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ABSTRACT. Let ri(n) denote the number of representations of the positive integer n as the
sum of k squares. We rigorously prove for the first time a Voronoi summation formula for
re(n),k > 2, proved incorrectly by A. I. Popov and later rediscovered by A. P. Guinand,
but without proof and without conditions on the functions associated in the transformation.
Using this summation formula we establish a new transformation between a series consisting
of ri(n) and a product of two Bessel functions, and a series involving r(n) and the Gaussian
hypergeometric function. This transformation can be considered as a massive generalization
of well-known results of G. H. Hardy, and of A. L. Dixon and W. L. Ferrar, as well as of
a classical result of A. I. Popov that was completely forgotten. An analytic continuation
of this transformation yields further useful results that generalize those obtained earlier by
Dixon and Ferrar.

1. INTRODUCTION

Infinite series involving arithmetic functions and Bessel functions are instrumental in study-
ing some notoriously difficult problems in analytic number theory, for example, the circle and
the divisor problems. As mentioned by G. H. Hardy [19, p. 266], S. Wigert [43] was the first
mathematician to recognize the importance of series of Bessel functions in analytic number
theory. Since then, several mathematicians have studied, and continue to study, such series,
for example, with the point of view of understanding and improving the order of magnitude
of error terms associated with the summatory functions of certain arithmetic functions. A
prime tool in making the connection between a summatory function and certain series of
Bessel functions is the Voronoi summation formula associated with the corresponding arith-
metic function.

Let rx(n) denote the number of representations of a positive integer n as the sum of k
squares, where different signs and different orders of the summands give distinct representa-
tions. The ordinary Bessel function J,(z) of order v is defined by [42, p. 40]

.|z < oo (1.1)

_ N~ (SO (/2P
Tu(z) = 2_:0 m!T'(m+1+v)

We record the Voronoi summation formula associated with r2(n), sometimes known as the
Hardy-Landau summation formula, in the form given in [26, p. 274] (or [13, Thm. A)).

Theorem 1.1. If 0 < a < 8 and h(y) is real and of bounded variation in (o, 3), then

i B
S )y (h(n—0) + hin+0) =73 ra(n) / hy)h@ryig)dy,  (12)

a<n<pg n=0 @
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where, if n = B3, the coefficient of r2(B) is taken to be %h(ﬂ —0); if n =« # 0, the coefficient
of ro(«) is taken to be $h(c+0); and if n = a = 0, the coefficient of r2(0) := 1 is taken to
be h(0+).

A. L. Dixon and W. L. Ferrar [13, egs. (2.2), (2.3)] extended this theorem to include the
case when 8 = oo and obtained the following result.

Theorem 1.2. If h(y),h'(y) and h"(y) are bounded in (0,00), and are O(exp(—y™)) for y
large and u > 0, then

Zm(n)h = WZTQ / J0(27r\/>) (1.3)
n=0

To state Dixon and Ferrar’s application of Theorem 1.2, we need to define two further
Bessel functions. The modified Bessel function of the first kind of order v is defined by [42,
p. 77]

1

_’“”J 37y, if —m < arg 2z < I,

L) =1, (e372), if-m<agz<y (14)
Ju(e72™2), I <argz<m,

where J,,(z) is the ordinary Bessel function of order v defined in (1.1). The modified Bessel

function of the second kind is defined by [42, p. 78, eq. (6)],

mly(2) — L(z)

2 sin vm

Using Theorem 1.2, Dixon and Ferrar [13, eq. (3.12)] showed that, for Re(y/3) > 0 and
Re(v) >0

K, (2) = (1.5)

> ,82F (v+1) = ra(n)
7;)7"2( n)n? K, (2m/nf ! 7;) ot B (1.6)
If we set v = 3 in (1.6) and employ the formula [42, p. 80, eq. (13)]
™ —z
K%(z) =\/5¢ (1.7)

after a change of variable, we deduce a result of Hardy [19, eq. (2.12)]

o
ZT‘Q( —Sf 7—1—|—27rsz 32+4772 IRy

n=1

where Re s > 0. This was the primary identity that Hardy used to derive a lower bound for
the error term in the famous circle problem.

In [13], Dixon and Ferrar also obtained a generalization of (1.6), namely for Re(y/3) > 0,
0 > 0, and v arbitrary,

3y Ko AT 9) = o0 v>/2z+5§’?ym_y<27rm>-
n=0
(1.8)

It is easy to see that if we replace v by —v in (1.8), let Re(r) > 0, and then let § — 0, we
obtain (1.6), with the help of (1.5) and (1.4). If we set § = a, 3 = b, and v = 3 in (1.8),
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and use (1.7), we obtain a beautiful formula of Ramanujan [19, p. 283, eq. (4.21)], namely,
for Re(a), Re(b) > 0,

7T\/(l(’fL+b)‘ (19)

Z\/m 74/ b(n+a) ZW

N. S. Koshliakov [25] obtained a generalization of (1.8) with ra(n) replaced by F(n), the
number of representations of n by a binary quadratic form of discriminant A < 0. A general-
ization, in turn, involving the coefficients of a general Dirichlet series satisfying a functional
equation, was obtained by the first author [2, p. 343, Thm. 9.1]. See also [6, eq. (5.5)].

Around the same time as [13] appeared, A. 1. Popov [33, eq. (10)] gave a beautiful trans-
formation for a series involving ro(n) and a product of modified Bessel functions of the first
and second kind, that is, I,(z) and K,(z), respectively. He claimed that if Re(r) > 0 and
a > 3 >0, then

727“2 (v(v/n@ = \/nB)) K m(Vis + /)

B v—m/aB n i ro(n)
- 2v 2u
vVaB (Va+B)" S vVntavntB(Vntatvntp)
Later, we will prove (1.10) and more generally show that it holds for a much larger region,
namely, Re(y/a) > Re(y/B) > 0. Assuming (1.10) for the moment, however, let a — BF.
The interchange of the order of limit and summation can be justified using the exponential

decay of the summand of the series on the left side, which is discussed in detail in Section 4.
Noting that, by (1.4),

(1.10)

B T P S VOE Y

and, by (1.5) and (1.4),

1(x(yAa — VaB) _ 1 (Z@

v/2 )
hm "2 K, (27 2B 27TV5V/2,
we are led to (1.6). Hence, (1.10) is another generalization of (1.6), different from (1.8).
Popov neither gave a proof of (1.10) in [33], nor did he indicate how to prove it. In what
follows, we give plausible evidence for how Popov might have arrived at (1.10).
In [31, eq. (3)] he gave the following result for any positive integer k > 2:
lim

oo xk/4 1/2 + Z nk/4 1/2

k)2

_ k/4—1/2 = ri(n) >
T(k/2) /0 x h(z)dx + ﬂ'nzz:l przesvol A h(z)Jyjo—1(2mv/nx) dz. (1.11)
Note that since Jy(0) = 1, (1.11) reduces to (1.3) when k = 2. Also, in [32], he gave a short

proof of the following beautiful integral evaluation found by V. A. Fock [14, egs. (31), (33)],
namely, for Re(z) > Re(w) > 0 and Re(v) > —3/4,

0 Vaz 4 22 — Va2 + w? Y xdr (z —w) (z +w)
/o Jolez) (\/m2+22+\/ﬂc2+w2> Va2 + 2222 4+ w? — <p 2 )KV <p 2 >
(1.12)
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Now observe that if we let
1 Vita—VitrB\”
h(t) =
2Vt +avt+ B8 \Vt+a+Vi+ B

in the special case k = 2 of (1.11), or equivalently in (1.3), and employ (1.12), we are led to
(1.10) after simplification.

Several comments are in order. Firstly, we note that Popov [31] does not give any conditions
on h for (1.11) to hold. Secondly, as we show below, his proof of (1.11) is deficient. Thirdly,
note that the h in (1.13) does not satisfy the big-O hypothesis in Theorem 1.2. Thus the
proof of (1.10) mentioned above is purely formal. Popov wrote 13 papers in mathematics,
and in none of these papers is a rigorous proof of (1.10) given.

In this paper, we not only rigorously prove Popov’s identity (1.10), but we also give its
massive generalization for any positive integer k£ > 2, with several well-known theorems in
the literature arising as corollaries. We use (1.11) in order to generalize (1.10). But one needs
to first obtain conditions on A so that (1.11) holds. The task of generalizing such results for
k =2 to k > 2 is not straightforward, as we now explain.

In his study of the average order of ro(n), Hardy [19 eq. (1.25)] offered the identity

Z ,7"2( )—7r;v—1+fz

0<n<lz

(1.13)

J1 (2my/nx), (1.14)

where, here, and throughout the sequel, the prime ’ on the summation sign indicates that if =
is an integer, then only one-half of the summand is counted. Hardy [19, p. 265] acknowledged
that “the form” of (1.14) was suggested by Ramanujan.

Popov [31, eq. (2)] incorrectly generalized (1.14) by claiming that

R TR )
Z ri(n) 1+ Z /i Jyj2(2my/nx), (1.15)
n=1

k
0<n<lz F(l + 5)

for any positive integer £ > 2. As can be seen from the work of Oppenheim [29, Theorem
2], when k > 2, the series on the right-hand side in (1.15) does not converge but is Riesz
summable (R,n, 1k — 3 +¢) for any € > 0.

Also, it is known [10, p. 19] that if x > 0 and ¢ > %(k — 1), then

1 /

1,0,
7.l,k/2xl~<:/2+q 114 o /A2
~trirm () 2 () mgervm, )

where the series on the right-hand side converges absolutely. Here again the prime ' on the
summation sign in (1.16) indicates that if = is an integer, then only %rk(as) is counted in the
case that ¢ = 0. As proved in [10, p. 19, eq. (67)], the validity of (1.16) can be extended to
g > 1(k — 3), which appears to be best possible. However, Popov [31, eq. (1)] used (1.16)
with ¢ > —1 in his proof. Observe that, in particular, if ¢ = 0, then (1.16) is valid only for
k = 2, in agreement with our discussion in the previous paragraph.

Since almost all proofs of Voronoi-type summation formulas (such as (1.11)) require that
the Riesz sum identity (such as (1.16)) holds (see, for example, [3, p. 142]), the problem of
extending (1.2) to k > 2 appears to be delicate. Moreover, in the case of (1.11), that is, when
all of the associated sums and integrals are infinite, one has to take extra care.
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We [5] recently circumvented this issue pertaining to an analogue of (1.2) for £k > 2 by
noting that the ingenious proof by N. S. Koshliakov [22], [23] of the Voronol summation
formula for any arithmetical function whose Dirichlet series satisfies a functional equation
with one simple gamma factor does not make use of (1.16). Recall [10, p. 18] that if

2 ri(n) k

k

= — 1.1

Ck(s) E s Re s > 5 (1.17)
n=1

then (i (s) has an analytic continuation to the entire complex plane and satisfies the functional

equation

T(s)Gk(s) = 73T (§ = $)Gu(h — 9).
In particular, Koshliakov’s method then rigorously gives a proof of the analogue of (1.2)
for k > 2. For more details, the reader is referred to [5]. Note that in Koshliakov’s work,
h is analytic. We rephrase in the following theorem [5, Thms. 2.3, 2.4] our extension of
Koshliakov’s result [22, p. 10], [23, p. 62] in the case o — 0.

Theorem 1.3. Let

[e.e]
p(s) = a(mA,® and (s Zb Vi,
n=1
where 0 < A\ < Ao < -+ < Ay 00 and 0 < pp < pg < -+ < iy — 00, and where the
abscissae of absolute convergence are o, and o), respectively. Let p(s) and ¥(s) satisfy a
functional equation of the type

L(s)p(s) =Dk — s)ip(k — s), (1.18)
for some k > 0. Suppose that there exists a meromorphic function x with the following
properties:

(i) x(s)=T(s)p(s), o>0a,  x(5)=T(k=s)Y(k—3s), o<kr—o0g;

(i) | hrln X(s) = 0, uniformly in every interval — oo < 01 < 0 < 09 < 0;
Im s|—o0

(iii) the poles of x are confined to a compact set.
Let x > 0, and let N be an integer such that Ay < x < Any1. Suppose that all of the poles
of p(s) lie in the half-plane Re(s) > 0, and let h(z) be an analytic function containing the

interval [0, z] in its domain of analyticity. If the infinite series and the integrals on the right
side below converge uniformly on [0, x], then

> a(m)h(rn) = lim @(0)h(a) + /0 QU dt+2

An<z

where

" (5)e()
1 I'(s)p(s L5t
= d
Qa() 2mi Je, T(s +q+ 1) %
with Cy being a positively oriented closed curve (or curves) containing all of the integrand’s
poles on the interior of Cy.

It was only recently that we learned that Guinand [17, p. 117, Thm. 5] derived the following
summation formula.
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Theorem 1.4. Let k be a positive integer greater than 3 and let m = L%k‘J —1. If F(x), F'(x),
F'(x),...,FC®m=U(z) are integrals, and F(z),zF'(z),2F"(x),...,2>"F®™) (z) belong to
L?(0,0), then

i {57 (1= )" -t - T [T (1 2) " ) a
1m - - Te\n)n n)— ——- - x xT)axr
Novoo | & N k (%) Jo N

= Jlim {i (1= )" (i~ Gn) - Fic) /ON (1-5)" o dx} ,

n=1

where . -
/ Gly)yi 2 dy = :v'i/ y‘%Jg(QW\/xy)F(y) dy, (1.20)
0 0
and G(z) is chosen so that it is the integral of its derivative.

Guinand also remarks in a footnote of [17, p. 117] that one could prove this result with a
slightly smaller value of m than the one considered here.
In [18, p. 264, eq. (10.7)], he also claims without proof that

n:1rk(n)n§_1F(n) (g)/ x4 2F(z)dz
:;rk(n)n24G(n)—F(§)/o x172G(x) d, (1.21)

where
Glz)=n /0 - F(t)Jg_l(QTr\/:E) dt. (1.22)

If we let F' = h, it can be easily seen that this formula is the same as (1.11), except that
Guinand’s formula involves the term

—Tg) /OO wgféG(a:) dz,

whereas (1.11) contains — lim,_,q F(z)/z*/4~1/2. Under appropriate hypotheses on F(z) and
G(x), we now show that

k
F 5 o0
lim 208 _ ks / 2172 G(z)dz, (1.23)

e=03-3  I(3) Jo
where G(z) is defined by (1.22). If F(x),G(x) € L(0,00) and are of bounded variation at

each point in (0, 00), then the Hankel transform of G(z) holds [40, p. 240], i.e
T) =7 / G(t)Jk_,(2mV/at) dt. (1.24)
0 2

To justify taking the limit inside the integral below, we invoke the following theorem from
Titchmarsh’s text [39, p. 25]. If f(x,y) is continuous on the rectangle a <z < b,a <y < 3
for all values of b, and if the integral
o
= / fz,y)dx
(03
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converges uniformly with respect to y on (a, 8), then ¢(y) is a continuous function of y in this
interval. We apply this theorem with ¢ — t,y — z,a = 0,a = 0,b > 0. We further assume
that G(z) is continuous on [0,00) and that the integral converges uniformly with respect to
x on some interval 0 < z < e. Hence, using the definition of J,(z) from (1.1), we find that

F(a) * a2V

lim —; 1—7Thm G(t)
z—0 .3 —3 z—0

=7 Gthm 2 dt

1
:B~>0 %*5

=7 / GUBA%( zf> xi—?r@

k
T2
A
(3)

which is identical to (1.23).

The summation formula (1.21) is one among several that Guinand discusses in Section
10 of [18]. However, like Popov, Guinand [18] does not give conditions for (1.21) to hold,
for, at the beginning of [18, p. 263], Guinand says, “For brevity, no attempt is made to give
conditions on F(x) and G(x) for each summation formula”.

In this paper, using Theorem 1.4 and imposing further conditions on F', we derive the
following theorem, thereby rigorously deriving (1.21), and equivalently from the above dis-
cussion, (1.11), for the first time. This is done in Section 3.

Theorem 1.5. Let k be a positive integer greater than 3. Assume that F satisfies the hy-
potheses of Theorem 1.4, and that, as x — 00,

F(z) = Oy (;c—%—%—T) , (1.25)
for some fixred T > 0. Let the function G be defined by
Gly) = 77/0o F(t)J%_1(27r\/yﬁ) dt, (1.26)
and assume that it satisfies ’

k
G(y) = Oy (y‘TTT) ; (1.27)
for >0, as y — co. Then

n=1

k

1_k T2 * k_1

= rg(n)n2”1G(n) — / x1 2G(x)dz. (1.28)
Z (%) Jo

For k =2 and 3, (1.28) holds if F is continuous on [0,00), F(x),zF'(x) € L?(0,00), and F

satisfies (1.25), and if G is defined in (1.26) and satisfies (1.27).

We note that the above theorem is more general than Theorem 1.3 with a(n) = b(n) =
rp(n) and x — oo, since, unlike the latter, it does not require that F' be analytic. Moreover,
for certain choices of h in this specialized version of Theorem 1.3, it may be very difficult to
justify the interchange the order of summation and lim, ... This turns out to be the case
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in our choice of the function to prove Theorem 1.6 below, that is, (4.2), and hence we resort
to Theorem 1.5 for its proof.
If (a), :=a(a+1)---(a+n—1),n > 1, and (a)p = 1, define the ordinary hypergeometric

function 9 F7 by
a’b . - (a)n(b)n n

We now state in Theorem 1.6 a new transformation involving r(n), which is the main result
of our paper. The main ingredients in the proof of this transformation are Theorem 1.5 and a
remarkable generalization of Fock’s integral (1.12) given by Koshliakov [24, eq. (1)], namely,
for Re(p) > —1, Re(u +2v + 2) > 0 and Re(z) > Re(w) > 0,

/oo T(ou) Vi + 22—Vl uttl < 1 N 1 >2“
u
o PN VET 2 Vit ) VBt AV \VaZ + 2Vl +

V= b, — [ \/u2+22—\/u2+w22
X2k v+1 ‘(\/uz—i—zz—i—\/uz—i—wQ) du
T pz—w)\ . (plztw)
~ o () w (), (130

where oF}, I,,, and K, are defined by (1.29), (1.4), and (1.5), respectively.

Theorem 1.6. Let k > 2 be a positive integer. Let I,(z) and K,(z) denote the modified
Bessel functions of the first and second kinds respectively. If Re(y/a) > Re(v/B) > 0 and
Re(v) > 0, then

S r(n) L (r (i — B K (x(/ + /i)

n=1
1(21%) +m; 10 u+1 Zx/n+a3n+ﬂ<$iz;ﬁi§>

. <\/n1+a+ \/n1+5>k 22F1 <y+1y—+’f11 <\/n+a—\/n+ﬁ> ) 1.31)

vn+a+yn+p
Also applying the inversion formula in the theory of Hankel transforms to (1.30), that
is, (1.22) and (1.24), we find that the following integral evaluation holds for Re(u) > —1,
Re(p+v) > —1 and Re(w(z +w)) > | Re(w(z —w))| + | Im(p)|:

| 0Lz = w0 (e )

_Tw+p+l) (p/2)" N R e A
Pv+1)  /p2 +4n222\/p2 + 4n2w? \ /p? + 4n222 + \/p? + 472w?

2 2
y 1 N 1 g P V—u,—u‘ VP2 4 4An222 — \/p? + dr2w?
2F1
\/p2 + 47222 \/p2 + A7r2? v+1 \/p2 + 47222 + \/p2 + 4722
This integral evaluation is the same as in [15, p. 686, Formula 6.578.11]. To see this, let
c=p,a=7(z+w)and b = w(z — w) in the latter formula and simplify.
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This paper is organized as follows. In Section 2 we collect preliminary results which are
used in the sequel. Theorem 1.5 is proved in Section 3. Section 4 is devoted to the proof
of Theorem 1.6 for Re(r) > 0 and to several important corollaries that follow from it. In
Section 5, we use the principle of analytic continuation to extend the validity of Theorem 1.6
to Re(v) > —1. Of course, it can be analytically continued to Re(r) > —( for any ¢ > 0,
however, we refrain ourselves from considering the general case. Finally we conclude our
paper with Section 6 consisting of some important remarks and thoughts for further work.

2. PRELIMINARY RESULTS

We require several asymptotic formulas. The asymptotic formulas for the Bessel functions
Jy(z) and K, (z), as |z| — oo, |arg(z)| < 7, are given by [42, pp. 199, 202]

m

Ju(2) ~ (ﬁz)% (Cosme::O W —sinw Z szziT1+ 1))3

K,(z) ~ <%> 22 i ((;Z;;) (2.1)

m=0

=

Here w = z — §7TI/ 41177’ and

I'(v+m+1/2)
Cm+1DI'(v—m+1/2)
From [38, p. 240, eq. (9.54)], for Re(z) > 0 and \z| large,

(va) =

s (v, m)
I,(2) \/ﬁ 22y

As mentioned in [38, p. 240], (2.2) is not valid for other complex values of z. In fact, in [42,
p. 203], we find that for large values of |z,

(2.2)

—zi(u—s—%)wi o0

(v, m) e (v,m)
I,(z) ~ m Z 2oym T — mz::O o (2.3)

where the plus sign in the exponentlal in the second expression on the right- hand side is taken
when —f7r < arg(z) < gﬂ' and the minus sign is taken when —f7r < arg(z ) 27r As noted
by Watson [42, p. 203], the discrepancy in the two expansions in (2 3) for —ir < arg(z) < iw
is an example of Stokes’ phenomenon and is only an apparent discrepancy. Thus from (2.2),

for Re(z) > 0 and |z| large,

ez

V2nz
We also record below a big-O bound for r,(n),k > 2. From [16, p. 155, Theorem 1] or [36,
eq. (b)), for k > 5,

I(z) ~ (2.4)

ri(n) = O(n3 ). (2.5)
Now Jacobi’s four squares theorem [44, p. 116, Theorem 11.1] implies that

r4(n) = 8a(n) — 320(n/4),
where o(n) = 3_,,, d, which along with the elementary fact that o(n) < n(logn+ 1), implies
r4(n) = O(nlogn). (2.6)
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One can actually obtain a much better bound, namely O(nloglogn), by using Robin’s in-
equality [37, Theorem 2]. Jacobi’s two squares theorem [44, p. 79, Theorem 9.3] is given
by

r2(n) = 4(di,a(n) — dza(n)),
where d;¢(n) denotes the number of divisors of n congruent to j (mod¢). Thus,
r2(n) = O(d(n)) = O(n°) (2.7)

for any € > 0, where the last step follows from [20, p. 343, Thm. 315]. It is known [9, p. 274],
[28, p. 134, Thm. 8.5] that r3(n) can be expressed in terms of H(—n), the class number of
quadratic forms of discriminant —n. If —n < 0 is a fundamental discriminant, then along
with the bound in [21, Proposition 6.2], this implies that

rg(n) = O(n'/?logn). (2.8)

If —n is not a fundamental discriminant, then the formula in [9, p. 273, Definition 2.2 c)]
with 7 =1 (see also [28, p. 133, eq. (8.1)]) can be used to again obtain (2.8).
Finally, (2.5), (2.6), (2.7) and (2.8) imply that for k > 2,

ri(n) = Ok(ng_l-l—e)’ (2.9)

for every € > 0.

3. PROOF OF THEOREM 1.5

We now show that, when k is a positive integer greater than 3, (1.28) follows from Theorem
1.4, provided that the functions F' and G, in addition to the hypotheses of Theorem 1.4,
respectively satisfy (1.25) and (1.27). Note that m > 1 when k > 4 and so the first hypothesis
of Theorem 1.4 is not vacuous. Also, as will be seen in the proof, (1.25) and (1.27) allow us
to let N — oo in the associated sums and integrals in (1.19). However, when k& = 2 or 3, the
first hypothesis in Theorem 1.4 is vacuous, and we need further conditions given at the end
of Theorem 1.5. These cases are considered at the end of the proof.

Observe first that integrating both sides of (1.26) with respect to y from 0 to z, inter-
changing the order of integration on the resulting right-hand side, and then employing the
differentiation formula

DI, (2 ) = ——

i () )

which can readily be deduced from [15, p. 926, 8.472.3], we arrive at
Gyyi2dy== [ F@t) | ——— (4" 2rvyt)) dydt
/0 (y)y1 2 dy /0 ()/0 m/idy(y s ( y))y

:xk/4/ t=Y20, 2zt F(t) dt,
0 2
thereby obtaining (1.20).

Note that if one of the limits in (1.19) exists, so does the other. To show that

A}i_r}n@ i (1 - %) rk(n)n%_gF(n) = irk(n)n
1

n= n=1

(SIS

[ SIS
ENE

F(n), (3.1)

we use Tannery’s theorem [8, p. 136] stated below.
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o
Theorem 3.1. Assume a, := lim a,(N) satisfies |a,(N)| < M, with ZM” < 0. Then
N—o00

n=0

N 00

1 =

> e =Y
n=0 n=0

For our application,
m+1
an(N) := <1 - %) Tk n)n%_%F(n)

Clearly,

Moreover, from (2.9),
ri(n) < Lyn®/271%e,

where Lj, is a constant depending on & but not on n. Also,

since n < N and m = L%kJ — 1. Hence,
lan(N)| < 252 Lyns =125+ P(n)).

Let M, = Qk/QLknf_%“‘EF(n). Now >~ M, converges if F(z) = Oy (x_l_i_e_‘s) for
some ¢ > 0. Thus assuming (1.25), we see that (3.1) holds.
Next, in order to show that
N +1 oo
lim (1 - i)m 2P (2)de = / ci3F(z) da, (3.2)
0 N 0

N—o00
we employ the integral analogue of Tannery’s theorem [8, p. 485-486].

Theorem 3.2. If limy_yo0 u(xz, N) = v(x) and imy_,oo Ny = 00, then

N 0
lim u(x,N)dx:/ v(x) dz,

N—oo [,

provided that u(z, N') tends to its limit v(x) uniformly in any fized interval, and there exists
a positive function T(x) such that |u(x, N)| < T(z) for all N, where [7°T(x)dx converges.

In our case, a = 0,7y = N, and

( ) et ),
T2 F(a).

»M?r

v(x) =

Consider any fixed interval, say [0, B]. Note that since F' is continuous in [0, B], v(z) is
bounded on this interval. Also, by the binomial theorem,

(-3 =E () G o (5),

uniformly for all x in [0, B], as N — oo. Thus, u(z, N) — v(z) uniformly in any fixed interval.
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Finally, to apply Theorem 3.2, we need to show that there exists a positive function T'(x)
such that |u(z, N)| < T(z) for all N, where [ T(x)dx converges. This is seen at once if we
take T'(x) = |v(z)| and use (1.25). Hence, (3.2) holds if (1.25) holds.

Similarly, (3.1) and (3.2) hold with F' replaced by G if (1.27) holds. This completes the
proof of Theorem 1.5 when k > 4.

When k£ = 2 or 3, then m = 0. If we now examine the hypotheses in Theorem 1.4, we
notice that the first condition is vacuous. The second condition requires F to be in L?(0, 00),
but this does not necessitate F' to be continuous. But if F' is not continuous on [0, 00) and
we change the values of F' over any set of Lebesgue measure zero, for example, over the set of
all positive integers, then even though the right-hand side of (1.28) as well as the integral on
the left side remain the same, the sum on the left side has a different value. However, since
any two continuous functions which differ from each other over a set of Lebesgue measure
zero must agree everywhere, when k = 2 and 3, we require F' to be continuous on [0, c0).

Requiring F,2F'(x) € L?(0,00) ensures that we can perform an integration by parts in
(1.26), so that an argument analogous to that in [17, Section 2] can be used. This completes
the proof for all k > 2.

4. PROOFS OF THEOREM 1.6 AND ITS COROLLARIES

In this section, we prove our main transformation in Theorem 1.6 and then prove numerous
corollaries that arise from it.

Proof of Theorem 1.6. Since I,,(0) = 0 for Re(r) > 0, it is easy to see that when a = f3,
both sides of (1.31) are equal to zero. Hence, (1.31) holds in this case.
For a positive integer k > 2, Re(v) > 0, and Re(y/a) > Re(v/B) > 0, let

— 1 Vita—Vr+B\" 1 1L\
fa) = \/x+a\/90+5<\/$+01+\/$+5) <\/93+O‘+\/$+B>
v+l—k1-kl/\Vata—vz+B\°
X2F1< vl <\/x+a+\/x+ﬁ> ) oy

Note that f is continuous on [0,00). We prove (1.31) first for « > 8 > 0 and k > 2. After
this, we prove (1.31) in its full generality, that is, for Re(y/a) > Re(v/B) > 0, by applying
the principle of analytic continuation.
Let

F(z) = 2173 f(2), (4.2)
where f is defined in (4.1). Then F is continuous on [0,00). Let v = \/y,u = % — 1,22 =
a,w? = B and p = 2my/x in (1.30), so that by (1.26), for Re(y/a) >Re(v/B) > 0 and
Re(v) > —1(k +1),

G) = [yt )T 2r ) dy
0
k—1 (v +1)
=2 g mb(ﬂ(\/xa — V) K, (r(Vra + /xf)). (4.3)
2
We apply Theorem 1.5 with F' and G as given above. To do this, we first show that they

satisfy the hypotheses of Theorem 1.5. Since f is analytic, and hence infinitely differentiable,
F(x),F'(z), F"(x),..., F@"=D(z) are integrals. Also, as z — 00,

2k—2—2u(a _ B)V
f(l') ~ LUHk/2 )

MES

kE_1
x4 2

(4.4)
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since the hypergeometric function tends to 1 as x — oo. Since Re(r) > 0, from (4.2) and
(4.4), it is easy to see that the bound in (1.25) holds. From (2.4), for Re(y/a) > Re(y/B) and
large n,

7(v/na—v/np)
m(vVnoa —/n 4.5
7T\/2 (vna —/n ) (4.5)
Also from (2.1), for (y/a + v/B) € C\(—00,0) and large n,
e—T(Vna+v/np)
m(vna + y/npB)) (4.6)

V2(v/na + /np)
Thus, since a > 8 > 0, by (4.5) and (4.6), the function G defined in (4.3) decays exponentially
as © — oo. Therefore, G satisfies (1.27).

Next, we show that, for 0 < r < 2m, 2" F(")(z) € L*(0,00). It is easy to see that f (and
hence F') is analytic in a fixed small disk centered at the origin. Thus, for any non-negative
integer 7, f”) (and hence F(")) is bounded in this disk. If we restrict  to be non-negative and
real, then the fact that f(")(z) is continuous on [0, €], for some ey > 0, implies that =" f(")(z)
(and hence " F(")(x)) belongs to L([0,¢€p]). In fact, the continuity of =" f(")(z) on [0, o)
implies that 7 f(")(z) (and hence 2" F(")(z)) belongs to € L?([ey, A]), where A is any large
fixed real number. It remains to show that all functions of the form 2" F(")(z) € L?([A, 0)).
This is done next.

Note that f (and hence F') is analytic at oo, as can be seen from (4.1), the fact that
Re(v) > 0, and that the hypergeometric function tends to 1 as z — oco. Also, A lies inside a
neighborhood of co. Thus, F' can be expanded as a power series in 1/z, and in fact,

_ Ce
F(z) = 2 gy’

£=0

where the constants ¢y, £ > 0, depend on v, k, o, and 3, and cg = 257272 (. — 3)¥, which can
be seen from (4.4). Hence, for r > 0,

— d
PO =S
(z) ;xe-q-u—k’ﬁ-;

where the coefficients dy, £ > 0, depend on r, v, k, o, and 3. Hence,
2" FO (@) = Opya (277578)

on the interval [A,c0). Since Re(v + & + 1) > 1. we see that 2" F(")(z) € L?([4, 0)).
We have thus shown that 2" F(")(z) € L?((0,00)) for any r, in particular, for 0 < r < 2m.
Also, when k = 2, 3, the additional condition xF’(z) € L%((0,00)) is similarly seen to be true.

Thus, the hypotheses of Theorem 1.5 are satisfied.
Hence, from Theorem 1.5, (4.1), (4.2), and (4.3), we find that

St (e ) (e )
X o F <V+1_§’1_§ (éZiZ;gZig)j _FT;ZZ) /Oooxglf(;c)dx

v+1
:2k_1wk/2Wirk( r(vVna — /nB) K, (r(v/na + /nB))
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el

72,; / 253G () da. (4.7)

We now evaluate the two integrals occurring in (4.7). For Re(u + v + 1) > 0, Re(a) > 0,
and |b| < |a| [42, p. 385, eq. (3)],

1
o _ b/(2a))'T (1 + v) p2\27H voptl veioy 1| b2
“tJ,,bttﬂldt:( 1+ — F 2 02 —= .
/0 ¢ (bt) atT (v + 1) T2 > v+1 a?

(4.8)
However, as given in [42, p. 385], by analytic continuation in b, (4.8) is valid for Re(a4ib) > 0
We would like to substitute b =i and a = 1/u in (4.8), where

__a-—p
C y+a+p’

Since a > 8 > 0, the condition Re(a) = Re(1/u) > 1 is obviously satisfied. We now use,
from (1.4), the relation I, (t) = i7".J,(it), to deduce that, for Re(u + v +1) > 0, !

y=>0. (4.9)

o0 z/+,u+11'\(y Ry 1) v—p v—p+l
L () dt = — a : 202 4.10
/0 ‘ ®) 2T (v +1)(1 — w2)rti/z 21 v+l " (4.10)
Also from [27, p. 391], for |z| < 1,
a,b la,d(a+1)| 42
F ’ =1 TR 272 — |- 4.11
21<a—b+1z> (1+2) 21( a—b+1 ‘(14—2)2) (411)

Since u < 1, Weseethat‘(1—\/1—u)/(1+\/1—u)‘<1 Hence, let a = v — pu, b = —p,
and z = (1 —v1—u?)/(14+ V1 —u?) in (4.11) to find that

| .

F; 4.12
v+1 1+\/1—u2)V*M21 v+1 [14++v1—u? (4.12)

Substituting (4.12) in (4.10), employing the representation (4.9) of u in terms of y, & and S,
and using the elementary identities

Ry+a+8)?—(a—B)>2=4y+a)(y+5)
and

2y +a+BE2y/(y+a)y+h) =(y+aty+p)?

in our simplification, we arrive at

() —t/u _ 9—3u—1 (a—ﬁ)l/+#+1r(l/—|—u+1) < 1 1 >2M
/oe L) di VYT avy+B8 Wy +ta+Vy+B)*T(v+1) \/y+a+\/y—|—ﬁ
v—p—p|(ViFta-vyTB\’
X2F1< v+1 ’<\/y+a+¢y+5>>' (4.13)

Now we let o = & — 1. With the choice of f in (4.1), the use of (4.13), the simple algebraic

identity V
(¢y+a—\/y+6> _ (o — B)”
VyFa+Vy+p VyF+a+Vy+pB)*’

IThis integral evaluation is also given in [24], but with less details.
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and an inversion in the order of integration, we deduce that, for Re(v + &) > 0,

o0 2*—2F 1)
| y§—1f<y>dy—( o / [ e 0 ey
a_

-2 o0
= P(V+ 1) / t§_1€7<7g> ( )dt/ e_(;%tﬁ)yg_l dy
0

m—ﬁﬁr(+f)
_ 2w D0 (5) [ (e22)e, o, dE
o) /0 ) Y, (4.14)

where the inversion in order of integration can be easily justified with the use of (2.3), and
where in the last step we used the integral representation for the gamma function, namely,
for Re(z) > 0, Re(\) > 0,

/ e MFThdt = ATD(2).
0

Now let y = 0 and = —1 in (4.13) to see that

V() gy &L (Ve VBY
A e = V<vﬁ+vﬁ> (4.15)
Thus, from (4.14) and (4.15), for Re(v) > 0,
Xk _2MW)N(5) (Va- VB
/0 y>  fly)dy = T+ D) (\F+\F> (4.16)

(Observe that if we set k = 2 in (4.1), the hypergeometric function therein reduces to 1.
Therefore, a more elementary proof of (4.16) can be established by the change of variable

o (VYT VYD
= 1g<¢y+a+¢y+ﬁ>'

We leave the details to the reader.)
It remains to evaluate the integral on the right-hand side of (4.7). To that end, we use the
formula from [34, p. 380-381, eq. 2.16.28.1]. For |Re b| < Re ¢, and |Re v| < Re (a +v),

/OOO 2L (ba) K, (cx) do = 2972 (c? — b?)~/2T (g) T ( ) P, <c fZZ) (4.17)

where P/'(z) is the associated Legendre function of the first kind defined by [15, p. 959,

eq. 8.702]
1 z4+1 w2 —v,v+1{1—-2
,LL = ’
Fz): (1 —p) <z—1) 2F1< 1—p ' 2 > (4.18)

Let a =k, b =n(y/a—+/B) and ¢ = n(y/a++/B) in (4.17). The conditions for the validity of
(4.17) are easily seen to hold. Employing (4.18) followed by an application of Pfaff’s formula

[27, p. 390], namely,
a,b _ c—a,b| z
2F1<C Z):(l—z) b2F1< z—l)’

c
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we obtain, upon simplification,

k
T2 k1
- — z172G(x) dx
r<’;>/o (@)

s AR () (i

which, indeed, agrees with (1.23), as can be seen from (4.2).
Substituting (4.16) and (4.19) into (4.7), we find that, for Re(v) > 0,

Z\/n+a3n+5 (yZizI—éZIg)V

k—2 kK

1 1 V+1— s

X + F 202
(\/n+a ¢n+5> ? 1( v+1

_ 2 rw) = JB)”

(&) ) am

(i)

Ford \ars
20 ) S )L (r(v — VR, (r(Via VB, (420)
F(V+§) n=1

which easily simplifies to (1.31). This completes the proof of (1.31) for a > § > 0 and k > 2.
By (4.5) and (4.6), the series on the right-hand side of (4.20) converges absolutely for
Re(y/a) > Re(y/B) > 0. Note that if Re(y/a) = Re(y/f), then from (2.3), it is seen that

1, (imv/n (Tm(va) = Tm(V/B) ) ) = Oapu(n™%).

This, together with (4.6), implies that the series on the right-hand side of (4.20) again
converges absolutely for Re(y/a) = Re(v/B) > 0. Using (4.1) and (4.4), we see that the
right-hand side of (1.31) is well-defined for Re(y/a)) > Re(v/3) > 0.

Fix any real positive g, let g, represent the region in the a-complex plane given by
Re(va) > v/Bo > 0. The region Qg, has, as its boundary, the parabola given by the equation
Re(a) = By — ﬁlm(a)? Both sides of (1.31), with  replaced by Sy, are analytic in g, .
Since (g, is simply connected and since by what we have proved so far, the two sides of
(1.31) coincide on g, NR, it follows that (1.31) holds for all o € Q.

Now fix any two complex numbers a; and f; satisfying Re(y/ar) > Re(y/B1) > 0. Fix an
arbitrary real positive number 5* such that v/5* < Re(y/51). Note that o belongs to Qg+ for
every such *. Therefore (1.31), with « replaced by ay, holds with g replaced by any such g*.
Next, let D, be the region in the S-complex plane given by Re(\/ar) > Re(v/3) > 0. Here
Do, is simply connected with its boundary formed by the parabola given by the equation
Re(B) = Re(y/ar)? — W Im(3)? and the negative real line. Both sides of (1.31) are

analytic on ®,, and coincide at all points 8 = g*, with £* as above, and hence they coincide
everywhere inside D, .

Since (1 belongs to ®g,, it follows that (1.31) holds for & = a; and 5 = (3, as desired.
Lastly, by continuity, (1.31) also holds for all those complex numbers « and /3 for which
Re(y/a) = Re(+/B) > 0. This completes the proof of Theorem 1.6. O
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Remark 4.1. Let A\,6 > 0, Re(v) > 0 and Re(z) > 0, Using (1.5) and (1.4), we find that,
for Re(v) > 0,

lim I,(\2)K,(6z) =
z—0

lim (I,(A\z)I_,(02) — I,(A\z)1,(02))

2sin v 2—0

- 2sizmr <F(1 +(i§1{)(z —v) )

_ LAY
2w \d§)

by using the reflection formula for the gamma function. Thus,

lim 7, ( (n(vVza — z2B)) K, (r(vVza + /zB)) = <\\£;:§> (4.21)

and so the identity in Theorem 1.6 can also be written in the more compact form

zrk (x(v/a — /nB) K (/i + /)

I ( Z (n) <\/n+a—\/n+5>u
5 2k- 1ry+ \/”+04\/n+5 Vnt+a+vn+pB

1 1 \F? vHl-E1 k1 mra—vn+p\?
X<\/n+a+\/n+ﬂ> ZFl( v+1 <\/n+a+\/n+ﬁ) ’

with the n = 0 term of the series on the left-hand side interpreted as the limit in (4.21).

Remark 4.2. We can generalize Theorem 1.6 by replacing the coefficients ri(n) by any
arithmetical function a(n) generated by a Dirichlet series satisfying a functional equation of
the form (1.18).

Corollary 4.3. For Re(v) > 0, Popouv’s identity (1.10) holds for a much larger region
Re(y/a) > Re(+v/B) > 0.

Proof. Set k =2 in Theorem 1.6 and simplify using (4.21). d
Corollary 4.4. For any positive integer k > 2 and Re(y/a) > Re(v/B) > 0,
S ) —aVAED) in(r /(v — v/B) (4.22)
n=1 \/ﬁ
k—1) — - -
-7 (f_ f) o (— 1)/2F < 9 > ZTk(”) ((”+ )12 — (n+ g0 km) :
n=0
Proof. Let v = 5 in Theorem 1.6. From [42, p. 80, eq. (10)],
I (w(v/ra — /mB) 2 Slnh( (vna — \/nﬁ))7 (4.23)
2 vnoa —/np
and from (1.7),
Ki(r(v/na++/n = e T(VnatVnB) (4.24)

l\')

~ Va2(Vna + vB)
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Next, from [35, p. 389, eq. (107)],

a,a+ % 1
2F1< 2 2 Z) :m{(l

—— =\ 2
Leta=1-% and 2z = (V%%\/%) in (4.25) and simplify to find that

n(lm2 <¢x+a—¢x+6>2
= 3 Vrta+Vatp
22 (Vata+vath)’ " ((@+B)F D2 — (a+a)k1/2)

Tk (Ve+a—va+5)
Now use (4.23), (4.24) and (4.26) in (1.31) to arrive at (4.22). O

VRV (42)

(4.26)

Remark 4.5. The special case k = 2 of Corollary 4.4 is equivalent to the following identity

of Popov [33, eq. (11)]'
e 1
221 (\/n+ﬁ \/n—i—a)

=2n(va —\/B) + Z rifz) (e_%m — e_%m) )
n=1

This identity should be compared with (1.9).
Corollary 4.6. For any positive integer k > 1, Re(v/B) > 0, and Re(v) > 0,

i n)ns K, (2m\/nf) = CRCRS )Z () _. (4.27)

n=0 20FE i (n+ )R
Proof. Divide both sides of (1.31) by (o — 3)" and then let a — 8. By (1.4),
g 1T/ VIOV (/30 5 ) _ () <n> § K, (2ny/p)
a—B+ (a — B) 4 B I'l+v)

Thus,

EG/EE < W Pvty) g~ o)
BET(1+v) nz A am/nf) = 22”“ﬁ” TR+ 1) nyﬁ (n+B8)"*+3

(4.28)

Multiply both sides of (4.28) by 2T'(1 + v)/(w/4). By (1 5) and (1.4),
v/2 VB
ilil%x K, (2m = o u@u/2
Thus, the first term on the right-hand side of (4.28) can be interpreted as the additive inverse
of the n = 0 term of the series on the left-hand side of (4.28). Hence, we arrive at (4.27). O

Corollary 4.6 was also established by Popov [33, eq. (6)]. As a special case, Corollary 4.6
implies the following formula in Corollary 4.7, which specializes, when k& = 2, to a identity of
Hardy [19, eq. (2.12)], which he used in his study of the famous circle problem to prove that

Z ro(n) — ma = Q(z/4).

n<x
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Corollary 4.7 was also obtained by Popov [30, eq. (1)], but (with our k replaced by his v) his
condition Re(v) > —3 should be replaced by v > 0.

Corollary 4.7. For any positive integer k > 1 and Re(y/B) > 0,

N - L(+1) g~ mi(n)
> reln)e PV = \JE—Rr s Y F1)/2° (4.29)
s r(k+1)/ — (n + B)(k+1)/

Proof. Let v = in Corollary 4.6 and use (1.7) to obtain (4.29) after simplification. O

Corollary 4.8. Let, for 0 < |k| < 1,

B /2 dt
Jo V1 - kZsin®t
be the complete elliptic integral of the first kind and
D) = 2 sin’tdt
1 — k2sin?¢
Then, for Re(y/a) > Re(v/B) > 0,

ng (r(vna — /nB)) K1 (r(v/na + v/nB))

_ 1 <\F—\f5>+(a—5)i r3(n)
2 \Va+ B Ar? = (n+a)(n+ B)
1 \/a—6> 4n + 200 + 283 (\/n—i-oz—\/n—l—B)
K — D . (4.30
X{ n+a« <\/’I’L—|—a (\/n+a+\/ﬂ,+ﬁ)3 \/n—|—a—|—\/n+ﬁ ( )
Proof. Let k=3 and v =1 in Theorem 1.6. Using the identity [35, p. 395]

11
o1 (T3P ) = g GRWA - (14 2D(vE)
4

and Landen’s transformation [4, p. 112]

K(k) = (1ik)K<fﬁ>, 0<k<l,

we arrive at (4.30). O

5. ANALYTICALLY CONTINUING THEOREM 1.6 TO RE(r) > —1

Recall the definition of (x(s) from (1.17) and the fact that it has an analytic continuation
into the entire complex plane. Also, recall (1.31). Note that for Re(y/a) > Re(v/3) > 0
and Re(v) > 0, if we separate the n = 0 term on the right-hand side of (1.31) and use the
aforementioned analytic continuation, we can rewrite (1.31) in the form

Z (r(v/na — /nB)) Ky (n(v/na + \/nB))

n=1
1 <\r - \/B)” N 272 o — B)'T (v + 3k)
Va+ VB 2T (v + 1)

Ge(v+ %)
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L T+3) <f—¢3)”<1+1>’“‘2

7225-10(y + 1)y/af \Va+vB/) \Va VB
v+1-51-k1//a— B
X2F1< v+1 <f+f>>
rv+s) L Vita—vntB\"

21T 4 1) ;T’“(”){wmamm (e is)

><< 1 N 1 >k_2F V—i—l—l—(\/n—i—a—\/n—i—ﬁ)
Jnta n+p) v+ 1 Vnta+n+tp

B 2]{72721/(04 _ 6)1/ } (5‘1)

nvtk/2
Now for large n, from the definition (1.29) of o F},

\/n+a1\/n—l—ﬂ (ﬁiilﬁﬁ) <\/n1+a * \/n1+ﬁ>k_2

v+1-451-% <\/n+a—\/n+6>
X2F1
v+1 vn+a++n+p
2k72721/(a_5)1/ 1
- nv+k/2 + OaB,u,k <n”+%k+1> (5.2)

The main term in this asymptotic estimate was already obtained in (4.4). From (5.2), we
see that the series on the right-hand side of (5.1) converges for Re(v) > —1. By analytic
continuation, we conclude that (5.1) is valid for Re v > —1. Thus, letting ¥ = 0 in (5.1), we
find that

Zrk (w(v/ — \/mB)) Kol (v + v/nF)

2721/71(04_6)1/F(1/+lk.) 1 \F_\/B v
( T PR C’f(”+§)2<¢a+f)>

(%54
k-2
“2k g {Vnmlwnw(vnlm*«nlw)
(rreras)) ) oo

1—-k 1k
% 2F1 271 2

We now specialize (5.3). The Dirichlet series for r;(n),k = 2,4,6 and 8, are given by [7,

p. 102]

= lim
v—0

T () 1 1 \F2 1-k1-£
ns%_w(ﬂw) ('

3 ’“if) = 4¢(s)B(s), Re(s) > 1, (5.4)
n=1
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Z”,ff)=8<1—41—S><<s><<s—1>, Re(s) > 2, (5.5)
n=1
5 1) 16¢(s - 2)(s) — dC(5)B(s 2, Re(s) > 3 (5.6)
n=1
520 1601 - 2175 o (s)G(s - 3), Re(s) >4, 57
n=1

where ((s) denotes the Riemann zeta function and B(s) denotes the Dirichlet beta-function,
defined for Re(s) > 0, by

B(s) := Z Gnti)y (=1)" )

— (2n+ 1)s

The function B(s) is a Dirichlet L-function, and consequently it satisfies the functional
equation [11, p. 69]

B(1 —s) = <2>Ssin (%) r(s)m(s). (5.8)

s

For these four values of k, we can deduce the following four theorems. Since the line of
reasoning is similar in the proofs of Theorems 5.1 and 5.4, we provide the proof of only the
former. Similarly, we prove only Theorem 5.3, because its proof is similar to that of Theorem
5.5.

Theorem 5.1. Let v denote Euler’s constant. For Re(y/a) > Re(v/B) > 0,
ZT2 \/an—\/ Ko \/noz—f—\/

+ v+ log <M> + %log (g) — B'(0)

- 2W07ﬁ 2
1 — 1 1
“am 2 (eramerae =) (59)

Proof. Letting k = 2 in (5.3) and using (5.4), we find that

> ra(n)Io(m(vna — v/nB)) Ko(r(vna + v/np))

n=1

1 = 1 1
=L W—F%Zm(n) ((n+0z)1/2(n+ﬁ)1/2 B n> ’

n=1

L=1lim { 21:” (0 B¢l + DB +1) — o (M)} |

Using the Madhava-Gregory series for 7/4 = 98(1) and the well-known limit [41, p. 16]

lim <<<s> - ) —, (5.10)

s—1 s—1

where




22 BRUCE C. BERNDT, ATUL DIXIT, SUN KIM, AND ALEXANDRU ZAHARESCU

we see that

1 1. (7.{.—122—2u(\/a+\/3)2u%(y+1) _ 1)
B .

L =
2 v—0 14

Employing L'Hopital’s rule, (5.8), B(1) = m/4 once again, and I'(1) = —~, upon simplifying,
we arrive at

L= % + log (W) + %’B’(l) = +log (W) + %log (g) — B'(0).

This proves (5.9). O

Remark 5.2. When we let « — 37 in Theorem 5.1, use the facts that In(0) = 1 and [41
p. 20] ¢'(0) = —%log(27r), and replace 5 by x, we obtain a result of Dixon and Ferrar [13,
eq. (3.24)]

2ZT2 ) Ko(2my/nz) —log(3mz) — 2y + 2B/(0 % + - Z { - 1} . (5.11)
Theorem 5.3. For Re(y/a) > Re(v/fB) > 0,

ZT4 \/TE—\/» KO \/@—F\/»

a+ 3 7
7471_2(0[@3/2 2<1—310g4+210g<f+ f) )
1 — 2n+a+p 2
TZ { (n+ a)3/2(n+ B)3/2 _nZ}' (5.12)

Proof. Let k=4 in (5.3) and use (5.5). We note that

-1, -1
2F1< ’1 ’x) =1+

We will calculate the limit below in two stages. In the first, we use (5.10) and the evaluation
¢(2) = 72/6. In the second, we employ L’Hopital’s rule and again use the evaluation ((2) =
72/6. Accordingly,

. a—B3)T'(v+2 e 1 — v
i { O D i+ - o ()

(8r 2277w+ 1)1 — 4 H(Va+ VB)*((v+2) - 1)

R
PR

v 1 2

5—1-5 1—§10g4+210g(\f+f) (2)).

This gives (5.12). O
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Theorem 5.4. For Re(y/a) > Re(v/B) > 0,

Zrﬁ(n)lo(ﬂ(\/@— VnB)) Ko(n(vna + v/nB))
n=1
30 +2ap + 367 a+
= 8W3(a§)5/2 2—C()+1 <\F2f>+4+7r3%(3)

iir 8n® + 8na +3a° + 8nf + 225 +35° 8
873 (n+ )2 (n+ B)72 e

Theorem 5.5. For Re(y/a) > Re(v/B) > 0,

er (r(v/na — v/nB)) Ko(r(v/ra + /nB))

3(5a +3a?B + 3ap? + 533) va+ B 11 45
- 1674(aB)7/2 l) +1°g< 2 > ot ad®

3 = P(n,a,f) 16
e 278 { (n+ ) P+ BT n4} |

where P(n,a, B) is a polynomial in n (as well as in « and B) given by

P(n,a, B) == 16n% + 24n2a + 18na? 4 5a° 4 24n?B + 12naf + 3028 + 18n3% + 3a8% + 562

As previously mentioned, letting o — 3% in Theorems 5.3-5.5, we obtain analogues of
Dixon and Ferrar’s identity (5.11). We refrain from stating them explicitly since it is simple
to derive them from the theorems above.

We now discuss one further interesting special case of (5.1). Let k = 2m,1 < m < 4.
Substitute (5.4)-(5.7) in (5.1), according as m = 1, 2, 3, or 4. Then let v = —3; the required
formulas for Bessel functions with arguments :t% can be found in Watson’s Treatise [42,
pp- 53, 79, 80]. We also need the formula [35, p. 389, eq. (106)]

a,a+l
2F1< 2

Foregoing all further details, we arrive at the following theorem.

) = A0+ VD (- VR

(el

Theorem 5.6. For Re(y/a) > Re(v/B) > 0, and a positive integer m such that 1 < m < 4,
L(m-1 1 1
:am+7r(\/a+\/5)+ ( _12)< + >
2

aCm=1)72 T gem-1)/2

m(vna+v/np) cosh m(vVna —/n

+ el z;TZm(n) { (n + a)@n—1/2 + (n+ B)em-—D/2 ~ pem-1/2 }’
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where

o (¢ ()2 (3) - (3) = ()
o= (5 5m) < (3) < (3):

Remark 5.7. We can let o — B+ in Theorem 5.6 to obtain interesting special cases.

6. CONCLUDING REMARKS AND FURTHER P0OSSIBLE WORK

At first sight, Theorem 1.6 does not appear remarkable. However, as we have seen, several
elegant and well-known transformations in the literature are special cases of Theorem 1.6.

The summands in (1.31) contain a product of Bessel functions I,(X) and K, (x). Dixon
and Ferrar [12] obtained an integral representations for the product I,(X)K,(x), where the
orders p and v are not necessarily equal. Therefore, perhaps there exists a more general
transformation than that in Theorem 1.6.
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