\/§)} , (4.5)

2sin(vr) sin(vm)
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where in the last step we used ([1.4)). Now the fact that
1

Ssin(rm) {J_2,(2Vz) — Jo(2V/) } = — cos(vm) Yo, (2y/x) — sin(vm) Jay (2/) (4.6)

can be proved using the definition of Y,,(z) in (1.2). Finally, (4.5) and (4.6)) together imply (4.1)). O

In [12] p. 842], it was remarked that cos(mv)Ma, (21/x) —sin(mv)J2, (24/), that is, the first Koshli-
akov kernel, is an even function of v. While it is not trivial to prove this directly using properties
of Bessel functions, it 4s so when viewed through the Watson kernel in (|1.13]) since, by definition,

Y7, (z,w) =9, (z,w) (weC),

and hence, in particular, this is true for w = 0.

The following big-O result for small positive values of x is used in the sequel. The bound for the
case v = 0 has not appeared in the literature although the bound for the case v € C\Z has been
considered by Dahiya, see [25, Section 1 (iii)] in conjunction with and (L.15). However, we
prove both the cases to make the paper self-contained.

Theorem 4.2. Let z >0 and w € C. Asx — 0T,

Ouw (:URe(w)(l + llog$|)) , ifv =0,

G, (r,w) =
Oy (R =IRMI) ifv € C\Z.

Proof. By the definition of a ¢F3, as z — 0,

2

1) = Ol

1 _
I‘(l:l:l/)F(w—l—%)F(w—&—%:I:l/)oFS (1:|:1/,w—|—%,w—|—%:lzu
we see that 4, (z,w) = Oy, (mRe(“’)_‘Re(”)') when v € C\Z.
However, for v = 0, observe that ¢, (x,w) admits % form. So we, of course, mean
G (z,w) = glg(l) G, (x,w).

For brevity, let f(v) be defined by

T\ WV 1 B p
f) :=7T<Z) F(I—V)F(w-l-%)r(w—i—%—V)OF3<1_V7w+é7w+%_y 16)'
Then
_f(— 924(0
) = oy LT = 280

Clearly, the oF3 converges uniformly in a neighborhood of v = 0. Hence by [82], p. 152, 7.17],

, G (/4)~" log (§) - v
fw:”(i) {_F(l— )P(w+§)§(fa+§—u)0F3<1—V7w+§vw+§—V 16)
GRS

k=0

(2?/16)" }
KT(1—v+kD(w+3+k)D(w+3—v+k)

r
T\W (z/4)7" log (
:W<Z> {_r(1—u)r(w+§)§(w+§—V)OF3<1—y,w+;,w+;_y

o
16
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T\ Vo= (2%/16)F (Y(w+ 5 —v+ k) + (1 —v+k))
+ (—) > ; ; , (4.7)
4 — kID (w+ 5+ k) T(L—v+k)T(w+ 5 —v+k)
where ¢(z) =I"(z)/T'(xz). Now let v — 0 on both sides and use [82] p. 149, 7.11] so that
/ T\® log (%) B a?
o 2\ p adl
F ”(4) { T2 (w+ 1)\ Lw+ 1w+ 1|16
i (z2/16)F (v (w+1+k)+1/1(1+k))} (48)
P kT2 (w+ 5+ k) T(1+k)
From (4.7)) and , we conclude that as ¢ — 0,
G (z,w) =0 (xRe(w)(l + | log x\)) .
O

Remark 3. Theorem with w = 0 gives a well-known result [36l, Equation (2.11)] for v €
C\ (Z\{0}).

The Mellin transform of ¢, (z,w) was first given by Bhatnagar in [I8], p. 23]|§| However, he did not
give a proof of it. We prove it here using Theorem of Slater. Here, and throughout the sequel,

we use f(c) to denote the line integral [ C+wo.

Theorem 4.3. For —Re(w) & Re(v) < Re(s) < 2,

/OO tsflgy(wt, ,w) dt = 225713;75 I (Sil?Lw) r (SJrléJr’LU)

0 T (175721/+w) r (lfngquw) '

(4.9)

Proof. We prove the equivalent statement, namely, for —Re(w) £ Re(v) < ¢ = Re(s) < %,

1 (=5 T (%)

2 Jio T (5750 T (1=520)

225~ Y xt) "5 ds = 4, (at, w).

This is obtained by first employing the change of variable s = 2s; in the integral on the left-
hand side of the above equation. Then use Theorem with A=2,B=0,C=0,D=2,a1 =
F(w—v),as=3(w+v),d =31 —v+w),d=1(1+v+w), and z = (xt)?/16. This establishes
([@9) for —Re(w) =Re(r) < Re(s) < 3. However, observe that the Remarkapplies here and thus

we can extend the region of validity to —Re(w) & Re(v) < Re(s) < 2. O
When w = 0 and 1, the above result respectively gives Lemmas 5.1 and 5.2 from [35] as special
cases as can be seen from Theorem and the standard properties of I'(s).

5. PROOFS OF THEOREM [2.1] AND ITS COROLLARIES

In this section, we prove Theorem [2.I] and Corollaries and

6The condition for the validity of the Mellin transform given in this paper, namely —Re(w) + Re(r) < Re(s) < +

is too restrictive. Here we extend the region of validity.
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Proof of Theorem [2.1] First, let u # —v. We prove . We begin by showing that the integral
on the left-hand side of converges for the said values of the variables u,v and w. That the
convergence at the upper limit of integration is secured can be clearly seen from and .
To show that it is also secured at 0, we consider two cases - first, v € C\Z and the second, v = 0.

Case 1: v € C\Z
(i) Let Re(pr) > 0 and Re(v) > 0. From (3.9) and Theorem we see that the integrand

Ku(t)t,u,+u+wgu(xt7w) _ Ou,u,w,x (t—Re(u)—O—Re(u—&-u—O—w)—i-Re(w)—|Re(u)\)

= O (tQRe(w)) 7
as t — 0, so that Re(w) > —1 is needed.
1) Let Re(n) < 0 an e(r) > 0. en we replace p by —p in (3.9) and then use the fact
ii) Let R 0 and R 0. Th 1 b in (3.9) and th he f:
K_,(t) = K,(t) so that as t — 0,
Ku(t)t;ﬂrwrwgy(xt, w) _ O,u%w’z (tRe(,u)JrRe(,ququw)JrRe(w)f\Re(u)|)

= O,U VW, T (tQRe(#er)) )

so that we need Re(u) > —Re(w) — 3.
(iii) When Re(y) > 0 and Re(v) < 0, one can similarly see that we require Re(rv) > —Re(w) — 3.
(iv) Now let Re(u) < 0 and Re(v) < 0. As ¢t — 0,

K'u(t)t“JrVergy(l't, w) _ Ou,y,w,x <tRe(u)+Re(u+l/+w)+Re(w)+Re(u)>

= OM V,w,T (tQRe(u+y+w)> )

so that Re(u + v) > —Re(w) — 3 is required.

Similarly in the remaining five cases Re(u) = 0, Re(£v) > 0 or Re(£u) > 0,Re(r) = 0 or Re(p) =
Re(v) = 0, we see that we require Re(w) > —1/2, Re(u) > —Re(w) — 3,Re(v) > —Re(w) — % and
Re(p +v) > —Re(w) — 1.

Case 2: v =0

(i) Let Re(p) > 0. Using Theorem (4.2 and (3.9)), it is clear that as t — 0,

K, (OtH G, (wt,w) = Oy e (tQRe(w)(l + | log ty)) .
Hence as long as Re(w) > —1/2, the convergence is secured.

(ii) Similarly when Re(u) < 0, it can be seen that we need Re(p + w) > —1/2.
Thus we conclude that the integral on the left-hand side of converges when Re(w) > —1/2
and Re(u), Re(v), Re(pu + v) > —Re(w) — 1/2.
We now prove . Apart from the conditions
Re(w) > —1/2, and Re(u),Re(v),Re(u+v) > —Re(w) — 1/2, (5.1)

we initially require one more condition

Re(v) < Re(w) + % (5.2)
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This additional restriction is removed later.

Let I = I(u,v,x,w) denote the integral on the left-hand side of (2.1]). For Re(s) > +Re(u) and
a > 0, we have [70, p. 115, Equation (11.1)],

&) —
/ LK, (at) dt = 2°~2a~°T (5’2“> r <3 g “) . (5.3)
0
From Theorem (5.3)), and an application of Parseval’s formula (3.3]), we see that for ¢ =Re(s) <

min (Re(1 + v + w),Re(1 + 2u + v + w)) and Re(—w £ v) < ¢ = Re(s) < 3/4,

I = 1/ r (5_V2+w) r (5+V2+w) r (1—5—;1/-&-’111 + M) 2#+l,+w+s_2x_s ds
(e)

2mi I (d=sptw)

Now employ the change of variable s = 2¢ + v so that for max (—Re (%) ,—Re (% + 1/)) <c =
Re(¢) < min (Re (152),Re (1 + 2£2) , 2 — IRe(v)), we have
i

I 2M+V+fv—1 (1‘)/ () “r ( +pu—TE+YT(E+rv+Y) 2. (5.4)
271 2 (er) \ 4 F(wT'H —1/—{)
It is important to note here that and imply that the strip in the £-complex plane in the
sentence above is of non-zero width.

Now we evaluate the inverse Mellin transform in using Slater’s theorem, that is, Theorem
with A =2,B=1,C =0,D = l,a1 = w/2,as = v+ w/2,b; = p+ (w+1)/2 and d; =
—v + (w+ 1)/2. Note that and imply that the conditions in the hypotheses of
Slater’s theorem are satisfied.

This indeed gives upon simplification when the conditions in and are satisfied.

However, using , Theorem and [86l p. 30, Theorem 2.3], we see that the left-hand side
of is analytic in v as long as v € C\ (Z\{0}) and the conditions in are met. Since the
right-hand side of too is analytic in v when these conditions hold, by the principle of analytic
continuation, holds when v € C\ (Z\{0}), Re(w) > —1/2 and Re(u),Re(v),Re(pu + v) >
—Re(w) — 1/2.

Equation (2.2)) can be derived by simply letting = —v in (2.1)) and then using (|1.18]).

Koshliakov’s (1.8) and ([1.9)) can now be derived simply as special cases of Theorem

Corollary 5.1. Let x > 0. For u # —v, Equation (1.9) holds for Re(u) > —1/2, Re(v) > —1/2,
v & Z", and Re(u+ v) > —1/2, otherwise, Equation (L.8) holds for —3 < Re(v) < 3.

Proof. Let w = 0 in Theorem and make use of the first identity in Theorem namely,
Equation (4.1)). O
A companion to ([1.9) can also be derived from Theorem

Corollary 5.2. Let x > 0. For pu # —v, if Re(n) > —3/2, Re(v) > —3/2,v ¢ Z* U {-1}, and
Re(u+v) > —3/2, we have

/0 T R (e (sin () Ty (2/2) — cos(mv) Ly (2/T))
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 ma2etrl (m)—V D(p+32) 7 p+ 3
~ sin(vm) 2 I(1-v)[(3 —v) 152 N

B (g)VF(u+u+§)1F2 <u+y+
/O T (1) <51n(1/7T)J2V(2\F £) — cos(vm) Loy (2v/t )) dt = 2K, (z),

ﬁ)

I'(1+v)I(3) S1+v

otherwise, for —3/2 < Re(v) < 3/2, we h(wem

Proof. Let w = 1 in Theorem use the second identity in Theorem that is, Equation
=) .

Yet another corollary of Theorem gives explicit evaluations of the Hankel transforms of well-

known functions.

Corollary 5.3. Let x > 0. If up # —1/2, then for Re(w) > —1/2, Re(p) > —Re(w) — 1/2,

/0 D I (8) Ty (2V/t) dt = 2“\/7?:cw—5{

I(w)

IM'p+w+1) <u—|—w+
—r—————1f2
I‘(w+§)

P(;H—w—k%)le (u—l—w—k% x”
1

else, for Re(w) >0,
/ - 2J2w 1(2\/ ) et w—%'
0

Proof. Let v = 1/2 in Theorem and use ([1.16]) to obtain (5.5). In the second half of the

theorem, use and (| - O

6. SELF-RECIPROCAL FUNCTIONS IN THE WATSON KERNEL AND A MODULAR RELATION

In (2.2), we found an example of a function which is self-reciprocal in the Watson kernel ¥, (zt, w).
Letting v = z/2 in (2.2)) and replacing x and ¢t by 27wx and 27t respectively, we have an equivalent

form

27?/ tY Kz (2mt)Y: (4mxt, w) dt = ¥ Kz (2mx), (6.1)
0

valid for 2 > 0 and Re(w) > max (—3%, 2(|Re(z)| — 1)).

Several criteria have been derived for a function to be self-reciprocal in the Watson kernel, for
example, see [17] and [19]. Here, in the case of a non-negative integer w, we obtain a new criterion
that seems to have been missed. This result is given in the following theorem.

Theorem 6.1. Let w be a non-negative integer and z € C such that |Re(2)| < 2w + 1. Suppose

there exist functions f(t,z,w) and F(s,z,w) with the following three properties:

(i) F(s,z,w) = F(1 —s,z,w);

"This integral evaluation was obtained by Koshliakov [61, Equation (13)].
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(ii) For —w +Re (%) < Re(s) < 1+w =+ Re (%), the Mellin transform of f(t,z,w) is

S z

/Ooots1f(t,z,w)dt:F(s,z,w)C (1—5— g)((l—s—i—g) (5 — 4)15 (;—1—4)5, (6.2)

if w is even, and

> s—1 _ F(S,Z,QU) e E o E
/0 E 2 w) dh = 2 (cos (Z£) + cos(ms)) ¢ (1 y 2) ¢ (1 st 2)
s =z 1 s =z 1
X<2—4+2>w21<2+4+2>w2u (6:3)

if w is odd;
(iii) The Mellin transform of f(t,z,w), namely M[f;c+ it] and given by the right-hand sides of
(6.2) and (6.3)), satisfies M[f;1 — ¢ —it] € L(—00,00).

Then f is self-reciprocal (up to the constant 2w ) in the Watson kernel, that is,

flz,z,w) =27 /00 [t z,w)¥: (4nxt, w) dt.
0

When w = 0 and w = 1, Theorem [6.1| reduces to Theorems 5.3 and 5.5 from [35] respectively.

Proof of Theorem 6.1 We prove only the case when w is even. The case when w is odd can be
similarly proved. Replacing v by z/2, x by 27z and ¢ by 27t in (4.9)), we see that if —w + Re (%) <
Re(s) < 3, then

[e%¢) 1 T stw 2z T stw + z
/ t571G: (4rPact, w) dt = PR lgsfw 3) (1Es+w 4)Z . (6.4)
0 ’ 2(m22)° T (=5 - )T (5 +7)
Observe that the hypothesis [Re(z)| < 2w+ 1 ensures that —w +Re (£) < < 2 and hence we can

use ((6.4)).

From ([6.2)), hypothesis (iii), (6.4) and Parseval’s formula (3.3)), for —w £ Re (%) < ¢ = Re(s) <
min (%, 1+ w=+Re (g)), we have

27r/ f(t,z,w)?f%(éhr?xt,w) dt
0

-1 ramsac (-3 (50-3), (55+3)

N G et VR0 G bt V R
2(71'2.73)5 T (1—52+w o i) T (1*s2+w + i
1 z z s z s z
:z/(C)F“’Z’w)C(S—g)C(”g)(z‘ﬁg<2+4>g
1 TE-9)rGE+E)
ds, 6.5
WP T (= )T (G +3) 09

where in the last step we used F(s,z,w) = F(1 — s, z,w).

Next, use the asymmetric form of the functional equation of the Riemann zeta function [4], p. 259,

Theorem 12.7]
s

C(1—s)=2"5717°T(5){(s) cos <?> (6.6)
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twice, once with s replaced by s + §, and then by s — § resulting in

T B (St LI R (B

e mEl-mEeD) o

Now substitute in (6.5) and use both (3.1)) and (3.2)) twice thereby deducing
o0
271'/ f(t,z,w)g§(47r2mt, w) dt
0
1 s z Z\ (8 % s z
- R e el D) G-, G+,
57 (c)x (s,z,w)C s 2( s+5) (5 4%24—4%8

= f(m? Z7 w)?
where the last step follows from (6.2)). U

Remark 4. In the case when w is a non-negative integer, (6.1)) can also be derived as a corollary
of Theorem . To see this, take f(t,z,w) =t"Kz(2nt) and

s
F(s,z,w) = 2w—17r—s1—\6% +1 1"( +24+1 )(cos( )+cos 7s)) (6.8)

,if w is odd,

and show that the hypotheses of the theorem are satisfied if |Re(z)| < 2w + 1 and —w +Re (%) <
Re(s) <1+ w=*Re (%) Thus, we note that the function F(s, z,w) may have two different expres-

stons depending on the parity of w.
Remark 5. Note that (6.1)) is valid for any w such that Re(w) > max (—1, 2(|Re(z)| — 1)) whereas
Theorem gives (6.1) only for a natural number w because of its hypotheses.

Our last result of this section is the following modular relation between two integrals.

Theorem 6.2. Let w be a non-negative integer and z € C such that |Re(z)| < 2w+1. Let f(t,z,w)
be as in the previous theorem. Then for o, 3 > 0 such that af = 1, we have

s /OO e 2rax)f(x,z,w)dr = ﬂw+% /OO g(QWﬁx)f(ﬁU, z,w)dz.
0

0

When w = 0 and w = 1, the above theorem reduces to Corollaries 5.4 and 5.6 in [35]. An example
of a function self-reciprocal in the first Koshliakov kernel, other than K é( x), has been considered
n [I2] Theorem 15.6], which leads to the above modular relation in the special case w = 0.

Proof of Theorem [6.2] We are given w € NU {0}, o, 8 > 0 such that a8 = 1. Replace x and ¢ in
(6.1) by ax and Sy respectively so that for |[Re(z)| < 2w + 1,

[e.e]
YKz (2max) = 271',6’“’“/ Yy Kz (2mPy)Y: (4mzy, w) dt,
0

Multiply both sides of the above equation by /af(z, z,w), integrate both sides with respect to z

and use the fact a8 = 1 so as to get

oo
a¥t2 /0 Kz (2max) f (@, z, w) dx
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= 2%5“)‘% /OO /OO wa§(27rBy)f(m, z, w)%g (4r’zy, w) dy dz
1 ooo 0 N
= ﬂw+2/0 Yy Kz (2mBy) (277/0 f(@,2,w)Yz (4 2y, w) dx) dy

o
1
=gt [Ty (2ray) £, ) dy,
0
where in the last step, we used Theorem [6.1] The interchange of the order of integration in the
second step is justified because of (3.8)), (1.13) and (3.7]). O
7. A TRANSFORMATION INVOLVING SERIES OF THE SUMS-OF-SQUARES FUNCTION 7 (1)

In this section, we prove Theorem [2.2] We begin with a lemma which gives an asymptotic
estimate for , K, (z,w) as z — oo. This will be crucially required in the results established in both

this and the next sections.

Lemma 7.1. Let |arg(—2)| <7 and m € NU{0}. As z — oo,

7r23u+2u+2w Com_9
wKy (z,w) = sin(ﬂ'y)zw+2ﬂ+”+1 {Am(M7 v, w; z) — By (1, v, w; 2) + O,u,u,w (|Z‘ )} )
where Ap,(p, v, w; 2) is defined in (2.14) and
1
() TF T (v w L k) a2k
By, v,w; ) =Y oD ( i 2+ ) <§> (7.1)
— k! (—p—v—kT(3—p—w—k)
Proof. From [73, p. 412, Formula 16.11.8], for |arg(—z)| < 7, as z — oo,
&1}72 (al; b1, bo; Z) ~ Hy 2(—2’) + Ei9 (—zem) + E19 (—ze_m) , (72)
L'(b1)T (b2) ’ ’ ’
where
o (=1)* L(a1 + k) a1k
H = @ )
1,2(z) ; k! T(by — a1 — k)I'(by — a1 — k)z ’ (7.3)
)\:al—bl—bg-f-%, and
9—A-1/2 1 - 1\ —k
Ei5(z) = e (2:2)M) ¢ (225> , (7.4)
V2 kZ:o
with ¢g = 1, b3 = 1 and
1 k—1
=z Cm€k,m)
m=0
(a1~ bj)
€km = Z 17‘](1 — A= ij + m)k+27m. (7.5)
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Letalzu—kw—i-%, b1:w+%—1/, be = 1—yandreplacezby—'221nand.toget

m k F +w+d -f-k‘ 2 4 ﬁufwf%fk o
Hl P ( ) Z k' :U’ ) ( / ) + O;L,w,l/ (’Z’ 2u—2w—2m 3) ,
k=0

-V — - k) (f—u—u w— k:)

(7.6)
Taking e™™ = —1, we see that
22 . QK2 1
E D) = e T 7.7
1,2< 1 ) Wer kzzo K (7.7)
where ¢cg = 1 and
. 1 [(%_N_2w+m)k+2—m(“+’/) (m_%_ﬂ)k+2—m(/‘+w+y_%)
kom = 779 1 1 1
4k (z-w)(z-w+v) (w—3)v
(m_%_ﬂ_Q’/)k+2—m(“+w_%)
(w=v-1)(-»)
From ([7.2)), (7.6) and ([7.7]), as z — oo,
'(p+w+3) ( 1 1 z2>
E: +w+ sw+ - —v,l—v;—
Twrl-ra—»n" 2\" 2"y 1
22 22 . 22
=H - E _Z o m E _~ o omi '
172< 4>+ 1,2< 46 )—i— 1,2( 46>, (7.9)

where

2 —p—2v _1 —
<_Z€7m'> — 2 6\/*22677”. (\/_Z2e_7m.)ﬂ+2’/ 2 +0 ( 61 : >
' 4 V2T x2"H

2—#—21/ ; 1 e~ ?
= O ) e RO} (R
V2T ( ) z%_“_QV

Similarly, letting a1 = p+v +w + %, by = w+ %, bo = 1+ v, replacing z by % in ([7.2) and
simplifying, we see that as z — oo,

T(p+v+w+3) ( 1 1 22>
F +rv+w+ sw+ -, 1+ v —
Tw+Hra+y' 2 \/ 2" T3 1

* 22 * 22 —i * 22 T
= H172 —Z =+ E172 —Ze + E172 —Ze . (710)

Here
Hi ( Z2> —i<_1)kF(N+V+w+%+k) (_Z2/4)7H,,,,w,%,k
12\ 77 _k:O k! T(—p—v—k)T (& —p—w—k)
+Ou,uw(|z| 2pu—2v—2w—2m 3)’
and
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with ¢, defined in (7.5) and ey, resulting from (7.8). Also,

2 - —z
z ; 27¢ 1 e
Eis(—=eT™) = (=240 —— ).
b2 < 1€ > \/27T€ (=2) * <z§“2”>
From the definition of , K, (z,w) in (1.17), (7.9)), (7.10) and the observation that the terms con-
taining e® completely cancel out each other, we deduce that

K. ( ) qpwoutr=1 [ (_1)—M—w—%r (,U« +w+ % 4 k) (z)f2u—u—2w72k71
Z,W) = — d
pery sin(mv) kZOk!F(—u—u—k)I‘(%—V—,u,—w—k) 2
i (_1)—u—u—w—%r (h+v+w+i+k) <z>72u71}72w72k71
Pt k!F(—,u—V—k:)F(%—,u—w—k) 2
,1)u+21ﬁ%2—u—v L
+ 9] 5 P —2pu—2v—2w—2m—3 + ( e*ZZ,quV*g
VW (| ’ ) \/ﬂ
Sl
G Vil R . }
\V2r

Upon using the definitions of (2.14)) and (|7.1)), we see that the proof of Lemma is complete. [

Lemma 7.2. Leﬁ k € N. Then,

o0 k 0, ifRe(p) > —1,
:1:%_% K. (7?2, ~) dox = b JRe(n) 2
0 # 2 1

5T 2 D(3), ifn=—13

Proof. First let Re(u) > —%. The idea is to introduce the exponential dampening factor e‘”2$21‘/, y >
0, in the integrand, evaluate the resulting integral explicitly, then let y — 0 and finally invoke

Lebesgue’s dominated convergence theorem.

From [45, p. 814, Formula 7.522.5], for p < g and Re(s) > 0, we have

oo
/0 e T L F (a1, oo api b1, oy bg; 02) de = T(8)pi1 Fy(s, a1, -.ap; b1, ..., bgs 6). (7.11)
First replace x by m2yx? and then let § = 72/4y, p =1, ¢ = 2 in the above equation so that
o] 4,..2 —s 2
222y 9s—1 ' T _ T(s)y ' o
/0 e 4T yx S 1F2 <a17b1,b27 4 > dx = WQFQ 3,@1,61,[)27 @ . (712)

Letting s = % and a1 = p+ % + %, b1 = % and by = % in the above equation, we get

00 4,.2 T E) k 1 1 72
—ma?y, 51 E 1k 172" d ZE i F Pyt T 713
/0 € x2 1 2<N+4+274)25 4 X 27T§y 41107 M+4+2a254y . ( )

Againusewiths:§+%anda1:u+§+l,blzg—k%andbg:%toget
00 4.2 FE_|_1) k 3 72
R TN LRI i PR Sk ) IS Sy (S
/0\ € T2y 2(M+ + 1 +2527 x 27-(-%+1 ) 141 ,U’+4+ 7274y .
(7.14)

8This lemma is valid even if k is complex such that Re(k) > 0.
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Therefore from (7.13)), (7.14) and the definition of , K, (z,w) in (1.17), we have

% k (p+kt4+1 k11 72
/ xg_%e_ﬂ%gypfﬁ wlz, ) do = m2ry le@ R
0 2 4 us 2°2 4y

k 1 k 3 72
-T —+ 1|y 21 F; —4+1; = — .
<H+4+>y21 1(M+4+,2,4y>}

Now express the right-hand side of the above equation in terms of the Tricomi confluent hyperge-

ometric function U(a;c; z) defined by [86], p. 176, Equation (7.14)]
I'(l1-c¢) I'(c—1)

Ula;c;z) i = ———1F1(a;¢;2) + T'a)

1—c
Fi(a — 1:2—c¢; 7.15
Tla—ctl) 2z 9 F(a—c+ 1, ¢ 2) ( )

S0 as to get

k
> k K k k11 x°
/ ac%_%e_”%zyuf(; <7r2x, ) dx = yiif‘ <2u + -+ 1) U (,u, + -+ == ﬂ-) . (7.16)
0 2 4 \/7?2#-"-5-1—1 2 4 2°2 4y
Let y — 0 on both sides of (7.16)). Using Lemma with v = 1/2,w = k/4 and z replaced by w2z

and then invoking Lebesgue’s dominated convergence theorem in order to interchange the order of

limit and summation, we have

% k I(2p+%+1 E 11 72
/ T e <772x, > d:c:L%:L)hm {yiU<,u++;;7T>}. (7.17)
0 2 4 ﬁ2u+§+1 y—0 4 2°2 4y

From [86l, p. 174, Equation (7.13)], as z — oo,

IE
[NIES

o
_ (@)p(a+c—1)
Ula;c;2) ~ 2 az = o D (—2)" (7.18)
n=0
Letazu—}—%—k%,c:%andz:gin 7.18)); then as y — 0,
k1
E 11 72 4y \Ftate
U —F+ i =~ |5 . 7.19
(rr i+ 555 )~ () (719)

Therefore from (7.17) and (7.19), for Re(n) > —3, we arrive at

o k
/ x e <7r2x, > dx = 0.
0 2 4

It remains to prove the result for 4 = —1/2. From ((1.18)), we have

ISES

N

k 1
_%K% <7r21:, 4) =( 2x)§K%(7r2x) = \ﬁwg_%aﬁ_%e—”%,
where we used (3.10]). Hence,
&0 k 1 k= k
/ wgfé_;K; 772:/6,— de = —m k21F -1,
0 202 4 V2 2
using the well-known integral representation for Gamma function. This proves Lemma (]

In order to prove Theorem we now employ the following transformation of Guinand [48, p. 264,
Equation (10.7)] (also known to Popov [76, Equation (3)]) in a rigorous formulation given in [IT],
Theorem 1.5]. The phrase ‘f(x) is an integral’ means f is an integral of some function, that is, f
can be written in the form f(z) = [ h(t) dt for some function h and —co < a < z.
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Theorem 7.3. Let k be a positive integer greater than 3 and let m = L%kj — 1. Let F(z), F'(x),
F'(z),...,FCm=(x) be integrals, and F (x),zF'(x), 22 F"(z), ..., 2> F®™)(z) belong to L?(0, c0).
Moreover, as T — oo, let

F(z) = Ok (w‘g‘%”) ; (7.20)
for some fized T > 0. Let the function G be defined by
Glo) = [ Py Cnvi (r.21)
0 2
and assume that it satisfies
kE_ 1
G(y) = Ok (y’TTT) : (7.22)
form >0, as y — co. Then
00 k oo 00 k 0o
1_k T2 k_1 1_k T2 k_1
rg(n)nz2”"1F(n) — / 1 2F(x)dx = re(n)nz2”1G(n) — / ra 2G(x) dx.
> et ) - s | (@) do = 3t H60) - o | (@)
(7.23)

For k = 2 and 3, (7.23)) holds if F is continuous on [0,00), F(z),zF'(z) € L%*(0,00), and F
satisfies ([7.20), and if G is defined in (7.21) and satisfies ((7.22)).

Proof of Theorem 2.2 We first prove the result for z > 0 and then extend it to Re(z) > 0 by
analytic continuation. The idea is to invoke Theorem with
F(z)= x“+§+%KM(:pz). (7.24)

To that end, we need to show that all of the hypotheses of Theorem are satisfied.

Since F' is infinitely differentiable on (0,00), all of its derivatives, in particular, F(x), F'(x),

., FCm=1) () are integrals. We next show that F(x),zF’(x), 22F"(z),...,z*"F®™)(z) belong
to L%(0,00) provided Re(u) > —% ~-1

First, (3.8) clearly implies that the convergence of the integral of ’x”F(”) () }2 at the upper limit
of integration is always secured. Next, from (3.9)) and [23| p. 36, Formula 1.14.1.1]

mn

d —2\" = [n
7K1/ =\ 5 Kl/ n )
T Bv(@2) ( 5 > kZ_O <k> +2kpn(T2)
for any n € NU{0}, as x — 0, we have

" F ) () = Opim <x2“+§+%> +Oukm <$§+%) .

This implies F(z), zF'(z), z2F"(x), ..., z*™F2™)(z) belong to L*(0, o0), provided Re(y) > —% -
Further, (1.1)), (1.3) and (1.4) imply that F' is continuous on [0, c0).

Replace = by 72x/z in Theorem and t by tz, then let v = % and w = % in the resulting
equation, and use (|1.16)), so that for Re(u) > —% — %,

o0 1 2z k
/0 t“+§+%Kﬂ(tz)J§_l(27r\/R) dt = rguk (” ) (7.25)

From (|7.21]), (7.24) and (7.25)),

N[
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Equation (3.8)) clearly shows that the bound in ([7.20)) holds for our choice of F' in ([7.24)). Also,

Lemma with m = 0 implies that as x — oo, G(x) = O 1,2 (w‘g_%_%) = Ouk,» x‘%‘%”)

for 7 > 0, provided Re(p) > —1/2. But when p = —1/2, along with our assumption v = 1/2 and

k/4
(1.18]), we see that G(z) = (”27”3) K% (’Tz—m> = Oy <x7§7%7T> for 7 > 0, as can be clearly seen

z )
from (3.8). Hence, ([7.22)) is also satisfied when Re(u) > —1/2 or p = —1/2.
From the above analysis, we conclude that the hypotheses of Theorem are satisfied for any
integer k > 2 whenever Re(u) > —1/2 or u = —1/2. Therefore invoking Theorem Lemma
and (5.3)), we find that

k

> T2 b K k+2 1k

Zrk(n)n“HKu(nz) e outy—lymp=s -1y <> r (M +5 >

e r(s) 4 2 4
k

[e.e] 2 k
™ 1k T™n k T2
= 7k+§ E rk(n)nz 4HK% (,4> - FTZR(M,]C,Z),
n—

(2)

where R(p, k, z) is defined in (2.3). The transformation in (2.4)) now follows for z > 0 upon using
(3.1) in the second expression on the left-hand side of the above equation.

To see that the result is valid for Re(z) > 0, note first that the series on the left-hand side of
(2.4)) is analytic for Re(z) > 0 as can be seen from (3.8)). Also, Lemma with m = 0 and the

bound r(n) = Oy <n§71+e> for any integer k > 2 and € > 0, see for example, [11, Equation (2.9)],

1k ™2n k 1
rp(n)nz 4MK% <z’4) = Opk,z <nQRe(M)+2_e> ’

which clearly shows that as long as Re(u) > —1/2 4 ¢, for any 6 > 0, the series

> 1k >n k
Zrk(n)nE*Z”Kl (,)
= 2 z 4

converges uniformly in Re(z) > 0. Since the summand of this series is clearly analytic in Re(z) > 0,

imply that

the series itself represents an analytic function in Re(z) > 0 as long as Re(u) > —1/2. Moreover,
(1.18) implies that the same is true for 4 = —1/2. Since all other functions in (2.4) are clearly

analytic for Re(z) > 0, by analytic continuation, (2.4) holds for Re(z) > 0. O
Proof of Corollary 2.3] Let u = —1/2 in Theorem use ((1.18) and simplify. O

8. A TRANSFORMATION FORMULA ASSOCIATED WITH THE GENERALIZED DIVISOR FUNCTION

oa(n)

This section is devoted to proving Theorem [2.4f and several corollaries resulting from it. We first

obtain some lemmas which are interesting in their own right.
Lemma 8.1. Let y > 0. For Re(a) > —1, we have

2 © [z 5(2r) 1— driq? dr2y\ 2 4r?
— ul / AR et aLV 2 (2m) 1F5 1;7(1,1— 9;77r f — 7r23; cosh [ ) Laz
ysin (%) Jo I'l—a) 2 27y Y y

—2-ag—a Ta
o e (5 (8.1)
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Proof. Note that one cannot separately integrate each of the two expressions in the integrand
as both diverge. As in Lemma the idea is to introduce the exponential dampening factor

—uxr

e 2,u > 0, and evaluate the new integral. Then at the end, we let v — 0 and appeal to

Lebesgue’s dominated convergence theorem.
Letp=1,¢=2 a1 =1,b; = %(1 —a), bp =1— %a in (7.11)), replace = by x?u, and then let

4m?
uy2 9

S 1— 4rta? 1 11— 4t
/ e_m21F2 (1; 7a7 1—- E; 7T2x> dx = \/?2F2 <7 L; 7&’ 1= 95 7T2> : (8.2)
0 2 2"y 2V u 2 2 2 uy

For Re(s) > 0 and Re(c) > 0, we have [70, p. 47, Equation (5.30)]

> 1 _s 2 1—s 107
/ g5 lemer’ cos(bx) de = —¢ 2T (%) e_%chl <S b > . (8.3)
0

s = %, d = u > 0, in the resulting equation to arrive at

2 2 "2 4¢

Let s=a+1, c=wuand b = % in (8.3) and apply Kummer’s transformation 1Fj(aq; ag;2) =
e*1F1(ag — a5 a9; —2) so as to get, for Re(a) > —1,

> 472 1 _a 1 1 1 4rx*
/ 2%~ cosh [ L) dp = Sy ~5ET @t 1Fy ﬁ; —; % , (8.4)
0 Y 2 2 2 "2 uy
From (82) and (84),

0 —a —a . 4,2 2.\ 2
/ p5eua) L 2(2m) F (1;1 a,1_9;47r2x )_ (47r2x>2008h (471' a;) i
0 I'(1—a) 2 2"y y y
2m)7¢ 1 11— 4t
_ @mt L g (L Lme a4
'l—a)2Vu 2 2 27 uy?

472 %1 a a+1 14+a 1 47t
N Zu" 2727 | — = — . 8.5
<y2> 2" ( 2 )1 1( 2 727 uy? (8:3)

For o # ZU{0} and —37 < arg(z) < %, Kim [59] has obtained the following asymptotic expansion
as z — oo:

N[

L'(p1)l(p2)

T'(a) (K22(2) + Laa(—2)), (8.6)

2F5(1, a5 p1, p2; 2) ~

where, with v =14+ a — p1 — p2,

1
Kas(z) = 2"e"2Fy (m —Q,p2— a5 —; z) ;

_ MNa—1) 1
L =zt B (1,2-p1,2—p2;2—a; -
_ Fa)T(1 —a) 1
@ o1 - p1,1 —p2;—;— | .
+z F(pl—a)r(pg—oz)Z o(l+a—pi,1+a—ps; >

Hence letting o = %, p1= 1_7“, p2=1—5 and z = % in , we find that as u — 0,

11— 47t
By (1,5 =21 -2
27 2 27 uy?

T(EYT(1-9) [ [4nt\° At al—a uy?
W) (G )
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2 AN 3
uy\/m 9 A\ 2 ™ 3/2
Oa - Oa (87
Sy O+ (<) ey O 6D

2T () T (75

From [86, p. 189, Exercise (7.7)], for —3m < arg(z) < %, as z — oo,
= (0)n(1+b—c)n —n
(=2)7"

e?2b=<I'(¢ c—=b)p(1-b), _, e ™= (¢
1Fifbi ¢ 2) ~ | (b)( )nzo( )n(' ) i l(c—b)( )HZO n!
(8.8)

4t

Let b = HTQ, c:%andz: )
on the right-hand side is nothing but 2 Fj (—%,

4t a

1+a 1‘47r4 VT exp (uLyQ) 47t 2 a l—a '47r4

1F1 3 o) 2] = T +/1tay .2 2F0 -5 y T Ty
2 2 uy I (9) uy 27 2 uy

exp (—7ri(2a+1)) <47r4) == L0, (u%(a+3)) ‘ (8.9)

in (8.8) and observe that the infinite series in the first expression
loa._. 4”4), so that, as u — 0,

) 2

2

uy?

Using (8.7) and and observing that the expressions involving o Fy completely cancel out, we

i Ly e

2\ 3 4
) () (0]
y 2 72 uy?

deduce that

(V]
N | —

27a73y
i (~a) 4mot3

y23 1 ez

= — - 2
['(—a)mot! (z * "cos (%)

y2-3 . (wa)

= ———tan(—
I'(—a)mrot! 2/’

where in the penultimate step, we used (3.1)) as well as the well-known variant of the reflection

. 1+ l-a\ _

formula in (3.2)), namely, " (Ta) r (Ta) = COS(”%).

Finally, let v — 0 in (8.5]), invoke (8.10) and use dominated convergence theorem of Lebesgue to

(8.10)

arrive at
0 —a —a - 4,2 2.\ 5 2
/ L5)7 2 (2m) R 1;1 a’l_g;élwm _ (Amx zcosh dmex A
0 I'(1—a) 2 2" y? y? y
- i ()
- T(—a)rot! 2
21 ___ to obtain (8.1)).

Now multiply both sides of the above equation by yom (=2
{75
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Lemma 8.2. Let y > 0. Then, for —1 < Re(a) < 1, we have

oo _a 9 1— Amta? 472 5 472
/ T v 2( 7r) 155 <1; 7a,1 — g% W;) - < 7r233> COSh( - l’) dr = 0. (8-11)
0 (1 —a) 2 2"y Y y

(SIS

Proof. Letp=1, q=2,a1 =1,by = %( a), bp =1-— fa in (7.11)), replace = by z?u, and then
in the resulting equation let s = 154, § = iZQ S0 that for Re(a) < 1,
oo 1— A2 I (i=e At
/ efuxzcv*alFQ <1;a71_a? 7T233 ) dr = ( 1%a) 111 (1;1_ a;7r2> : (8.12)
0 2 2"y 23" 2 uy

w2
Let s =1, c:uandb:%m 8.3]) to get

o) 472 1 4t
/ e~ cosh ( T x) dx = 2\/?6“1/2. (8.13)
0 Y u

From (8.12)) and (8.13)), for Re(a) < 1, we find that
/OO b p—ua? x7%(27r)_“1F2 1. l—a 1_ 9. 4ria? B A2z 2 cosh 43 I
0 I(1—a) L2 2Ty y? y
27) ¢ 1— drt\ 1 2m\ " 4xy
S 0 Iy () BTN PSR N O L (e (8.14)
(1 —a)u 2 2 27uy?) 2V u\y

Letb=1,c=1-§ and z = 4” in . Observe that only the constant term of the first infinite
series on the right- hand of (8.8]) survives, so that as u — 0,

4 4\ 2 izt 2 Tr(1-¢
vl <1; 12 4”2) - <47r2> T (1-3) ew? + uye—“((§> + 04y (W?).  (8.15)

27 uy uy 4t r

Using ([8.15), we see that for —1 < Re(a) < 1,

2m) @ 1— 4t 1 2\ axt
lim (27) 1aF< a) Py (1;1— a;7r2> — \/? (”) e us?
u=0\ 9P(1 —a)u =z 2 2 uy 2Vu \y

2
o ay att 1(at3)
= i <(27T)a+4f‘(1 —gt * 0 <(“2 ))

= 0. (8.16)

Now let u — 0 in (8.14]), invoke Lebesgue’s dominated convergence theorem and then employ (8.16)
to complete the proof of (8.11]). O

We are now ready to prove our new transformation involving infinite series of the generalized divisor
function o4 (n). We do this by employing the following analogue of Voronoi summation formula for
04(n) due to Guinand [47, Equation (1)].

Theorem 8.3. Let —3 < Re(a) < . If f(z) and f'(z) are integrals, f tends to zero as v —
oo, f(z),zf'(x) and 22 f"(x) belong to L?(0,00), and

L?
g(x) = 27r/ (cos( ) (47 xt) —sm< 5 ) (47rx/>)> (8.17)
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then the following transformation holds:

o0

S o a(mné f(n) — ¢(1 +a) / T2t fa)de — (1 - a) / T8 f(x) da

n=1 0 0

—Za_ n)n2g(n) — C(1+a)/oooa;gg(m)da:—g“(l—a)/oooa:;g(x)dx. (8.18)

Proof of Theorem 2.4, We first prove the result for 0 < a < % and y > 0, and then extend it to
Re(a) > —1 and Re(y) > 0 by analytic continuation.

a 1 a

Let w=0,u= %, v = 5 and replace z by 47%x in Theorem (or, equivalently, p = 5,v = §
and replace x by 472z in (1.9)) and then use (3.10) and (4.1)) in the resulting equation to obtain

/000 etz {cos( 5 ) o(4m/xt) — s1n< ) (47rxﬁ)}

—a 1- a
1Fy (1; 7@, 1-— %; 47T4z2> — (4m%z)2 cosh(4772x)},

where we used the fact that oFy(—;1/2;2?) = cosh(2x).
Replace t by yt and replace x by % in the above equation to get

/Ooo e t2 (cos( 5 ) o(4m/xt) — s1n< 5 ) (47r\/>)>

s A ) (5 () e

We would like to now put f(z) := e *z2 in Theorem To that end, observe that f(x) and
f'(x) are integrals. Also, it is easy to see that f(z) — 0 as x — oo, and that f(x), xf'(x) and
22 f"(x) belong to L2(0, c0).

From and -, we have

27 x5 (2m) e 1—a a 4mtz? 2m/z\ 42z
- jo N ST R h . (8.20
g(x) Jsin (%a) { (1 —a) 1£2 ( 5 XY ” cos ; ( )

Our next task is to evaluate the four integrals in (8.18) for 0 < a < 1/2. To that end, note that

/oo 22 f(z)de =y 'D(a + 1), /OO 272 f(z) de = (8.21)
0 0

< | =

Further, from (8.20)), Lemmas and

© a B 2 2-ap—agec (%) Oox*% ) de —
/0 x2g(x) do = (=) , /0 g(x) dz = 0. (8.22)
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Thus, from (8:18), (8:21) and (8:22) and the elementary fact o_q(n)n® = o,(n), for 0 < a < 3 and
y >0,

> ow A+ a)(1+a) (¢(1—a) 27270 sec (52)
> oa(mye — SEIERED SUZ) gy F T e

2 00 2 —a 1— 4 4,2 2 a 4 2
= > o) )™ g <lsa,1 - a;7T2n> - <W> Cosh< i n) .
ysin (%) ot I'(l—a) 2 27y Y Yy

Now use the functional equation with s = —a twice to write ((1 4 a) in the above equation
in terms of ((—a) thereby obtaining (2.12)) after simplification. This proves Theorem for 0 <
a<1/2andy>0.

Next, we show the validity of the transformation for Re(a) > —1. From Remark [1, the se-
o
. . . . _a Am’n .
ries on the right-hand side of (2.12)) is Zaa(n)n 21 Ka < . ) Now Lemma gives

n=1
1Ke (%,0) = Oy (n‘%Re(a)—Q) as n — co. Along with the elementary bound o,(n)n~2 =
2

o0
o Ar?
O (n%me(“)‘*ﬁ) which is valid for every € > 0, we see that E oa(n)n” 21K <M, 0> converges
2 Y

n=1
uniformly as long as Re(a) > —1. Since the summand of the series is also analytic for Re(a) > —1,

by Weierstrass’ theorem on analytic functions, we see that it represents an analytic function of a
when Re(a) > —1.

Since the left-hand side of is analytic for Re(a) > —1, by the principle of analytic contin-
uation, we see that holds for Re(a) > —1 and y > 0. Using similar method as above, both
sides of are seen to be analytic, as a function of y, in Re(y) > 0. Therefore by the principle
of analytic continuation, holds for Re(a) > —1 and Re(y) > 0

O

Theorem which we just proved, can be analytically continued to Re(a) > —2m — 3, where m is
any non-negative integer. This is done in Theorem [2.5] and is crucial in deriving Corollary and
Theorem 2.121

Proof of Theorem [2.5] From Theorem and Remark [I} we have Re(a) > —1,
2

- —n 1 s 1+e ma 1 \/7r aa(n mn
Zga(n)e Y + 5 ((2y) cosec (7) + ]‘> C(_a) - ;C(]‘ - - 21+2§ Z % 2 ( y 70> .

n=1

\ Q

We rewrite the above identity as

iaa( _"y+1 ((Zr)l—i-acose(:(g)—i—l) ¢(— )_M

Yy
3 —a_9
227 _a 47r n w221 [ 4r2p 2 1 a  4n%n
-2z Zaa sl % o)— r2 < ) Am<,,0; )
3 sin (7) Y 2°2 Y
y71'_a_5/2 > 1 a 47r2n
A . 8.23
+ 2sin (%) nzl nat?2 279’ y ( )



34 ATUL DIXIT, AASHITA KESARWANI, AND RAHUL KUMAR

Using the definition of A,, in (2.14)) and employing (3.1)), we see that
2sin (%) nat2 272 y

n=1
—2k oo
2m) 03 - 47T2 oa(n)
- s (%2) Z “a—1—2k) ) pat2k+2
2 kzo n=1

B )a?’i a+2k+2)((2k+2) A (8.2
sin (Z2) — (—a—1-—2k) y ’ ’

where in the last step we used the formula [87, p. 8, Equatlon (1.3.1)] D22 o:(n) ((3)((3 —2),

nlnS

valid for Re(s) > max{1, 1+ Re(z)}. Hence from (8.23) and (8.24), for Re(a

00 n 1 omr 1+a ra C(l B a)
;Oa(n)e Y+ 5 ((y) cosec <7> + 1) ¢(—a) — T
0 2 % a 2 —-5-2 9
< Syt (s (20) -2l (5) e (350 57))
y 2 n=1 2 2 5
—a—3 —2k
_ y(?w)wa 3 N Ca+ 2k + 2)C(2k + 2) (4772> | .
sin (%) 4= T(—a—1-2k) "

Invoking Lemma and the fact B, (%, 5,0; an ") = 0, we see that for any € > 0,

472 95+a  /4p2p\ 272 1 472
lKﬂ < T n70> - 7T ’ ( T n) Am (aa70; z n)
22\ vy sin (Z2) \ ¥ 2’2 Y

_ Oa,y (n72m747%Re(a)+%|Re(a)\+e) )

(M)

oa(n)n

This implies that the series

00 3 _a_g9

_a 47n w22t (4x?n\ 2 1 a 47%n
Z%W”{fﬂy’ﬁkmm<y) w3505
n=1 2

is uniformly convergent in Re(a) > —2m — 3 + € for any € > 0. Since the summand of the above

V]

series is analytic in Re(a) > —2m — 3, we see by Weierstrass’ theorem that this series represents an
analytic function of a for Re(a) > —2m — 3.

Since the left-hand side of (8.25)) as well as the finite sum on its right-hand side are also analytic
in Re(a) > —2m — 3, by the principle of analytic continuation, we see that (8.25)) holds for Re(a) >
—2m — 3 for any m > 0. This completes the proof of Theorem O

9. TRANSFORMATION FORMULAS FOR y_° | 04(n)e” ™ FOR a EVEN

Here, we derive some lemmas crucial in obtaining the transformations for > 7, oq(n)e™"™ for

a = 2m as well as —2m.

Lemma 9.1. Let Re(w) > 0. Let Shi(z) and Chi(z) be defined in (2.10). Then

/ M = sinh(w)Shi(w) — cosh(w)Chi(w). (9.1)
0 t 4+ w
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Proof. First, let w > 0. From [T, p. 395, Formula 2.5.9.12],

> tcostdt 1 e iy
where Ei(z) is the exponential integral given [77, p. 788] for x > 0 by Ei(x) := f el /tdt, or,
as can be equivalently seen from [53, p. 1], by Ei(—z) := — [ e "/t dt. Also, from [45, p. 884,
8.214.1, 8.214.2],
> k
. _ x
Ei(z) = v + log(—x) + 2 7 (@<0), Ei(2)=v+logz + ; o (@>0). (9.3)

Hence from and -, ), for w > 0,
/ootcostdt
0 t2—|—w2
1 w)k —w > wh
:2{ <7+logw+z ol >+e (’y+logw+;kk!)}

e 00 w2k71 00 ka
:2{;(2k‘—1)(2k—1)! _§W_7_1ng}

oW 00 w2k—1 o 2k |
T kE(Qk—l)(Qk—l ; 2k)(2k) T OBY
= sinh(w)Shi(w) — cosh(w)Chi(w),

where in the last step, we used the series representations of Shi(z) and Chi(x), namely,

o0 p2k—1 ' o 2k
Shi(z) :; Ok DEk= 1)1 Chi(x) :7+10g$+;(2k)(2k)!’ (9.4)

which can be easily derived from their definitions in (2.10). Thus (9.1) is established for w >
0. Using (9.4), we see that both sides of (9.1)) are analytic for Re(w) > 0 Hence by analytic
continuation, (9.1) holds for Re(w) > 0.

O
Lemma 9.2. Let m € NU{0}. Then f07ﬂ Re(z) > 0,

Z Y(25 +2m+1) 25 _ r'2m+1)

(m+1); (m+3)." (22" { sinh(22)Shi(22) — cosh(22)Chi(2z)
2)j

m— 1

2m+ Y(2m —2j — 1)

Mam 2~ 1) (22)7%7. (9.5)

+ log(22) cosh(2z)}
7=0

Proof. Note that

o0

V(25 +2m + 1) 25— P(am 4 1) (25 4 2m + 1)

2 (m+1);(m+3g)," T (2+2m+1)

(22)%.

j=

9This result is actually true for all z € C. Note that at any non-positive real number z, the right-hand side has a
removable singularity.



36 ATUL DIXIT, AASHITA KESARWANI, AND RAHUL KUMAR

Changing the index of summation from j to k with k = j + m on the right-hand side of the above
equation, we see that

(25 +2m+1) 2
> 0~
=0 (m +1); (m + i)j
T(2m+1) Y2k +1) . o
= 2
(22)2m kz;n rk+1)
Tm+1) P2k +1) . o 2m+ ) @m =2 —1)
= 22)% — 22)7 4, 9.6
(22)2m kZ:OF(2k+1)(Z) ;0 m—2—1) % (9:6)
However, from [32, Lemma 3.2] and Lemma [9.1] for Re(z) > 0,
(2k + 1)
Z L4 %i 5 22)?* = sinh(22)Shi(2z) — cosh(22)Chi(2z) + log(2z) cosh(2z). (9.7)
Now substitute in to arrive at (9.5)). O

9.1. A transformation for ) 7, o2, (n)e™™, m € N.
Lemma 9.3. Let n € N, m e NU{0} and y € C. Then

d 1 a 1—a 47*n
— =11l —- = —
da <F(1—a)1 2( 272 2 >)‘ )

=zm

2 2m 2 2 2 2
_ (471' n) sinh <47T n> Shi (47r n) _ cosh (471' n) Chi <47T n>
) Yy ) ) )
4 2 4 2 m 4 2 —2j
+log<ﬂn)cosh<ﬂn>+2(2j—l)!<ﬂn> )
Yy Yy X Y

Jj=1

Proof. Using the series definition of 1 F5 and (3.1]) in the first step, we see that

. 4,2 00 2k 4,2\ k
i 1 o 1;1_971 a;47rn :d Z 2 4mn
da \T'(1—a) 27 2 y? da F'l—a+2k) \ v

1—a+2k) [16m4n2\"
1 —a+2k) y? '

I
NE
3=

k=0

We evaluate the derivative in the above equation at a = 2m to get

. 4,2
i 1 o 1;1—9,1 a;4ﬂ'n
da \T(1 —a) 27 2 y2

a=2m
G Lp(1+ 2k — a) 167r4n2 + i (1 + 2k — 2m) [16m4n2\"
a—>2m o 1+2]<:—a) mF 1—|—2k—2m) y2

167402\ "™ Em: i O 2m = 2j —a) (167'n? Z O(1+25) (167402’
— 1m
y? o a2m I(1+2m—2j—a) y? (1+2y) y?
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4 2 2m m 4 2 —2j 4 2 4 2
:(”") Zm-m(””) +sinh<7rn>Shi<7rn>
y — y y y
j_
472 472 472 472
—cosh( T n) Chi( T n) —I—log( T n)cosh( T n) ,
Yy Yy Yy Yy
142m —25 —
where in the last step, we used the fact that lim, .o, Y+ 2m J a) = (2j — 1)! as well as
I'(1+4+2m—2j—a)
Lemma (9.2 with m = 0 and z = 272n/y. O

We are now ready to prove Theorem [2.11

Proof of Theorem [2.11] First, using the series definition of 1 F5, we have

1 a 1—a 47*n Am2n\ 2™ Am’n
lim ———1F(1;1— =, —— = h . .
ai%lmr(lfa)l 2( 3 g 2 > ( ” ) cos ( ; > (9.8)
Using the above identity, we see that right-hand side of (2.12) has
¢(=a)

% form. Also due to the term

in (%2) the left-hand side of (2.12)) has g form. Therefore in order to let a — 2m in Theorem
sin (%2

2

we use L’Hopital’s rule. First note that

d 2mn)" ¢ 1—a a 4r*n? 21\ ¢ A73n
o (v (=550 ) - () e (57))
2m™n og(2mn 1—a a 4m*n
(@) “logmn) L (1-a  a dr'n?
= T(1—a) 1142 Ta —5,7
d 1—a a 4r*n?
(2 — F _ 1= —
)
2 4
_<7r> 10g< >cosh<7rn>.
Y Y Y

Let a — 2m in , then invoke Lemma with z =

(9.9)
n and then use So as to arrive at

y

d ((2mn)~® 1-a a 4min? 21\ ¢ 472n

Sy (PR S ( PR R UL B i h
da<r(1—a)1 2(’ 9 T2 o8 )

) Y

2 2m 4 2 4 2 4 2 4 2 m 4 2 —2j
_<7’> smh<””)Shi(””>—cosh<””>Chi<””>+2(2j—1)!<”"> .
y y y y y = y
(9.10)
We wish to take limit a — 2m on both sides of (2.12). First, the right-hand side is evaluated using
L’Hopital’s rule and ((9.10)).
2 G 27n)? 1-— dr'n? 27\ 4r?
TP SR o Y il (1; lmay ¢ ) _ () cosh ( ™ )
a=2m | ysin () — I'(l-a) 2 27y y y

n=

2 2m+1 OO 4 2 4 2
— <7T> Ugm(n) sinh( il n> Shi ( T n>
™\ Yy 1 Y Y
4 4 2 m 4 2 —2j
_cosh< )Chl(ﬂn>—|—z ]_1'<7rn> .
Y Y = Y

(9.11)
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We now evaluate the left-hand side of (2.12)) as a — 2m. Using ((—2m) = 0, we have

o0 14a _a
al_iglm{Zaa(n)e"y—i—; ((2;) ! cosec (7; ) + 1) ¢(—a) — C(ly)}

n=1
- —1)™ (272 1-2
S I (22)77 gy 1
1 Q0 Y )
= _ (2m)! Boy,
— - ny _ 9 1 —n 12
nzlag (m)e™ —  mpr@m+ 1)+ 50 (9-12)
where in the last step we used [50, Equation (1)]
2m)!
"(=2m) = (=1)™ ( 2 1 9.13
as well as [4, p. 264, Equation (17)]
B2m
1-2m)=—-——"—. 14
(1~ 2m) = 22 (9.14)
Hence from (9.11)) and (9.12), we obtain ([2.20)). O

9.2. A transformation for Y ° 0_s,(n)e ™, m € N.

Lemma 9.4. Let m € NU{0}. Let Shi(z) and Chi(z) be defined in (2.10). Then for Re(z) > 0

d 1—a a
Raly 2N (e
dal 2<7 92 ) 2,2)

a=—2m

= F((ZQT”)J“” {sinh(22)Shi(2z) — cosh(22)Chi(22) + log(22) cosh(22)}
m— 1 .
2m + . Z ;Z — Z - B (22)7 =9 (2m + 1)1 F <l;m +1,m+ %; z2> . (9.15)
7=0

Proof. Using the series definition of 1 Fy, we have

d 1—a a o\ S 22 d l1—-a a
%1F2 (1,2 71—2,Z>——Z(1_Q).( _a)]ml(log( 2 )J+10g(1—2>]>

j=0 T] 2
1S 22 (1 1
:52(1;1)(_9) k—“—l—k—i_l—ﬂ—i—k
j=0 \ 2 /j 2/j k=0 2 2
:iz2jw<2j+1—a)— (1-a)
pard (1-9);(5%;
Thus,
d ( l-a a 2) > Y(2j +2m +1) 1,
— 1l —1— =2 —Y2m+ 1)1 [ Lm+1,m+ —; 2% ).
da 2 2 e ; (m+1);(m+1); 2

Using Lemma in the above equation, we arrive at (9.15)). O
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Lemma 9.5. Let m € NU{0}, n € C and y € C\{0},

1 1 4ntn?
F(Qm—i—l)l 2< 7m+ 7m+27 y2 >

473n —2m Amen y2 s 1 Am?n o
) . - . 1
( . > cos ( ” > 16742 Z r'(2m —2k—1) ( Y ) (919

k=0

Proof. Using the series definition of | Fs, it is easy to see that
b
1Fala+1;0+1,c+12) = _x (1F2(a;b,¢c;2) —1F2 (a+ 150, ¢;2)) (9.17)
x

Use (9.17) with a =0, b=m, ¢ =m — 1/2 and x = 47%n?/y? to see that

1 4n*n? 1\ /4r*n2\ ! 1 4ntn?
(1 1 PR UIL R = 1— B (1 _=.2R
' 2<’m+ M T ) m<m 2)( y? > ( ' 2<’m’m 27 y? ))

Again invoke (9.17) witha =0, b=m — 1, ¢ = m — 3/2 and = = 47*n?/y? on the right-hand side
of the above equation to get

1 4 4,2
1F2 <17m+17m+7 ﬂ-gn>
2y

=—m (m — ;) (47;42”2)_1 —m(m —1) <m — ;) (m — ;) <47I;2NQ)_2
X (1—1F2 (l;m—l,m— 27471:2712>>
=T'(m+ 1) (m + ;) { _ TGaT zm — %) (471:2112) B o 1); (m — %) <47Ty42n2>

1 Amin2\ 2 3 4xin?
+ HBllm-1m— - —— .
ey L) )

Iterating this process using (9.17)) and employing the elementary fact ; F (1; 1, %; 4”;2"2> = cosh (%) ,
we deduce that

1 4 4,2
15 (1;m—|—1,m—|—2;m>

Y2
1 m—1 Ardn2 [y2)— (k+1) 1 /4r4n2\ "™ A2
——I‘(m+1)I‘<m—|—> Z Un"n"/y) I _<7r2n> cosh(ﬂn> :
2)\ & Im—k)'(m—k—3) V7 \ y Yy
Using (3.1) twice and then dividing both sides by I'(2m + 1), we arrive at (9.16]). O

We are now ready to prove Theorem [2.12
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Proof of Theorem [2.12 Using (1.17) and ([2.14]), we rewrite (2.13)) as

> L1, o C1-a) 1 1 /2r\ ' »
S eulme™ + 3¢ v {2< ) o

v a2y
oo B e (1))
’ y;;“i; :ol (-3 —(25 2_"]/;;}2’“_2 — k) } (9.18)

We wish to take a — —2m in (9.18). We show that we have 2 form on both sides of (9.18) at

a = —2m. By invoking Lemma [9.5] we observe that
—a _ 4,2 a 2
2m ((2mn) R 1;1 a71_9;47rn _(2r cosh 4men
y \I'(1—a) 2 2" y? y y
—a—2 m=1 2 —2k
2
onts (T (-§5—5—K)T(-5-k)]

Also,

1 /20 e s N Cla+ 2k +2)C(2k+2) (4x\ T
[2 <) C(=a) + y(2m) >3 kZ:O T(—a—1—2k) <>

Y y a=—2m
1-2m 1-2m
=5 (7) cem+ () cotm)
m—2 —2k
_ C(—2m + 2k + 2)C(2k + 2) [ 4n?
T kzo T(2m — 1 — 2k) (y>

— y(27r)2m—3 WZ_Q C(_Qj — 2)((2m — 2] _ 4) <47T2>2j_2m+4

par T(2j +3) y

=0, (9.20)

where, in the first step we separated out the term k£ = m — 1 from the summation to cancel out the
first term of the right-hand side, in the penultimate step we let k = m — 2 — 7, and in the last step
we used the fact that ((s) has zeros at negative even integers.

By using (9.19)), (9.20) and the fact that sin(mm) = 0, we see that we have % form on both sides
of ([9.18]). Therefore we use L’Hopital’s rule after letting a — —2m on both sides of (9.18]). To that
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end,

27\ e s C(a+ 2k +2)C(2k +2) [4x2\
(5) ctorptenyems 3 SR EEREER ()

1
2
(5) () cor=5 (5) et —aten s

T2 C(a+ 2k + 2)C(2k + 2) (47r2> —2’“}

_l’_

Zs " T(—a—1-2k) Y

o Ar2\ 2 ¢'(a+2m) C(a+2m)Y(—a+1—2m)
() {C(2m) < > <F(—a +1—2m) * I'(—a+1-2m) >

m—2 An2\ ~2k ¢'(a+2k+2) Cla+2k+2)Yp(—a—1—2k)
+kZZOC(2k+2)<y> <F(_a_1_2k)+ s )

where we separate the k = m — 1 term in each of the two sums. Thus,

d (1 [2m\ e s Ca+2k+2)§(2k+2) 4r2\
da(?(y) ((=a) +y(am) SZ (Ca—1-24) ()

Y a=-—2m

_ ; () s (2 ) ctom - & (%;)1 Toem s+ (2) T cem

y
(22 324' 2m+2k:+2)§(2k+2) AN
™) T(2m — 1 — 2k)

Yy
- (2;)1 " (; log (if) C(2m) — 5 (2m) + gazm))
+ % (i)m_?’?j(—mk“g(zk+3)<(2m 2k — 2) (%;) : (9-21)

. . . . _ 2n2n
where we employed (9.13)) in the last step. Next, invoking Lemma with z = T and Lemma
we see upon simplification that

d |27 ((27n)~¢ 1-a a 4min? 27\ ¢ 472n
TRy (1 P IR i h
da[y <F(1—a)1 2(’ 2 2y y) Ty

+ ]
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Now let a — —2m in (9.18)), interchange the order of limit and summation on both sides, which is
permissible because of uniform convergence, and then use (9.21]) and (9.22)) so as to obtain

%) m T 1-2m T

Y

m—3 M2 T 2k
—§<’<zm>+g<<zm>) 3 (2)" " T 1ch+ scam - 26 -2 () }

2T
k=0

_ 2m—1 2 2 2 2
_2=n" ( ) Za om(n {smh <47r "> Shi (477 "> ~ cosh (4” ”> Chi (4” ”>}
™ Yy Y Yy Yy

Finally, to get to (2.21)) from the above identity, note that —%C (2m + 1) can be inducted into the
finite sum thereby resulting in its upper index of summation being m — 1.

We now simplify (2.21)) further and represent it in the equivalent form given in (2.22)). Note that
the right-hand side of (2.21)) can be written using (9.1)) in the form

_ 2 1 2 2 2 2
A= ( ) " ZU am(n {sinh <4ﬂ n) Shi <47r n> — cosh (471- n> Chi <47T n>}
™ Y Y Yy Yy

) St [

2
- 24 (47r;n>
_ 2= (y)%ﬂi 2y /°° teos(t)
T 2m d=1 =170 2 4 (4“265 ! 2
Yy

ERTE ) () e

where we used with v = y in the last step. Using the fact that ¢'(s) = —> > logn/n®
whenever Re(s) > 1, we see that

[e.9]

> n;ml (27;71) = ((2m)log (2;) —¢'(2m). (9.24)

n=1

Finally, substitute (9.23) and (9.24) in (2.21)), replace k& by m — 1 — k in the finite sum of the
resulting identity and then use Euler’s formula in (2.7 to arrive at (2.22)) upon simplification. [

We now use (2.22)) to obtain a nice companion to Ramanujan’s formula ([2.8]). See also (11.1)).

Proof of Corollary 13} Let y = 2o, af = 72 in (2.22) and multiply both sides by a~(m=3) to
arrive at (2.23) after simplification. O

As special cases of (2.22]), we obtain two following corollaries involving ¢(3) and ¢(5).
Corollary 9.6. For Re(y) > 0, we have
. n2 w2 — Y Y 1 2min 2min
- oNT - . 2
S Tt () o () e

Proof. Let m =1 in (2.22)). O
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Corollary 9.7. Let Re(y) > 0. Then

i (e oo () ().

n=1

Proof. Let m = 2 in (2.22)). O

Remark 6. Corollaries and together give the following representation for ((5):

(o= (14+L) Ty _ P ) s~ (v YL
47t ) 180 144 n*  12n?) ew —1

4 00 . .
Y 1 1 2min 2min
“o 2 () (0 (7)1 (557)

which is valid for Re(y) > 0

9.3. A transformation for ) 7, d(n)e ™.

Proof of Corollary 2.10, Let a — 0 in Theorem [2.4] This gives

id(n)e‘”y + (113% <; (2;) o cosec (%) ((—a) — ;C(l — a)> + %C(O)
n=1

2 1 2mn) ¢ 1— Amin? 2\ ¢ 472
= 27N ) tim — (27 ﬁ@Q;aﬂ_%7gi)_<f>mm<W”>.

y = a=0 sin (5) \ I'(1 — a) 2 27y Y Y
(9.26)

y
we have 2 o form. Hence we need to use L’Hopital’s rule. To that end, use Lemma with m =0

so as to obtain

1 2mn) ¢ 1-— 4min? 2m\“ 42
lim (2mn) lg(hﬂl_%7yi>_<”>cwh<””)
a—0 sin (Z) \ I'(1 — a) 2 2"y y y
2 42 4m? 42 4r? 42 4m?
:{sinh< 7Tn)Shl( T >—cosh< 7Tn)(]hi< 7Tn>4—10g< 7Tn)cosh( wn)
@ Yy Yy Yy Yy Yy Yy
42 2 4m?
—10g(27m)cosh< 7Tn)—log <F> cosh( 7rn>
) Y )
2 4 2 4 2 4 2
_2 <sinh <47T n> Shi< T n) —cosh< T n> Chi< T n>> (9.27)
T ) Y Y Y

We next evaluate the limit on the left-hand side of (9.26)). Using the well-known power-series
expansions of {(—a), (1 — a), (2m)'7%,y~(1+% and esc (52), as a — 0, we find that

1 /2m\' 1 —y+1
ii_r}r(l) (2 (;) cosec (%a) ((—a) — &C(l - a)) = ’y—l—yogy. (9.28)

Finally, from (9.26]), (9.27)) and (9.28)) and the fact that {(0) = —1/2, we arrive at the first identity

in @19,

We first evaluate the limit on the right-hand side. Note that since 1 F (1, %, 1; 4” 2 ) = cosh <%),
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To obtain ([2.19)), we invoke Lemma with w = 472n/y in the first step below and then use
([2-17)) with u = 47%n/y in the second step so that

id(n) {sinh <47ry2n> Shi <47;2"> _ cosh (47;%) Chi (47;%)}

B ) S () ()
2 Y 2 Y Y
This completes the proof of (2.19). O

As an equivalent form of Corollary we obtain a result of Wigert and Bellman given in [57,
Theorem Q]H

Corollary 9.8. Let U(a;c; z) be defined in (7.15)). For Re(y) > 0,

S e — = OO0 25 a0 {ur (1070 0 (100

)

Proof. In view of (2.18), it suffices to show that for Re(z) > 0,
U(l;1;2) + U (1;1; —z) = 2 (sinh(z)Shi(x) — cosh(z)Chi(z)) . (9.29)

First let x > 0. From [57, p. 612], U(1;1;x) = €*T'(0, ). Also, from [45, p. 902, Equation 8.359.1],
I'(0,z) = —Ei(—x). Hence

Ul;L;2)4+U(1;1;—x) =€e"T(0,2) + e “T'(0, —x)
= — ("Ei(—z) 4+ ¢ "Ei(z)) . (9.30)
The equality in (9.29) now follows for z > 0 from (9.30) and by equating the right-hand sides of
(19.1) and (9.2)). By analytic continuation, it holds for Re(x) > 0. g

10. TRANSFORMATION FORMULAS FOR Y7, 0q(n)e” ™ FOR a ODD

As discussed in the Section [2, we get some results in modular forms as corollaries of our master
identity, that is, Theorem These results are derived in this section.

10.1. Modular transformation for Eisenstein series on SLo(Z).

Proof of Corollary 2.7, Let a = 2m — 1,m > 1, in Theorem Using (9.14)), the fact that
¢((—2m) =0, m € N, and noting that

1 1—a 4r*n? dr2n\ 2t 42
lim - R (11 g s ety (TR sinh [~ ) | (10.1)
a—2m-1T(1 — a) 27 2 y? Yy y

101 the statement of their theorem, the 1/7% appearing in front of the summation on the right-hand side should
be 1/m.
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we see that

n=1
This gives
00 2m 2m 00
_ 1 2 B 2 _ar’n
Zagm_l(n)e ny _ 5 <(—1)m+1 <y> + 1) 2:: — (_1)m <y> ZUQm—l(n)e y o,
n=1 n=1
(10.2)
To prove ([2.15), let y = 2 with a8 = 72 in (10.2) and simplify. O

10.2. Transformation formula for weight-2 Eisenstein series on SLy(Z).

Proof of Corollary 2.9 Let a =1 in Theorem Using the well-known special values ((—1) =
—1/12, ¢(0) = —1/2 and invoking (10.1)), we see that

o o
1 472 1 472 472 472

g on)e”™ — — (1 + 77; > + — = ——7; o(n) <cosh< il n) —sinh< il n>>
24 Yy 2y y Yy y

n=1 n=1
4772 > _4n®n
=——5 ) o(n)e ¥
Yy n=1
Letting y = 2a with o3 = 2 then leads to (2.17)). O

10.3. Ramanujan’s famous formula for {(2m + 1). We begin with a lemma which evaluates
1K -—2m-1(2,0) in terms of elementary functions.
2 2

Lemma 10.1. Let z € C and m € NU{0}. Then

(—1)mﬁ _2m41 3m—3 e 22k
K* m— e — Z N S~ ~q1 N . 1 .
—2m-1(2,0) v S ;Or(m_%) (10.3)

Proof. Using the definition of , K, (z,w) from (1.17)), we see that

2m+1
(-1)mH /7 z 2 3 22 cosh(z)
K_om- = Fy | 1, 1 - — ) = . 104
22 1(270) \/5 F(2m+2)1 2 ym+1,m+ 27 4 ZQ’mQJrl ( 0 )

Now it can be proved along the similar lines as in the proof of Lemma that

1
2

1
2

' o m(tmeime s : mz_l RS B (10.5)
m m —_ = —— Simniz). .
r@2m+2)" 2\ oy 2 £ T(2m = 2k) 22

Substitute ((10.5)) in (10.4)) to arrive at (10.3)). O
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Proof of Corollary 2.6} Let a = —2m — 1 in Theorem [2.5 to get

> —2m
S o amoa(me ™ 4+ <<27T> (=)™ 1> ¢@m 1) - S2nt2)

= 2\\vy Y
2m—3
oo . 2 2 2
SEIELS PN Y (4” ",0) - (-pminzt e (40)
y2 "o 2 y y
1 —2m—1 _4r2n C(2k — 2m + 1)¢(2k +2) [4n?\ 2
Am - . — (-1 m+1 2m 2 - .
. <2’ 50y )} (=1) Z T(2m — 2k) v
(10.6)
By using (10.3]) with 2z = 47%n/y and the definition of A,, in (2.14]), we see that
K o <47r2n7 > L (C1)Hipgboom < ) A <1, —2m — 1’0; 47T2n>
2 2 Y 2 2 Y
_1)ym 92 —2m—1
_ =TT <7T> exp < ) (10.7)
V2(ny)™tz \ Y Y
From (0.6) and (10.7),
= 1 [(2m\ 7" 2m + 2
Y oamoi(n)e ™ + o <7r> (D)™ +1)¢@2m+1) - @m+2)
2\\y Y
n=1
or\ 2" = 47n
= <> (=)™ E 0—_om—1(n)exp (— )
Y fo— Y
—2k
2k — 2m + 1)¢(2k +2) [4x2\ >
. 1 m+1 9 2m—2 C( _
om\ " > 47°n
= () (=)™ Z 0—om—1(n) exp ( >
y — y
y i )" Bam 2ok Bar (27 2w (108)
k:o (2m +2=2k)I(2k)! \ vy ’ )

where in the last step, we replaced k by m — k in the finite sum and then used (2.7)) and (9.14)).
Now use ([2.7]) on the left-hand side of ((10.8) to obtain

_ 1 (_1)m+1 Yy 2m (_1)m+1(2ﬂ_)2m+232m+2
Comet (e 4 SC@m 1)+ — (L) em 1
Za 2m-1(n)e”™ + 5C(2m +1) + ~— ) Cem+1)+ T
) —2m [ee] 4 2 2m-+1 ™M B B 0 ok
= (= (=)™ o am-1(n)exp | — Ty _Y om+2—2kBak (27
Y o Y 2 2m+2— 20)1(2k)! \ g

Now multiply both sides of the above expression by (%)_m and simplify to see that

(g)im {;C(m +1)+ i"?ml(”)e_"y} - <2_7Ty2>m {;C(2m +1)+ iagml(n)e“‘f"}
n=1

n=1
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m+1

_gm=1,mt1 Z V¥ Bom 2ok Boy, 2m 2k
(2m + 2 — 2K)1(2k)!

Finally let y = 2a and a8 = 72 and simplify to get (2.8). O

10.4. Transformation formula for the logarithm of the Dedekind eta function.

Proof of Corollary 2.8 Let m = 0 in Theorem [2.5] and then let a — —1 so that

ial( "y+a£ml{<<2 >1+acosec(7r >+1> ¢(— )}—;C(Q)

24”) 2\/%<y3/2 . <(a+2>>.

2@201

lim
N K3 Vi \ 24y a1 T (2472)
2 1
Using the limit evaluations lim ;L ) = —— and
a——1T ( 5 a) 2

Jim, { ((2;)1% cosec (7; )+ 1) C(— )} log <2y7r>

in the above identity, invoking (1.18]) with v = —1/2 and using C(Q) = 772/6, we are led to

> 27 4n’n
o_1(n)e ™ + — log < > - — o_ e

upon simplification. To obtain ([2.16]), simply let y = 2a and use the fact that a3 = 72 in the above
identity. O

11. CONCLUDING REMARKS AND FUTURE DIRECTIONS

Koshliakov [61] studied an integral transform with respect to the w = 0 case of Watson’s ker-
nel ¢, (z,w), that is, the first Koshliakov kernel , which motivated us to obtain an explicit
transformation formula for Y >, o4(n)e™™ for any a € C and Re(y) > 0 that was missing in the
literature. The wealth of information that this transformation contains is evident from the numer-
ous corollaries derived from it in Section These include the modular properties of Eisenstein
series on SLy (Z) as well as explicit transformations for the series Y 2 | oo (n)e™"™, m € Z. They
include a novel companion of Ramanujan’s famous formula for {(2m + 1) given in Corollary

Are there any applications of results such as or from the point of view of transcen-
dental number theory? Note that Erdés [44] has shown that the series Zoo d(n)q™™ is irrational
for any integer ¢ with |¢| > 2. Now observe that, if we let y = log(2) in (2.19), the left-hand
side becomes »_>° m = > 2, d(n)27" so that, Erdos result 1mphes that it is an irrational
number and hence , in turn, implies that

RS e (o) 1 (0 () - ()

is irrational.
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The two-variable extension of the modified Bessel function, namely, , K, (z, w), is instrumental
in generalizing the well-known modular transformations (as well as modular-type) appearing in the
results of Section [2| and hence deserves further study. In this paper, we have restricted ourselves
to obtaining only those properties of , K, (2, w) relevant to deriving various transformations.

Ramanujan conceived an overarching generalization of his formula . See [9, pp. 429-432]
for its rigorous formulation and a proof. In the same spirit, it may be interesting to look at the
corresponding generalization of .

Our companion to Ramanujan’s formula for {(2m + 1), namely Equation , contains the
higher Herglotz function of Vlasenko and Zagier. We note that the Herglotz as well as the higher
Herglotz functions are useful in algebraic as well as analytic number theory. Thus it would be of
merit to study from this viewpoint.

Letting o = 8 = 7 in Corollary implies that the hyperbolic cotangent Dirichlet series and
% (¥(in) + (—in)) n~2™ are intimately connected at even positive integers s = 2m, that is,

n=1
 coth(mn) a1 27 2= 22k=1 ByrC(2m — 2k + 1)m %k
2 T M@ ) o)
N (—17)Tm+1 Z P(in) ;:ﬁ(—m) (11.1)
n=1

Equation (11.1]) is an analogue of Lerch’s formula [63], namely, when m € N is odd,

o) m+1

Z coth(mn) _ o2m_2m+1 Z (—1)k+1 Bor  Bomgo—ok
k=0

n2m+l (2k)! (2m + 2 — 2k)!

n=1
This suggests further work, in the setting of (11.1)), along the lines in [60] and [85].

Finally, it may be worthwhile extending our Theorem wherein the kernel ¢, (z, w), or equiv-
alently w,, , (), is replaced by its generalizations, for example, those studied in [I7], [20] and [72].
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