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ABSTRACT. A Ramanujan-type formula involving the squares of odd zeta values is obtained.
The crucial part in obtaining such a result is to conceive the correct analogue of the Eisenstein
series involved in Ramanujan’s formula for ¢(2m 4 1). The formula for ¢*(2m + 1) is then
generalized in two different directions, one, by considering the generalized divisor function
c:(n), and the other, by studying a more general analogue of the aforementioned Eisenstein
series, consisting of one more parameter N. A number of important special cases are derived
from the first generalization. For example, we obtain a series representation for ¢(1 +
w)¢(—=1 — w), where w is a non-trivial zero of {(z). We also evaluate a series involving the
modified Bessel function of the second kind in the form of a rational linear combination of
C(4k —1) and ¢(4k + 1) for k € N.

1. INTRODUCTION

The Riemann zeta function ((s) is one of the most important special functions of Mathe-
matics. While the critical strip 0 < Re(s) < 1 is undoubtedly the most important region in
the complex plane on account of the unsolved problem regarding the location of non-trivial
zeros of ((s), namely, the Riemann Hypothesis, the right-half plane Re(s) > 1 also has its
own share of interesting unsolved problems to contribute to. For example, while it is known

that all even zeta values ((2m), m € N, are transcendental, thanks to Euler’s formula

27‘[‘)2m32m

¢tzm) = (- DS (1)

and the facts that 7 is transcendental and the Bernoulli numbers B,, are rational, the arith-
metic nature of the corresponding odd zeta values ((2m + 1) is far from being known. So far
the only explicit result in this direction is that of Apéry [I], [2] which says ((3) is irrational.

Though Rivoal [31], and Ball and Rivoal [5] have shown that there are infinitely many odd
zeta values that are irrational, one is unable to explicitly say which out of these (except ((3))
is irrational. For any pair of positive integers a and b, Haynes and Zudilin [20, Theorem 1]
have shown that either there are infinitely many m € N for which {(am + b) is irrational, or
the sequence {gy,}5°_; of common denominators of the rational elements of the set {((a +

b),((2a + b), -+ ,((am + b)} grows super-exponentially, i.e., q}n/m — 00 as m — oo. A
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beautiful result of Zudilin [40] states that at least one of the numbers ((5),((7),{(9) and
¢(11) is irrational. A very recent result due to Rivoal and Zudilin [32] states that at least
two of the numbers ((5),{(7),---,((69) are irrational.

One of the most important formulas for odd zeta values is that of Ramanujan [29, p. 173,
Ch. 14, Entry 21(i)], namely, for a, 8 > 0 with a8 = 72 and m € Z, m # 0,

1 —2m—1 1 —2m—1
a‘m{2C(2m+1 +Zm_1}—(—ﬁ)_ {2C(2m+1 +Z 25”_1}

m+1

1)7
1) BojBami2-2j i1 ~igi,

— 92m 1.2
Z 2)(2m + 2 — 2j)! (1.2)

This formula has number of applications. For example, as shown in [I7], it encodes funda-
mental transformation properties of Eisenstein series on the full modular group and their
Eichler integrals. See [8] for more details. Identity and its special cases, namely, for
a, 8 > 0 with af = 72,

o0 2m—1 S 2m—1 B m
o Z ”i_l (A" Y G =@ =AM T (m>1), (1)

o dm
a+p 1
O‘Z 2noz_ +’BZ 2n,8 = 24 _Z’ (14)
> 1 > 1 b—a 1 Q
= = =1 - 1.
Y i L~ e (5) =

are known to have applications in theoretical computer science [21] in the analysis of special
data structures and algorithms.

The first published proof of is due to Malurkar [27] although he was not aware that this
formula can be found in Ramanujan’s Notebooks. Grosswald too rediscovered this formula
and studied it more generally in [I5], [16]. Berndt [6l Theorem 2.2] derived a general formula
from which both Euler’s formula and Ramanujan’s formula follow as special cases,
thus showing that Euler’s and Ramanujan’s formulas are natural companions of each other.
For an up-to-date history and developments related to Ramanujan’s formulas —, we
refer the reader to [§]. Very recently O’Sullivan [36, Theorem 1.3] has found non-holomorphic
analogues of the formulas of Ramanujan, Grosswald and Berndt containing Eichler integrals

of holomorphic Eisenstein series.

One more special case of Ramanujan’s formula, other than (|1.3)-(1.5)), can be obtained by
letting & = 8 = 7 and m to be odd, thereby resulting in a formula of Lerch [26], namely,

C(Qm + 1) + 2§: 1 2m+122mmz+:1 ]+1B2]BQm+2 27 (1 6)
— n2mtl(eg2mm — 1) '(2m+2—25)! ‘
This implies [I7] that when m is odd, at least one of {(2m + 1) and 3y >, W is

transcendental.
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Suppose we now ask ourselves if formulas analogous to and could be obtained
for squares of the zeta values? One reason why one may want to look at this is to obtain
more information on the arithmetic nature of ¢(2m+1); indeed, for a certain k € N, ((2k+1)
would be irrational if (?(2k + 1) turns out to be so.

It is easy to see that the formula for ¢?(2m) is trivially obtained by squaring both sides
of . However, if one squares both sides of , the resulting formula for ¢2(2m + 1) is
very cumbersome with no hopes of further simplification or of any use. It is important to
mention here a famous quote of G. H. Hardy [18| p. 85]: ‘Beauty is the first test: there is no

permanent place in the world for ugly mathematics’.

The question that remains then is, does there exist a formula for ¢(2m + 1) which almost
matches in terms of elegance? Not only do we affirmatively answer this question in this
paper, but we also generalize our result in two different directions. In order to derive such
a result, however, it is important to understand the work of Koshliakov in [24], and also in
[23], which builds the foundation of our work.

Note that Ramanujan’s formula for ¢(2m + 1) involves the Lambert series

o0 a e—2mnx B o0 a(n)
Z 1— e—27m:p - Z e2mnz _ 1
n=1 n=1

with a(n) = n=?™~1. For m < 0, this Lambert series is essentially the Eisenstein series of
weight —2m (except for the constant term), whereas for m > 0, it can be regarded as a
“negative weight Eisenstein series”. In his first Notebook, Ramanujan has few other results
involving the negative weight Eisenstein series. The reader is referred to an interesting article
of Duke [12] in this regard.

The function 1/(e?™® — 1) has simple poles at 2 = 0,44in,n € N, and hence the partial
fraction decomposition

1 1 1 T e 1
e R R D D a2 1)

so that the pole at x = +in has residue Qi

Koshliakov [24] studied a function which has simple pole at © = +in at each n € N,

2

analogous to 1/(e 1), but with residue 5=d(n), where d(n) denotes the number of divisors

of n. This function is given by

i 0) (Ko (tre/72) + Ko (1re/72)) (18)

Here K, (z) := %w is the modified Bessel function of the second kind of order z

[39, p. 78] with I.(x) being that of the first kind [39], p. 77]. Also, here, and throughout the
paper, € = exp('Z) so that € = exp(—4). It satisfies a relation [22, Equation 5], [24, Equation
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7] analogous to ([1.7)), namely,

Qa )=—v—flogx—7 72

Az 332 + j2’

where v denotes Euler’s constant. The above formula implies, in particular, that Q(x) is
real for z > 0. The function Q(x) plays an instrumental role in Koshliakov’s extremely
clever proof in [22] of the Voronoi summation formula for d(n) and satisfies many beautiful
properties, for example, for ¢ =Re(s) > 1 [24, Equation (11)],

1 C2(1—s)x™*

1

O(z) = —
() 211 (¢c) 2cos (5778)

ds,

c+2<x>

where here, and throughout the paper, | (o) denotes the line integral Jo.

In the same paper [24, Equations (27), (29)], Koshliakov gave two beautiful closed-form
evaluations of infinite series involving the function £(x), namely, for m > 0,

2 4dm—+1 / m
Zn4m+1d (n) = m {1og(27r) _ ; % - m} , (1.9)

and]]

an i{log(%r) 1— 24,(2)}_3217r' (1.10)

Observing the analogy between 1/(e?™ — 1) and (), one can deduce that the first of these
results is analogous to the one by Glaisher [13], namely,

oo 4m—+1

n Bymo
= > 0). 1.11
1 2am+2 70 (1.11)

n=1

The latter can actually be obtained by replacing m by —2m — 1, and letting o = 8 = 7 in
Ramanujan’s formula (1.2]). Also, (1.10]) is analogous to Schlémilch’s formula [33]

iL 1o
e2™m —1 24 87’
n=1

which follows from (1.4)) by letting & = 8 = w. In [23], Koshliakov studied a more general
series than (x) and analogous results.

IIn 23, Equation (48)], Koshliakov incorrectly evaluated this series as

an(n)Q(n) = % {10g(27r) - g - %C'(Q)} :
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2. NEW RESULTS

Note that the series in ((1.9) can be constructed from ([L.11]) by replacing 1 and ezﬂ%_l in
the latter by d(n) and Q(n) respectively. This analogy and the aforementioned discussion
suggests that a full-fledged Ramanujan-type formula for ¢2(2m + 1) is not inconceivable.
Indeed, we derive this formula in the theorem below.

Theorem 2.1. For p > 0, define Q,(n) be defined by
Z (KO dper/jx) + Ko(4dper/jx )

Let m be a non-zero integer. For any «, 3 > 0 satisfying o8 = 2,

—m d(2m+1 . d(n)Qs(n
= (-8 {c?(zmﬂ (wlog( ) o )))+;(n3mi§ )}
mmJrl )BQJBQm 2—2j ; m+1—j
24 Z 2] 2m_|_2+_ 2])) ( 2)](/82) 1 . (21)

Remark 1. Note that while the infinite series in (1.2) can be rephrased as

o~ ! 2m—1_—2j - 2k
B D s ) S
n=1 n,j=1 k=1
where o (n) = 3y, d*, the corresponding double series >y % in (2.1) can also be
represented in the form of a single series:
— d(n
Z an +1 —9 Z “2m=1g(1)d(5) <K0(4ae in) + Ko(dae jn))
n=1 7.] 1

=2 Z bin ( (4eVk) + K0(40ze\f))

where by, (k) :== 3,1k n=?m=1d(n)d(k/n). Note that for m >0 and any § > 0,
) <> d(n)d(k/n) < k2d(k) < K, (2.2)
nlk

using repeatedly the fact [19] p. 343, Theorem 315] that d(n) = O (n5) for any § > 0. Similarly
form <0,

b <k 2m— 1Zd k/n <<k' 2m— 1+5
nlk
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Thus, for 6 >0, Re(a) >0, m € Z and T = max{—2m — 1,0},

i% Zkf”(‘f(o 1aevk)| + |Ko(4aevh)|)

n=1

< Z ko1 exp (—204\/%),

where in the last step we used the asymptotic formula [14, p. 920, 8.451.6]
K, (w) ~ %e_w

as w — oo. Moreover, using (4.4) below with z = 0 and £ > max{—2m,1},m € Z, and using
(3-1) and the fact that ((s) = O(1) for Re(s) > 1, it can be seen that |Q,(z)| <<, ¢, which
implies that the series Y 7, % converges absolutely for every integer m.

Let @« = 8 = 7 and m odd in Theorem and note from (1.8)) that Q,(n) = Q(n). This

gives an analogue of Lerch’s formula (|1.6):

@M+ | DA gmisoamt o (FDTTBS B o o
mm“)( - <<2m+1>> 2 St =T 12 (@))% (@m 12— 2))

(2.3)
Actually we will derive two different generalizations of Theorem [2.1] and then derive Theorem
as their corollary.

The first generalization is concerned with the more general function §,(z, z) defined by

Qp(w,2) =2 g o_.(j)j3 (em/‘*Kz (4pe\/ﬁ) +e /AL, (4,)@\/737)) . (24)

so that Q,(z,0) = Q,(x). The special case Q2 (z, z), which we will denote by Q(z, z), was
introduced in [I1, Equation (6.5)] and was instrumental in obtaining a simple proof of the
Voronol summation formula associated with o,(n) for analytic functions [7, Section 6].

Our first generalization of Theorem is given in the following theorem.

Theorem 2.2. Let m be a non-zero integer. Let o, 8> 0 and aff = w2, Let B := {0,+2m}U
{20+ 1} . Then for z € C\'B,

{2 am - ()G

T
& o z z/QQ ( )
+ Z n2m+1

n=

—_

BN C(2m+1—2)C(1+ =)
) cos( )

{;g om + 1) (ﬁ)_zg(szr 14 2)C(1— 2) + (

s ™
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& 3 =200, —2) }
n=1

n2m+1

m+1

+ (—1)"mr22m Z
=0

(—1)jB2jB2m+2_2j C(Qm +2—-25— Z)C(Z] -+ Z) (a)—l—m+2j+2’/2
(25)1(2m + 2 — 2j)! I6; i
(2.5)
Remark 2. The absolute convergence of the infinite series occurring in the above theorem
can be proved in the same way as explained in Remark[d].

Remark 3. Note that in Theorem (2.2, we cannot take z to be an odd integer, say, 2¢ +
1,—o0 < ¢ < oo. However, the limiting case z — 20 + 1 for integer values of £, seen
relative to m occurring in the above theorem, has been considered in Corollaries[{.4), [{.4 and
[£.6, with one omitted case discussed in Remark[7 Similarly, the limiting cases z — 0 and
z = £2m,m # 0 are dealt with in Theorem[2.1] and Corollary [{.3 respectively.

It is easy to see that the above transformation is invariant if we simultaneously replace « by
B and z by —z.

There are numerous corollaries that follow from the above theorem. These are given in
the Section [dl However, we highlight a few of them here. We begin by defining two auxiliary

functions

A (2,2):=2(eT £ T )Y 0.(j)j% (K. (dne/jz) £ K. (4ne\[jz)) . (2.6)
( ) po-003% (K (smev/iv) £ K (1me ) )
Since K_,(w) = K,(w), it is easy to see that
AE(z,2) = Q(x, 2) £ Qz, —2).

A result that we infer from Theorem [2.2]is now given.

Theorem 2.3. For z # 0,+£2,20 + 1, where —oo < £ < o0,

ZU_Z(n)nH%AJF(n, z) = i (1 + sec (%)) (((=1=2)C(14+2)+{(—14+ 2)¢C(1 = 2))
n=1

1
~ - C(=2)) (27)
Remark 4. Let z be a real number. On account of the Schwarz reflection principle, we have

all of the zeta values on the right-hand side of the above equation to be real quantities. Hence,
in this case, the series > o0 o_,(n)n*T2 At (n, 2) is real.

The above theorem gives an interesting result when we specialize z to be a zero of the
Riemann zeta function.

Corollary 2.4. (i) Let w denote a non-trivial zero of ((z). Then

Z o_w(n)n'T2AT (n,w) = i (1+sec (%)) C(—1 —w)C(1 +w).
n=1
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(ii) For k € N,

> oA, ) =~ (To(ar— 1)+ P+ ).
n=1

4k + 2

A special case of Part (ii) of Corollary in turn, gives the following important corollary:

Corollary 2.5. We have,

5 POt - = 15 (13560) — 535¢09)) 28)

n=1

Thus, at least one of the quantities {(5) and Y7, MA—’_(TL, —4) is irrational.

n

It is widely believed [38, Conjecture 27] that for any n € N, and any non-zero polynomial
P € Qlzo,x1,- -+ ,xn], P(m,((3),((5), - ,((2n+ 1)) # 0, that is, 7 and all odd zeta values
are algebraically independent over Q. In particular, if proven true, it would imply that (3)
and ((5) are algebraically independent over Q. In light of this, it is highly probable that the
series in is transcendental, and hence irrational. However, the conjecture on algebraic
independence of the odd zeta values has not yet been proved even in the case of finitely many
odd zeta values, or, even just ((3) and ((5). Hence it would be phenomenal if the series in
turns out to be rational, for then it would prove that ((5) is irrational. However, it
seems unlikely that the series would be rational.

As will be shown in Section [4] the limiting case z — =1 of Theorem given below
links four important constants, namely, 7, Euler’s constant 7, ((3) and the Glaisher-Kinkelin
constant A defined by [35] p. 39, Equation (2)]:

- n? n 1 n?
log(A) = nh_}xr;(){ E klog(k) — ( + = 5 + 12> log(n) + 4} . (2.9)
k=1

Corollary 2.6. Let o(n) :=3_y,, d. Then

6 + 6 + 31 — 72log(A) — ¢(3)

1
288w (2.10)

ZO’ WnAt(n,1) =
n=1

Another generalization of (2.10)), different from Theorem is given in Corollary of
Section {4l Next, we give analogues of ((1.3))-(1.5]).

Theorem 2.7. For a natural number m > 1,a > 0,8 > 0 and off = 72,

Zan ld Zn2m ld ( )

B2 2m—1 1 2m—1 1 "(9m,
_47;;3 {(a2)m <log (2712> + Z z + ))) —(=pH)™ <log <2f_2) + Z z+ i((2m)
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Letting o = 8 = 7, replacing m by 2m + 1 in (2.11]) gives Koshliakov’s identity (|1.9).
Also, the m = —1 case of Theorem gives an analogue of (|1.4)):

Theorem 2.8. Let A be defined in (2.9). For a, 3 > 0,a3 = 1% we have,
a® > nd(n)Qu(n) + 5> nd(n)Qs(n)
n=1 n=1
. T 1 2 « 2 ’8
=16 1 {a (’y + log (%) +1 1210g(A)> + 3 (’y + log <7T> +1 12log(A)> } .

The Stieltjes constants -y, are defined by

J o o n+1
= lim {Z (log k)" _ (logj)"* } (2.12)

oo k n+1

The Dedekind eta function n(w), defined by n(w) := €™/ [ (1 — >™™) Im(w) >
0, satisfies a transformation formula [3, p. 52, Theorem 3.4] under the general modular
transformation V(w) = (aw + b)/(cw + d),a,b,¢,d € Z,ad — bc = 1. Let aff = 2. When

V(w) = —1/w, this transformation can be recast into

a/12 H 72om /31/4€fﬁ/12 H(l - 672,Bn)’

n=1

which is equivalent to ([1.5). An analogue of ([L1.5)) is now given.

Theorem 2.9. For a, 8 > 0 such that aff = 72,

g:ld(n)ga(m 3 g:l d(n)gﬁ(n)
glﬂ(a 8+ % log <ﬁ> {4872 + 967, — 372 — 41og? (g) } . (2.13)

Remark 5. The generalization of the above result with an extra variable z is given in Corol-

lary [

Recently the first author and Maji [I0, Theorem 1.2] generalized Ramanujan’s formula
(1.2) to obtain the following relation between any two odd zeta values of the form ((2m + 1)

and ((2Nm + 1), where N is an odd positive integer, m € Z\{0}, and where «, 5 > 0 with
a/@N = qpN+1.

. 0 n—2Nm-1
TN+ 2N 1)
“ 2<( mt +Zexp (2n)Na) — 1

ON N\ —m 92m(N-1) N+3 2 > n—2m—1
= (-777) N< Com D=0 S0 o
n

DO | =
BN
=
-
3
Il
—
o
"
e}
/N
~~
[\)
S—
=
)
N——
|
—
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[5% +m]

N+3
=

2N2(m—j)

1) By ; j
(—=1)? B2 BN 142N (m—j) aN%gN*T. (2.14)

2/ )N + 142N (m — j))!

On page 332 of his Lost Notebook [30], Ramanujan embarked on obtaining some result
on a more general form of the Lambert series occurring in the above equation, namely,
>0 a7 /(exp (n™Vx) — 1), however he does not give any result. See [10] for details.

Our next generalization of Theorem [2.1] gives an analogue of (2.14)) by relating ¢?(2m + 1)
with ¢2(2Nm + 1) .

Theorem 2.10. Let N be an odd positive integer. Let o, 8 > 0 with afN = 7N+t Then

(3™ {ctamm e s tn (2) - VD) 5 0

L avyem B\ 1¢Cm+1)
_N(_B ) {CQ(QmH ( < ) NC2m+1)>
N+3 = . d(n ijm
+ (=12 Z (=1’ Z n2q(nglQﬁ (6 " nl/N) }

| B +m] 4i(1-N 2
_ 792N—2+4Nm QNZ (-1)724 )BQJBN+1+2N(m -

2N+4N (m J)
S 2PN+ 1+ 2N(m )R '

aN+15

As can be readily seen, letting N = 1 in the above theorem gives Theorem 2.1} A counter-
part of the above theorem for even N, which is an analogue of Wigert’s formula [10, Theorem
1.4], is given at the end of Section

This paper is organized as follows. In Section [3, we collect the preliminary results often
used in the proofs. Section [f] commences with a lemma used the proof of the main theorem
following it, that is, Theorem The proof of Theorem is then followed by several of
its corollaries, namely, Theorem the limiting case z — 2m discussed in Corollary [4.3] the
limiting case z — 2¢+1 discussed in Corollaries [£.4] and A yet another special case of
Theorem [2.2] namely, Theorem [2.3] is then proved, followed by the proofs of Corollaries 2.4]
and [2.5] Corollary [2.6]is then obtained from Corollary[£.6] An analogue of the transformation
formula for the logarithm of the Dedekind eta function, that is, of , which involves an
extra variable z, is then derived in Corollary [4.7| with its special case Corollary [4.8|stated next.
This is followed by the proofs of Theorems [2.9] 2.7 and 2.8]in that order. Section [f|is devoted
to the second generalization of Theorem consisting of the extra parameter N. This is
achieved by first deriving a general result, Theorem and then proving Theorem [2.10| as
its special case. The analogue of the latter theorem for NV even is then given in Theorem
The paper ends with some concluding remarks and directions for further research.
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3. NUTS AND BOLTS

Here we collect well-known results that are frequently used in the sequel. Stirling’s formula
for the Gamma function on a vertical strip states that for a < o < b and |¢| > 1,

D(o +it)| = (2m)2 |7 227 <1+0 Q;)) (3.1)

The functional equation of the Riemann zeta function is given by [37, p. 13, Equation (2.1.1)]
C(s) = 2°7°7IT(1 — 8)¢(1 — s) sin (%3) . (3.2)

For Re(s) > max{1,1+Re(b)}, we have [37, p. 8, Equation (1.3.1)]

> 20— cayes o) (33)
n=1

In 1885, Stieltjes found the Laurent series expansion of {(s) around s = 1, which is given by
[25, Theorem 3.2.1]

1 2 (1),
() = ey EDn gy
n=1 :

where 7, is defined in (2.12)). Hence, as s — 1,

((s) = —== +7=mls =) +0 (s 1. (3.4)

We will use the elementary fact o.(n)n=*/2 = 6_,(n)n*/? without mention in the sequel.

4. THE FIRST GENERALIZATION OF THEOREM [2.1] WITH AN ADDITIONAL VARIABLE 2

Here we first prove Theorem and then obtain several interesting corollaries from it,
including Theorem We begin with a lemma.

Lemma 4.1. Let Q,(x,z) be defined as in (2.4). Then for ¢ =Re(s) > 1£Re(%),

L mst5)C(tos—5) (2 N
Qp(x’z)_Qm' © 2cos (5(s+ %)) <772x> ds.

Proof. For Re(s) > £Re(z) and Re(a) > 0, we know that [28, p. 115, Formula 11.1]

/O 571K (at) dt = 2°~2a7°T (S 5 Z> T <8 JQF Z) . (4.1)

Now employ the change of variable t = y/z and then replace s by 2s so that for ¢ =Re(s) >
+Re(%) and Re(a) > 0,

[rwemapr (=g, e
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Replace a by 4pe+/j and then by 4pey/7 in (4.2) and add the resulting two equations so that
o
/ xs_l(e”’Z/4Kz(4pe\/jx) + e ™K, (4pey/jx)) da
0

= Gyt ()T (= 5)es (5(5-3)) (43)

Employing the above identity in terms of its equivalent inverse Mellin transform representa-
tion in the definition of Q,(z, z), we deduce that

o= S [ b (s )0 (o= P (5 (o= )

where the interchange of the order of summation and integration can be justified by means of
absolute convergence which in turn follows from (3.1). Using (3.3) with s replaced by s — 3
and b by —z in the above equation, we see that for ¢ =Re(s) > 1+Re(%),

n9 =50 [ (=3 (e 3T (e 3)m (= 5o (5 (o= 5)) ) s

_ L[ ostE)Cos—F) (P 4.4
2mi J(o) 2cos( (s+ )) < > ’ (4.4)

T2

where in the last step we used the functional equation (3.2) twice, once, with s replaced by

1 —s+ 35, and then with 1 — s — 3. O

Proof of Theorem [2.2] We first assume Re(z) > 0 and let m € N. We begin with the series
on the left-hand side of (2.5). Using the variant of the reﬂection formula for the Gamma
function, namely, ' (% +w) T (% —w) = oty W ¢ 7 — 5, followed by (3.1)), it can be shown

that as Im(s) — oo,

1 = 2exp (—Z |Im(s) + LIm(z o . .
s (g w7y P EImE i) (“O<um<s>y>) (9

This guarantees the interchange of the order of summation and integration in the second step

below and therefore using Lemma, we have

Ooaz Z/ZQ Cl—s—i— )C(l—s—%) na?\ °
; n2m+1 Z 2m+1—7 2m/ 2cos (3(s+2)) ( ) ) ds
RS O M AU IS USLEE ) <a2>sds
271 © \o1 n2m+1+s—% 2 cos (%(S + %)) 2 )

In order to represent the series » 7, U,Z(n)n_Qm_l_er% as the zeta product, we need ¢ >
max{1l + Re(z/2),—2m £ Re(z/2)} = 14+Re(z/2) since Re(z) > 0 and m > 0. Thus for
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c > 14+Re(z/2),

2 0. (n)n*?Qu(n, 2) 1
nzz:l n2m+1 = 2m/(c) F(S,Z,m) ds, (46)
where
G(s,z,m) AN
F ’ = ) ) 4.7
(SZm) 2(:05(%(8—{—%)) (71'2) ( )
with
G(s, 2,m) = g<2m+ 145 z/2)g(2m Y148+ z/z)g(1 s g>g(1 _s— g) (4.8)

Consider the contour C' determined by the line segments [c—iT', c+iT}, [c+iT, —A\+iT], [- A+
iT,—\ —iT],[-\ — iT, —c — iT], where ¢ = ¢ + Re(2/2) with 1 < ¢ < 3, and A\ = 2m +
Re(z/2)+ so that —2m —3—Re(z/2) < =\ < —2m —1—Re(z/2). In general, let R, denote
the residue of the associated integrand, in this case F'(s, z,m), at s = a.

It is easy to see that the integrand F'(s, z, m) has simple poles at —2m + z/2, £z /2 due to
each of the four zeta functions as well as simple poles at —2k +1—2/2 for 0 < k < m + 1.
The latter ones are due to the zeros of cos ( (5 + )) at —2k + 1 — z/2. Note that the zeros
corresponding to k > m + 1 get canceled by the corresponding zeros of { (2m + 1+ s+ 2/2)
at s = —2j5 —2m —1—2/2,5 > 0. The residues at the above poles can be easily calculated
thus giving

Ry = 5 (1™ (a/m)*™*sec (T2) L+ 2m)C(1 + 2)G(1+ 2m — ),
1 dm+z
Roomspp =50 (5) 7 CO+2m)C( = 2)¢(1 +2m +2),
R, = —% (%)_ sec (7;2) C(142m)¢(1 —2)¢(1 + 2m + z),
R_.p= —% (%) C(1+2m)C(1+ 2)¢(1+ 2m — 2),
_ 1 km o \24+2m (T 1742 BopBo ok y2m((2k 4+ 2)¢(2 — 2k + 2m — 2)
Baapmsy = g (1)@ (&) (2k)!(2 — 2k + 2m)! '

(4.9)

By Cauchy’s residue theorem,

c+IT AIT —A—IT c—IT
{/ / / —i—/ }F(s,z,m)ds
2mi cHiT AT —A—iT

m—+1
=R.p+R_.po+R om0+t R omyzpe+ Z Ry_op—z/2-
k=0
Using (3.1) again and the elementary bounds on the Riemann zeta function, it can be easily
shown that the integrals over the horizontal segments tend to zero at T — oo. Thus from
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(.6).
> z/QQ ( ) 1
o_
Z ol n2m+1 = omi / F(s,z,m)ds+ R.jo+ R_.j0+ R oy
n=1 (=N
m+1
TR omyz2 + Z Ry _gp—z/2- (4.10)
k=0
To evaluate the integral in the above equation, employ the change of variable s = —w — 2m

and note from (4.8) that G(—2m — w, z,m) = G(w, z,m). Along with recalling the fact that
A =2m+Re(z/2) + ¢, 1 < ¢ < 3, this gives

2 w
i F(s,z,m)ds:(—l)m<a> 1/ G(w,z,m) (042) dw
20 J () T 274 J (@ +Re(2/2)) 2 cos <§(3—5)> Q
- (-1)

2

4m
4am 1/a? -
() S ()
T 21 (¢’+Re(2/2)) 2 cos (g(s - g)) m

2
D\ o oL (n)n 20 (n, )
_ (_1)m< ) Z o

T n2m+1 ’

(4.11)

n=1

as can be seen from (4.6) and (4.7). Note that in the second step in the above calculation,
we have used the fact that G(w, z,m) = G(w, —z, m).

Therefore from , (4.10) and (4.11)), we obtain upon simplification

z/2Q ( )
Z n2m+1

n=1

+geom + 1){ (5) ca+am—20+2)+ (W)Zm +2m + 2)¢(1 - 2) }

=6

n=1

+ Wmm + 1){ (%)ZC(l F2m42)C(1—2) + (9)*25(1 +2m —2)¢(1+2) }

7T jurs
COS ( 2 )
m+1

1-4k—z Boy. Bo_
2+2m 2k D2—2k+2m B B
+ Z <a) (2l<:)!(2—2k;+2m)!<(2 2k +2m — 2)C(2k + 2).

Multiply both sides of the above equation by (a?)~™, employ the fact a3 = 72, and observe

that 1—-4k— 1 2k 2
L (£) ()

This leads to (2.5) and thus completes the proof of Theorem for Re(z) > 0 and m > 0.
For Re(z) < 0 and m > 0, simply swap « and / and simultaneously replace z by —z. This
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leaves ([2.5)) invariant and we are back to the case just proved above. For m < 0, the result
can be proved exact along the similar lines as above. O
Corollary 4.2. Theorem|[2.1] is valid.

Proof. Let z — 0 in Theorem Using (T.1]) twice and the fact that o3 = 72, it is easy to
see that as z — 0, the right-hand side of (2.5)) tends to that of (2.1)). Thus it suffices to show
that

a)*ZC(2m+1—|—z)§(1 —z)

Tz
COS(2

lim (g)zmm +1-2)0(1+2) + (

z—0 s ™

= 2¢(2m + 1) ('y +log (O‘) _d@m+ 1)> . (4.12)

x)  C(2m+1)
To that end, we use (3.4) with s replaced by 1+ z and two other well-known expansions as
z —0:

C@2m+1+2)=C2m+1)£22m + 1)+ On(|z]),

(%)Z = exp (zlog (%)) =1+ zlog (%) + Oq (I12]7) .

Thus, as z — 0,

(%)ZC(Zm +1—2)((1+2)
= (12108 () + 0a (12)) (C@m +1) £ 2¢'@m + 1) + On(|2])) C ++ 0(|z|))

— %C(2m+ 1)+ C@m+1) <<'y+log (%)) - m> +O(2)). (4.13)

Now applying the functional equation (3.2) with s replaced by 1 — z in the first step below

and then using some of the above expansions as well as

D(z) = - —~+O0(:))

() =~ — 2 Tog(2m) + 0 ((2l?)

as z — 0, in the second step, we see that

(g)—ZC(Qm—i- 14+ 2)¢(1—2)

m mz
cos(Q)

=22a)*C(2)I(2)¢(2m + 1+ 2)

=2(1 - zlog(2a) + O, (‘3‘2)) <
_|_

x (C2m+1)+2¢'(2m+1)

—+0(2) ) (=3 - Stosten) +0 (1))

- —%Q(Qm 1)+ C2m+1) ((7 +log (%)) - m> +0(|2]). (4.14)

Adding (4.13) and (4.14]) and then letting z — 0 leads to (4.12)). This proves (2.1)). O
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Corollary 4.3. Let o, 8 > 0 such that a3 = 7. Then for m € N,

oo o
o\ a_gm(n)Qa(nﬂm _om(n)Qg(n, —2m)
(Ct ) mz nm+1 mz npm+1
n=1

n=1

2
— C(g;n%i_l)log (g) + %(71)m+1ﬂ_2m( —4m B 4m) C(2m+ 1)<(4m+ 1)C(1 B 2m)

1 2m+394 1_BamBam B :
promesginL Bmpemn (6 L) ifm >0,

0, ifm < —1.

+ (4.15)

Proof. Write ([2.5)) in the form

o e 02 (n)n 2 Q0 (n, z) e 04 ()T 2Q5(n, —2)
() Z - n2m+1a Z n2m+1
n=1 n=1

- §<<zm+1>{7r2<<2m+1+z><<1 - (1 0o (5)

+717%C(2m+1—2)((1 + 2) ((—1)7"63_2’”/ cos (%) — aZ_Qm) }

22m’"2“ 1) By Bamrz—a; C(2m +2 = 2j — 2)C(2j + 2) (a)
: |

(2)1(2m + 2 — 2j)!

(4.16)

Now let z — 2m. It is easy to see that the left-hand side of the above equation then becomes
that of (4.15)). On the right-hand side, we have
lim 7°¢(2m + 1+ 2)((1 — z) ((fl)mﬁ_"‘_2m — a7 FM / cos (%))

z—2m

= ST (07 5 C(om 4 1)C(dm 4 1)G(1 — 2m). (4.17)

Also, using (3.4)) with s replaced by 2m + 1 — z, we see that as z — 2m,

(2m+1-2) =

— +v+0(]z—2m]).
Hence

lim 77*¢C(2m+1—2)((1 + 2) ((—1)mﬁz_2m/ coS (%) - aZ_Qm)

z—2m

72 ¢(2m + 1) lim (

z—2m

—+79+0(z - 2m))

N———

2m — (=1)™B*2™/ cos () — a*~2m)

72"M¢(2m + 1) lim

z2—2m 2m — z

((_1)m6z72m/cos (%) o az72m)

1
= 55 ¢*(2m + 1) log <g> . (4.18)

Note that in the finite sum on the right-hand side of (4.16)), only the terms corresponding to
j = 0,1 survive when m > 0. On simplifying these two terms using (1.1)), and then combining
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with (£.17) and (£.18), one arrives at gm2m324m= 1% (% — 7> Also, for m < —1,

the sum is easily seen to be zero.
Remark 6. We note that letting o = 3 = 7 in Corollary [{.3 gives 0 = 0.

Corollary 4.4. Let m € N,a, 3 > 0 such that o8 = w2. Then,

(ag)fm i 0_20-1(n)Qa(n, 20+ 1) B (_52)77” i o_9—1(n)Qg(n, —20 — 1)

n2m—€+1/2 ‘ n2m—€+1/2
n=1 n=
m+1 2j44—m—1
) Bo; Bom12—2j ) . a\™ 2
= (—=1)mr22m J Le(om—20—25+1)C(25+20+1) [ =
Z el 2m+2_2)<(m 0= 25 +1)¢(2) + €+)<B>
20—2m-+1
oo 3 (20 — 2m)! By o
_ ) NN 20 —2 1
#r-12ncem+ 1) (2) (2t~ 2+ 1)
_1\ym (a —20—2m—1 (2@)!Bgm+25+2 .
_ 7r(—1)£22m<(2m +1) (=1) (”) (2m+20+2)! C(26+1),4f £ > max{l,m + 1},
0,if1 <l<—m—1.
(4.19)

Proof. First let ¢ > max{1,m + 1}. Let z — 2¢ + 1 in Theorem Since m < £ — 1, we
have ((2m — 2¢) = 0. Hence by L’Hopital’s rule,

Cg@mA1-2) 2
e C I (e A CL

(=12 — 2m)!

20 —2 1 4.2
wmpam BT ImED. 20
where in the last step, we used the well-known formula [35] p. 167]
2k)
(o) = EVCRL o
-2k = G k1),

We need to use (4.20) once with m = 0 and once more with a general m. This gives (4.19))

upon simplification.

Now let 1 < ¢ < —m —1. Again let z — 2{+1 in Theorem[2.2] Then ((2m+1—2) =0=
¢(1—2) and also ((2m + 1+ z) = 0. Hence

C2m+ 1+ 2)((1—=2)

lim = 0.
z—20+1 coS ( )
This gives (4.19)) upon simplification. O
Corollary 4.5. For a,3>0,a8 =7, meN and m > 1,
a2m Z ng_l(n)nm_l/QQ (TL 2m — 1 Z 02m— 1 nm 1/295(71,, 1-— 2m)

_ DBom {a(2m —2)I¢(2m — 1) N (=1)mH1r22m=1 B, (4m — 2)! ( s )4’”_1 C(dm — 1)} .

2m 22m (2m)! o

(4.21)
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Proof. Let m € Z,m < —1, and then z = —2m — 1 in Theorem [2.2] Then
C2m+1-2)=0=¢1-2),{(1+2)={(—2m) and ((2m + 1+ z) = (0) = —1/2.

(4.22)
Also,
: CL—2)  omi2_o2mt1 |
whereas replacing ¢ by —m — 1 in (4.20) gives
2 1-— —1)™(—4m — 2)!
CCmtl-z) (UAm=2N. gy (4.24)

z——2m—1 cos (%) a 7'('(27'(‘)747”72

Substituting (4.22), (4.23]), (4.24]) in Theorem and then replacing m by —m, we find that
for m > 1,

a®m Z ng_l(n)nm_1/2Q (n,2m — 1) Z 09m—1(n)n™" 1/QQﬂ(n, 1—2m)

= ((1-2m) <a22m<2m —2)I¢(2m — 1) + 712" (g)“’”‘l (4m — 2)I¢(4m — 1)g(2m)> .

Now (4.21)) follows by using ((1 —2m) = —Bay,/(2m) [4, p. 266, Theorem 12.16] and Euler’s
formula ((1.1)). O

For example, the case « = 8 = m and m = 2 of the above corollary gives

> oA n,8) = i (0 + 560

where A~ (z, z) is defined in (22.6).
A yet another special case of Theorem is given.

Corollary 4.6. For a,3 > 0,a83 = 72,

QQZU(n)\/ﬁQa(n,—l 522 (n)v/nQs(n, 1)
n=1

ye’ ﬂ 5 5 ,
= T —y+ =('(-1). 4.2
96 288772 B~ % °g<5>+48 v+ ¢ (4.25)
Proof. Let m = —1 and then let z — —1 in Theorem Note that this requires evaluating
. BF2C(-1-2)¢(1+2) = o\ %2
L:=1 _ = _ = . .
it {247Tz cos (%) 4C(Z)C( z) 3 (4.26)
As z — —1,
1 2
YR T)
Cos (7) z+1
-1
((—2)= ——+7+0(z+1]).

z+1
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Hence substituting the above Laurent series expansions in (4.26]), we have

- —1/2
L=1L — | = 4.2
R (5) (1.27)

where
1 z+2 z
by=lim 7=, { 1§7rz+1C( A +2)+ EC(Z) <§> }

~ i {lfﬁl g () ¢(-1 - 10 +2) + 56) (g) +5¢0(5) " log (5) }
)

where in the second step we used L’Hopital’s rule.

Now substitute the above value of L; in (4.27)), and repeatedly use the fact a8 = 72 to
obtain

B p B
L=——1 — —('(-1). 4.2
S (5)+ B+ By (1.25)
Substituting (4.28)) into the identity resulting by letting z — —1 in Theorem and simpli-
fying leads to (4.25]). O

Remark 7. A further limiting case of Theorem can be obtained by letting z — 20 + 1
with —m < £ < m,m > 0,0 # —1. We refrain from giving this identity since it is quite
complicated.

We now prove other special cases of Theorem some of which are stated in the intro-
duction.
Proof of Theorem 2.3l Let m = —1 and a = 8 = 7 in Theorem use ((—1) = —1/12,
and simplify. This gives (2.7)) upon recalling (2.6 and observing that

Z o_.(n)n'TIQ(n, 2) + Z o (n)n'"2Q(n, —2) = Z o_.(n)n't2AT(n, 2).

g

Proof of Corollary 2.4, To prove part (i), let 2 = w in Theorem Note then that not
only is ((w) = 0 but also (1 —w) = 0, as is the well-known fact, or, which can be easily seen
through the functional equation .

For part (ii), let z = —4k,k € N in Theorem note that ((—4k) = 0 and use the fact
C(=A) = —Bxt1/(A+1) for XA € N once with A = 4k — 1 and then with A = 4k + 1. O

Proof of Corollary 2.5 Let k =1 in Part (i) of Corollary[2.4]to get (2.8)). Now if both ¢(5)
and Y 7, U“rg )A+( 4) were rational, that would imply that ((3) is rational too. But this
contradicts Apéry’s result that ((3) is irrational. Hence the proposed claim is true. O
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Proof of Corollary 2.6 Let o = 8 = m in Corollary and use the relation [9, Equation
(3.18)]
1
(1) = -~ log(4), (4.20)
where A is the Glaisher-Kinkelin constant. a

We next give an analogue of the transformation formula for the logarithm of the Dedekind
eta function, that is, of (1.5)), which consists of an extra variable z.

Corollary 4.7. For z # 0,%+1 and o, 3 > 0 with aff = 72, we have

i o_.(n)n*?Qq(n, 2) B i o, (n)n"*?Qg(n, —z)
n=1 n n=1 n

-2 (&) {Seeae - Leee-a ) 1 (3)

X [jz { <(g) ~ sec (”;)) C(1—2)c(1+ z)} +log <g> see () (1 - 2)¢(1 +2)].

(4.30)

Proof. The proof is quite similar to that of Theorem and hence we will be very brief.
Assume Re(z) > 0. For 1+Re(z/2) < ¢ =Re(s) < 3+Re(z/2),

i o_.(n)n*?Qu(n, 2)

n
n=1

2/ 2\—s
- <c><(1—5+§><(1—s—;)C(HS‘;)C(””;)2co(:(’2{7zs)+§))ds'

Now shift the line of integration to Re(s) = —\, where 1+Re(2/2) < A =Re(s) < 3+Re(z/2)
by constructing a rectangular contour, and consider the contribution of the residues at the
simple poles of the integrand at +1 — z/2 (due to cos (§ (s + %))) and at the double poles
at +2/2 (due to ((1 &+ s+ z/2)), which, upon simplification, turns out to be the right-hand
side of . The application of the residue theorem then leads to .

For Re(z) < 0, simply swap « and 8 and simultaneously replace z by —z in (4.30)). This
leaves ([4.30) invariant, which proves the result by reducing it to the previous case Re(z) >
0. O

We now give a corollary of the above result when z is specialized to be a non-trivial zero of
((2) or a trivial zero of the form —4k — 2,k € N. We omit the proof as it is easy.

Corollary 4.8. (i) Let w denote a non-trivial zero of ((z). Then

o wlmnt AT (n,0) = T C(~w)C(2 4 ) — 5 (1 sec (B)) (1 +w)C(1—w)
n=1
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(ii) For k € N,

> oaera(n)n PN (n, —4k — 2) = ((4k + 3)('(—4k — 1) — ¢ (4k + 3)¢(—4k — 1).
n=1

We now prove Theorems We begin with that of Theorem first since it follows

from the above corollary.

Proof of Theorem [2.9, Let z — 0 in Corollary [£.7] The only thing to be shown is that the
right-hand side of (4.30) reduces, as z — 0, to that of (2.13)). To that end, first note that

tim (—17; (2)" {Gecare - Lo - >}> -=5-9E)5)

2 2
since aff = 2. As z — 0,
Tz 7222 4
sec<7)—1+ S + 0 (|z]*).
This, along with (3.4]), implies that as z — 0,
mZ 1 72
see () C1=2)C(+2) = —— + (v2+2m = ) + O (=) (4.32)
2 z 8
Since ; ) 5
a\® ! z 9 (@ z 5« 4
(,6) —1+zlog(ﬁ)+2llog (/6)4—3!10g (6)+O(]z]),
we have

<g>zc<1 (142 = - - lg(a/ﬁ) " <72 £ =g (Z))

+ log (a> (72 + 271 — 1log2 <a>) z+ 0 (|2) (4.33)
g 6 g
as z — 0. Hence from (4.32)) and (4.33),

d% { ((g) ~ sec (”;’)) ¢(1—2)c(1 +z)}

_ log(z‘;/ﬁ) +log (g) (f 4oy — élogQ (g)) 1+ 0(2)), (4.34)

as z — 0. Therefore (4.32)) and (4.34) imply

i} (3) [ () - () oxe )

+ log <g> sec (%z) C(1— 2)¢(1+ z)}

1 a o
=1 — ) {4872 + 96+, — 372 —4log? [ —
I °g</3>{ 7 e A (ﬁ)}

which, when combined with (4.31)), results in the right side of (2.13). O
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Proof of Theorem 2.7 In Theorem replace m by —m, where the new m is greater than
1. This renders the finite sum on the right to be zero. Then one uses ((1—2m) = —Ba;,,/(2m)
and the result

!/ _ / /!
¢'(1—2m) ~ log(27) — I'(2m)  {'(2m)
(1= 2m) Iem) ~ C2m)
2m—2
1 Cem)
= log(2 - -
0g(2m) + nz:;) R )
which easily follows from the functional equation ([3.2)) and the well-known relation [14], p. 903,
Formula 8.362.1]
I (w) > 1 1
=—v— - . 4.35
I'(w) 7 nzzo<w+n n+1> (4.35)
O
Proof of Theorem 2.8, Let m = —1 in Theorem and use ([4.29). O

As remarked in Section [2) Koshliakov’s first identity (1.9) is an easy consequence of our
Theorem We end this section with a proof of his second identity, namely, (1.10). To see

this, let m = —1 in (2.3)) so as to get

1

(v +12¢'(-1)) + Z nd(n = (4.36)

144 32

Next, differentiate both sides of (3.2)) with respect to s, thenset s = —1 and use I'(2) = 1—~
with the last equality resulting from . This gives

1
(-1 1 —~—log(2 —('(2).
(1) = 12( og(2m)) + 5 5¢'(2)
Substituting the above equation in (4.36) gives ((1.10)).
Remark 8. Note that we could have also let z — 0 in Theorem s0 as to obtain ((1.10)).

5. THE SECOND GENERALIZATION OF THEOREM 2.1l WITH AN ADDITIONAL PARAMETER N

We prove Theorem [2.10] as a consequence of a more general theorem. The latter, given
below, is an analogue of [10, Theorem 1.1].

Theorem 5.1. Let N € N and h € Z such that h # Y31, Let o, 8 > 0 such that ap™ =
aNtL. Then

io: nN =2 d(n)Qe (nY) = P(a) 4+ S(a), (5.1)
n=1

where

Pla) = (2 — N) {_ (v-+10g (%)) +NC’(2h—N)} N (W><NNh+>

¢ «
1 2h —1 m(2h — 1
><N2C2( N )csc <( 5N )>{

[y

o Hes

)

cot ((2h—1)7r> + N~y —log (%) — %

)

}
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L% ]
+ ) (1)t 202 (0k) (2 (2h — 2N k), (5.2)
k=0
and
2(N—2h+1) N1
S(a) == (]3[ <7r> Z T anN% d(n)2g (efﬁn%) (5.3)
« j:7(N271) n=1

for N odd, and

2(N—2h41) %7
N

— h+1 i T — (25
S(a) == (1]3[<7r> Z D Z ' th(n)Qﬁ (ei gi\fﬂ)n%) (5.4)

(6%
n=1

for N even.

Proof. We prove the result only in the case h > %, h # % The case h < N/2 can be

proved in a similar way.

Letting z = 0 in Lemma replacing p and z by o and n® respectively, and using the
resulting expression in the first step below, we see that for ¢ =Re(s) > max {1, W} =1,

N—2h dn)  ¢*(1—s) fa\=2s
Zn *d(n Z:2772/ nNs=N+2h 9 cos (Z£) (;> ds

C2(1 = $)¢C3(Ns — N +2h) s\ 25
27” (¢) 2cos(%) (;) ds,

where in the last step we interchanged the order of summation and convergence which is
justified by the absolute convergence since ¢ > 1. We now evaluate this integral by shifting
the line of integration.

Consider the contour determined by the line segments [c—iT, c+iT], [c+iT, —A+iT], [- A+
iT, —\—iT] and [\ —iT, c—iT], where A > 2% —1. The integrand has double order poles at
0 and M due to ¢?(1— s) and (?(Ns — N+ 2h) respectively. Also, it has simple poles at
1 and at negatlve odd integers (due to cos (%)). However, the poles —(2¢ — 1) for £ > [ |
get canceled by the trivial zeros of (?(Ns — N + 2h) at negative even integers. To observe
this, note that the trivial zeros of ((Ns— N +2h) are at W, where £ € N. A pole of the
form —(2j — 1) would cancel with a zero of the form W only when ¢ = Nj — h, which
implies j > h/N. Thus, only the simple poles at —1, -3, - - ,—(2L%J — 1) contribute to the
integral. The residues at the poles 0, %, 1, and at —(2j — 1), where 1 < j < L%J, are
given by

Ry = (*(2h — N) {— (v +log(5)) + N

Ry =~ (2h),

¢'(2h — N) }
C@h—N) [

4a2 1S
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R i I ace
R%‘(}) N2Sm(ﬂ<22;;1)> zCOt( )+Nv 1og(;)f<(2hT,l) :

R_(3j_1) = (=17t =Ya22(25) (3 (2h — 2N ). (5.5)

By Cauchy’s residue theorem,

c+iT AT —iT c—iT 201 _ 2 _ _9s
L e
2mi T AT —A—iT 2cos() m

L 2]
=Ry+ R + R1+1\17\;2h + Zl R_(gj_l).
]:

From (|4.5)) and the elementary bounds on the Riemann zeta function, it can be seen that as
T — o0, the integrals along the horizontal line segments go to zero.

| L

¢%(1 —8)C?(Ns — N +2h) ~2s L)
- _ N,
[ CUTIEN NI (01 s 3 0l
(5.6)
where
1 2(1 - s)¢*(Ns— N +2h —2s
Ja(Nh) = o [ S8V = N+ 2h) (2) " as. (5.7)
2mi J—») 2cos(%) T
Replace s by 1 — s in (5.7)), use the functional equation (3.2]) and simplify to obtain
_ : Ns
(V1) = 24h .17724h / C%(5)C?(1 4+ Ns — 2n)T?(1 + Ng - 3h) sin? (43 )ds.
2mia (140) 22Ns2s(N+1) =25 gin (%)
Employ the change of variable s; =1+ Ns — 2h so that
2(N+1—2h) 2\ —51
2 N 2m)2n N
Ja(Na h) = . T / (71-)727“\]
2miN \ « (c1) a™
.2 (mw(s14+2h—1)
XC (N C (Sl)r (81) i <7r(s1+]%/h—1)) dsl. (5.8)
2
Now
. N-1
sin(Nz) " oiix
sin(z) Z o (5:9)
j==(N-1)

where ” implies summation over j = —(N —1), —=(N —3),--- , N =3, N — 1. Observe that we

can write

o () = S m S dmyd(n) () (5.10)

m,n=1



A RAMANUJAN-TYPE FORMULA FOR ¢%(2m + 1) AND ITS GENERALIZATIONS 25

for, A > 2% — 1 implies ¢; =Re(s1) = 1+ N(1 + ) — 2k > 1, and 9F2=L = Re(w) =

14+ > 28 > 1 since h > N/2. Hence substituting (5.9) and (5.10j - in ., and interchanging
the order of integration and the double sum, we have upon simplification,

2(N—-2h+1) N—1

2= (m\ T noeh-ne < d(m)d(n) T2(s1) cos (51
Ja(N,h) = 2miN  \a Z e Z 2h—1 / (27r)251(nX( : ;sl
j=—(N—-1) mm=1 M N (c1) m,N,j
(5.11)
where )
T\N _dr 1
Xm,Nj = <a> e 2NmN. (5.12)
Now from (4.1)) we have, for d =Re(s) > 0 and Re(a) > 0,
1 s
. 23—2 —SFQ (7) -5 - K )
2mi a 5)% ds o(ax)

By the principle of analytic continuation, both sides of the above equation are valid for
Re(x) > 0. Hence, for d > 0, the identity derived from (4.3|) by replacing p by 7, namely,

2(s) cos (%2
Ko (4mev/nz) + Ko (4mey/nz) = ! /(d L(?)d& (5.13)

2mi ) (2m)% (nx)*
is valid for —%5 < arg(z) < 5. Now from (5.12)),
(v

s — ) g (N—-1)m =«
T T oK) = — A <A T T
5 <oy SasXmng) = og S ToN <3

Therefore invoking (5.13|) with x replaced by X, v ;, substituting the resultant in (5.11]) and
noting (|1.8)), we deduce that

( 1)h+1 Lﬁrhﬂ) NoLo, ( ) d(m)Q (X, )
_ T 17(2h—1)7 m m7N7A
J"‘(N’h):N<a> Y. e o e
j=—(N-1) m=1 mo
2(N-2ht1) N 00
__1\h+1 id 1 ijm
_ (53{(#) N D Y dm) g, (e ;NmN), (5.14)
“ j=—(N-1) m=17 ¥

where the last step follows from the fact Q (X, v ;) = Q3 <6_%m%), since oY = 7N+L

Substituting ((5.5)) and ([5.14]) in (5.6)) and distinguishing two cases according to the parity of

N, we finally arrive at (5.1]), with P(«) defined in (5.2) and S(«) defined in and .
This completes the proof of Theorem for h > N/2.

Remark 9. The result in the case when h =

% can also be obtained by arguing in the

similar way as in the proof of Theorem[5.1], however, the residual terms are very complicated,

which is why we refrain from explicitly giving it here.

Proof of Theorem [2.10. Let h = % + Nm, m € Z\{0}, in Theorem Multiply both
4NmMm N
sides of the resulting identity by o~ N+1. Substituting 7 by aN%LlB N+ we see that

_4Nm /7 —4m __4Nm
o N+1L (7) — 5 N+1,
(6%

dsla
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and
L5t +ml
Z (_1)k+17r1—4k:a4k‘—2<2(2k)<2(N + 1 + 2N(m _ k))
k=0
NELLm
— _792N-2+4Nm L QNZ J (— 1)k24k(1 N)BQkBN+1+2N( k)a 52N+M
— (2k)12(N + 142N (m —k))!?
where we have also employed (|1.1]) twice. (|

Now we state the counterpart of Theorem [2.10] for N even.

Theorem 5.2. Let N be an even positive integer. Let o, B > 0 with afYN = aN*!. Then

o (4387) {g2(2Nm) (74108 (2) - wEMm) 4 3 A0, (nN)}

n=1

L o—(aymezy [ (=)™ ( <ﬁ> 1¢ (2m+1-4)
= — N+1 - 7 2 1 71
Nﬁ {cos(’}v)c (2m + w) (7t o T N((2m+1—ﬁ)
%_1 o0 d( )
e . N _i(2j+1)7r 7’” 2J+1)7l' ]_/N
+4Ntan<2N>> + (1) 'ZNe v Zanerll{]Qﬁ (e
=5 n=
(—1)724 (- N)BQJBJZV-s—QN( i) o4 AN () -oN

47
aN+1 5 N+1

_ 22N+4Nm 4
" jzo (2/)2(N 1 2N(m — j))P
Proof. Let h = % 4+ Nm in Theorem multiply both sides of the resulting identity by

(4Nm—2)

a N+1 | and simplify as in the proof of Theorem O

6. CONCLUDING REMARKS

The series in Theorems[2.1]and [2.2)involving Q4 (n) and Q4 (n, 2) respectively are analogues
of the Eisenstein series on SLy(Z) as the latter occur in Ramanujan’s formula for {(2m + 1),
namely, (L.2)), whereas Theorems and are analogues of for ¢2(2m + 1). This
suggests that these series involving Q,(n) and ,(n, z) may have ramifications in the theory

of modular forms. This will be explored in a future publication.

Ramanujan’s formula ([1.2]) can be obtained by equating the coefficients of w™,n > 1, on
both sides of

T cot(vwa)coth(/wp) = L %bg (g) N i {macoth(ma) N mpBcoth(mp) } (6.0)

2 2w w + m2a w —m?2f3

m=1
which is how Ramanujan arrived at his result except that in his version of the above identity
in [30, p. 318, Formula (21)], he missed 3 log ( ) Sltaramachandrarao [34] was the first to
obtain the correct partial fraction decomp051t10n, that is, . See [§] for more details. This
raises a question: is it possible to derive Theorem or any of its generalizations, namely,
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Theorems and using Ramanujan’s method of decomposing a certian function into
its partial fractions?

Another question that one may ask is, do there exist Ramanujan-type formulas for ¢*(2m+
1),k > 3? This would first require finding the right analogues of the functions 1/(e?™* — 1)
and Q(z) that would help us to find, in turn, the right analogues of the Eisenstein series in

(1.2) and of the series in (2.1 respectively. However, the formulas for higher £ may become
unwieldy.

It would be interesting to see if our results, especially Theorems and
are applicable in the analysis of some special data structures and algorithms in theoretical

computer science in a similar way as Kirschenhofer and Prodinger utilized and its special
cases (L.3)-(L.5) in [21].

It would be worthwhile to see if Theorem Corollary [2.4(i) and Corollary [4.8|i) have
some implications in analytic number theory, especially in the study of the non-trivial zeros of
the Riemann zeta function. Similarly, it would be interesting to see applications of Corollary
2.4{(ii) in transcendental number theory, especially in light of and its consequence that
at least one of the numbers ((5) and > 7, ‘MT(TA‘)AJr (n, —4) is irrational.

Acknowledgements

The authors sincerely thank Bibekananda Maji for carefully reading the manuscript and
suggesting some changes.

REFERENCES

[1] R. Apéry, Irrationalité de ((2) et ¢(3), Astérisque 61 (1979), 11-13.

[2] R. Apéry, Interpolation de fractions continues et irrationalité de certaines constantes, Bull. Section des
Sci., Tome III, Bibliothéque Nationale, Paris, 1981, 37-63.

[3] Tom M. Apostol, Modular Functions and Dirichlet Series in Number Theory, Second Edition, Springer
1990.

[4] Tom M. Apostol, Introduction to Analytic Number Theory, Springer-Verlag, New York (1998).

[5] K. Ball and T. Rivoal, Irrationalité d’une infinité de valeurs de la fonction zéta auz entiers impairs
(French), Invent. Math. 146 no. 1 (2001), 193-207.

[6] B. C. Berndt, Modular transformations and generalizations of several formulae of Ramanujan, Rocky
Mountain J. Math. 7 (1977), 147-189.

[7] B. C. Berndt, A. Dixit, A. Roy and A. Zaharescu, New pathways and connections in number theory and
analysis motivated by two incorrect claims of Ramanujan, Adv. Math. 304 (2017), 809-929.

[8] B. C. Berndt and A. Straub, Ramanugjan’s formula for {(2n + 1), Exploring the Riemann Zeta Function,
H. Montgomery, A. Nikeghbali and M. Rassias, Eds., Springer, Cham, 2017, 13-34.

[9] J. Choi, Some mathematical constants, Appl. Math. Comput. 187 (2007), 122-140.

[10] A. Dixit and B. Maji, Generalized Lambert series and arithmetic nature of odd zeta wvalues,
Proc. Roy. Soc. Edinburgh, Section A: Mathematics, pp. 1-29, 2019, https://doi.org/10.1017/prm.
2018.146.

[11] A. Dixit and V. H. Moll, Self-reciprocal functions, powers of the Riemann zeta function and modular-type
transformations, J. Number Thy. 147 (2015), 211-249.


https://doi.org/10.1017/prm.2018.146
https://doi.org/10.1017/prm.2018.146

28

12
[13]
[14]
[15]

(16]
(17]

18]
[19]
[20]
21]
[22]
23]
[24]
[25]
[26]
[27]

28]
29]

(30]
(31]

32]
(33]

34]
(35]
(36]

37]

ATUL DIXIT AND RAJAT GUPTA

W. Duke, Some entries in Ramanujan’s Notebooks, Math. Proc. Cambridge Philos. Soc. 144 (2008),
255-266.

J. W. L. Glaisher, On the series which represent the twelve elliptic and the four zeta functions,
Mess. Math. 18 (1889), 1-84.

1. S. Gradshteyn and I. M. Ryzhik, eds., Table of Integrals, Series, and Products, 5th ed., Academic Press,
San Diego, 1994.

E. Grosswald, Die Werte der Riemannschen Zetafunktion an wungeraden Argumentstellen,
Nachr. Akad. Wiss. Gottinger Math.-Phys. KI. II (1970), 9-13.

E. Grosswald, Comments on some formulae of Ramanujan, Acta Arith. 21 (1972), 25-34.

S. Gun, M. R. Murty and P. Rath, Transcendental values of certain Eichler integrals, Bull. London Math.
Soc. 43 No. 5 (2011), 939-952.

G. H. Hardy, A Mathematician’s Apology, With a Foreword by C. P. Snow, Cambridge University Press,
2010.

G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, Edited by Roger Heath-Brown,
Joseph Silverman and Andrew Wiles, Oxford University Press, 2008.

A. K. Haynes and W. Zudilin, Hankel determinants of zeta wvalues, SIGMA Symmetry Integrability
Geom. Methods Appl. 11, 101, (2015), 1-5.

P. Kirschenhofer and H. Prodinger, On some applications of formulae of Ramanujan in the analysis of
algorithms, Mathematika 38 No. 1 (1991), 14-33.

N. S. Koshlyakov. On Voronoi’s sum formula. Mess. Math., 58:30-32, 1929.

N.S. Koshliakov, Uber eine Verallgemeinerung der Ramanujyan’schen Identititen, Izvestiia Akademii nauk
Soiuza Sovetskikh Sotsialisticheskikh Respublik. VII Seriia, Otdelenie matematicheskikh i estestvennykh
nauk (1931), 1089-1102.

N. S. Koshliakov, On an extension of some formulae of Ramanujan, Proc. London Math. Soc. 2 No. 1
(1936), 26-32.

J. Lagarias, Fuler’s constant: Euler’s work and modern developments, Bull. Amer. Math. Soc. 50 No. 4
(2013), 527-628.

M. Lerch, Sur la fonction {(s) pour valeurs impaires de l’argument, J. Sci. Math. Astron. pub. pelo Dr.
F. Gomes Teixeira, Coimbra 14 (1901), 65-69.

S. L. Malurkar, On the application of Herr Mellin’s integrals to some series, J. Indian Math. Soc. 16
(1925/26), 130-138.

F. Oberhettinger, Tables of Mellin Transforms, Springer-Verlag, New York, 1974.

S. Ramanujan, Notebooks (2 volumes), Tata Institute of Fundamental Research, Bombay, 1957; second
ed., 2012.

S. Ramanujan, The Lost Notebook and Other Unpublished Papers, Narosa, New Delhi, 1988.

T. Rivoal, La fonction zéta de Riemann prend une infinité de valeurs irrationnelles aux entiers impairs,
C. R. Acad. Sci. Paris Sér. I Math. 331 no. 4 (2000), 267-270.

T. Rivoal and W. Zudilin, A note on odd zeta values, submitted for publication, arXiv:1803.03160v1.

O. Schlomilch, Ueber einige unendliche Reihen, Berichte tiber die Verh. d. Konige Sachsischen Gesell.
Wiss. zu Leipzig 29 (1877), 101-105.

R. Sitaramachandrarao, Ramanugan’s formula for {(2n+1), Madurai Kamaraj Technical Report 4, pp. 70—
117.

H. M. Srivastava and J. Choi, Zeta and q-Zeta Functions and Associated Series and Integrals, Elsevier,
Inc., Amsterdam, 2012.

C. O’Sullivan, Formulas for non-holomorphic Eisenstein series and for the Riemann zeta function at odd
integers, Res. Number Theory 4, (2018), No. 3, Art. 36, 38 pp.

E.C. Titchmarsh, The Theory of the Riemann Zeta Function, Clarendon Press, Oxford, 1986.



A RAMANUJAN-TYPE FORMULA FOR ¢%(2m + 1) AND ITS GENERALIZATIONS 29

[38] M. Waldschmidt, Transcendence of periods: the state of the art, Pure Appl. Math. Q. 2 (2) (2006),
435-463.

[39] G. N. Watson, A Treatise on the Theory of Bessel Functions, second ed., Cambridge University Press,
London, 1944.

[40] W. W. Zudilin, One of the numbers ((5),¢(7),¢(9) and ¢(11) is irrational (Russian), Uspekhi Mat.
Nauk 56 No. 4 (2001), 149-150; translation in Russian Math. Surveys 56 No. 4 (2001), 774-776.

DISCIPLINE OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY GANDHINAGAR, PALAJ, GANDHINAGAR
382355, GUJARAT, INDIA

Email address: adixit@iitgn.ac.in, rajat_gupta@iitgn.ac.in



	1. Introduction
	2. New results
	3. Nuts and bolts
	4. The first generalization of Theorem 2.1 with an additional variable z
	5. The second generalization of Theorem 2.1 with an additional parameter N
	6. Concluding remarks
	References

